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Abstract. In this work we present new wall-laws boundary conditions including mi-
croscopic oscillations. We consider a newtonian flow in domains with periodic rough
boundaries that we simplify considering a Laplace operator with periodic inflow and out-
flow boundary conditions. Following the previous approaches, see [A. Mikelic, W. Jager,
J. Diff. Egs, 170, 96-122, (2001) ] and [Y. Achdou et al, J. Comput. Phys, 147, 1,
187-218, (1998)], we construct high order boundary layer approximations and rigorously
justify their rates of convergence with respect to € (the roughness’ thickness). We es-
tablish mathematically a poor convergence rate for averaged second-order wall-laws as it
was illustrated numerically for instance in [Y. Achdou, et al]. In comparison, we estab-
lish exponential error estimates in the case of explicit multi-scale ansatz. This motivates
our study to derive implicit first order multi-scale wall-laws and to show that its rate of
convergence is at least of order €. We provide a numerical assessment of the claims as
well as a counter-example that evidences the impossibility of an averaged second order
wall-law. Our paper may be seen as the first stone to derive efficient high order wall-laws
boundary conditions.
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1. Introduction. The main goal of wall-laws is to remove the stiff part from bound-
ary layers, replacing the classical no-slip boundary condition by a more sophisticated
relation between the variables and their derivatives. They are extensively used in numer-
ical simulations to eliminate regions of strong gradients or regions of complex geometry
(rough boundaries) from the domain of computation. Depending on the field of applica-
tions, (porous media, fluid mechanics, heat transfer, electromagnetism), wall-laws may
be called BEAVERS-JOSEPH, SAFFMAN-JOSEPH, NAVIER, FOURIER, LEONTOVITCH type
laws.

High order effective macroscopic boundary conditions may also be proposed if we choose
a higher degree ansatz, see [10] for applications in microfluidic. In a similar perspective
but in the context of fluid mechanics, numerical simulations have shown that second
order macroscopic wall-laws provide the same order of approximation as the first order
approximation. Recently a generalized wall-law formulation has been obtained for curved
rough boundaries [26, 28] and for random roughness [5]. Note that such generalizations
are important from a practical point of view when dealing with e.g. coastal effects in
geophysical flows. From a mathematical point of view, wall-laws are also interesting.
In the proof of convergence to the Euler equations, the 2D Navier-Stokes system is
complemented with wall-laws of the NAVIER type [9]. Recently several papers analyze in
various settings the properties of such boundary conditions, see [17], [25], [16], [8], [18],
[2].

In this paper, we focus on fluid flows. Starting from the Stokes system, we simplify
the problem by studying the axial velocity through the resolution of a specific Poisson
problem with periodic inlet and outlet boundary conditions. Our scope is to justify
mathematically higher order macroscopic wall-laws and to explain why in their averaged
form they do not provide better results than the first order laws. We shall explain how to
get better estimates including some coefficients depending on the microscopic variables:
this leads to new oscillating wall-laws.
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figure 1: The standard approach: from the exact solution to an averaged wall-law

The basic scheme to establish standard averaged wall-laws is the following (see fig. 1):
First we use an ansatz for the velocity and the pressure which will give, after an adequate
extension, a main order term completed with some boundary layer correctors defined on
the whole rough domain (fig. 1.1, step I). This is possible due to the boundary layer
theory that can be seen as a particular case of a general homogenization process. In a
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second time, a specific average is performed on this approximation and a new boundary
condition of mixed type is recovered on a smooth fictitious interface strictly contained
in the domain (fig. 1.1, step II). As one sees on the figure the only difference between
Achdou’s and Jéger’s approaches is situated in the boundary layer’s construction. It is
an easy task to show that they are in fact a specific lift one of the other [7].

The main result in our paper is the derivation of a high order boundary layer approxima-
tion that satisfies the homogeneous Dirichlet boundary condition on the rough wall and
that leads to new wall-laws with microscopic effects see fig. 2. The ansatz is expanded
up to the second order in ¢ and an exponential convergence in the interior domain is
obtained using it, (fig. 2 step I’). Despite this high order convergence, the corresponding
second order averaged wall-law does not conserve this preperty and is only first order
accurate. The estimates show the importance of microscopic oscillations. We then de-
rive new wall-laws that do converge exponentially on the smooth domain. They have
the form of explicit non-homogeneous Dirichlet boundary conditions and they depend on
the zeroth order Poiseuille flow as well as on the microscopic oscillations on the fictitious
interface (fig. 2 step IT).

Multi-scale wall laws
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figure 2: The new approach: from the exact solution to multi-scale wall-laws

At this stage, we go one step further and derive an implicit multi-scale first order wall-law.
We obtain a SAFFMAN-JOSEPH’s like law that now contains a coefficient that includes
the microscopic oscillations. We rigorously derive a rate of convergence in e%, thanks to
the steps introduced in the previous sections (fig. 2 step II7).

We underline that this work is a necessary building block when studying wall-laws for the
stationary Navier-Stokes equations: asymptotic expansion of the quadratic non-linearity
transfers a cascade of contributions to the microscopic cell problems, as already noticed
in [1]. The first order cell problem is homogeneous and the second-order cell problem
involves the non-linearity of the first order approximation. Until now, averaged wall-
law were only first order accurate, so that they do not take into account second order
non-linear effects.
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Although the authors are conscious that wall law aim to reduce complexity by “ho-
mogeneizing” microscopic scales into averaged macroscopic quantities, we believe that
implicit multi-scale wall laws are indeed of interest for the following reasons: at first, one
should compute the micrscopic cell problem anyway to compute the averaged coefficient
B (see below) used in the wall-law, so use the trace of 4 on the fictitious interface rather
than its mean value makes sense, then, as shown in the numerical tests below, the mi-
croscopic oscillations induced by the multi-scale Robin condition improve the wall-law
approximation. In a wider context that does not concern only fluid flows, the main con-
cept this work emphasizes is the following: we have shown that it is possible to replace
a geometrical roughness and “smooth” boundary conditions (in the sense unperturbed,
as for instance homogeneous Dirichlet ones) by a smooth domain but with a multi-scale
perturbed boundary conditions, (see fig. 3 below). Depending on the kind of boundary
perturbation, we get different orders of precision in this process. For complex multi-scale
3D problems, we still expect some numerical gain when performing this switch, espe-
cially if one uses some increased multi-scale finite element bases (see [13] and references
therein).

Implicit
est TR,
o O(E%) .’t
4 1
Rough domain ¢ Smooth domain Q0
Homogeneous bc Non homogeneous multi-scale bc
\\ o) A4
Explicit

figure 3: One of the main points of this article: switching perturbations from geometry
to boundary data. (BC stands for boundary conditions)

To show the practical importance of the results above, in Section 6, we perform numerical
tests on a 2D case. For various values of €, we first compute the rough solution u$
on the whole domain 2¢, then we compute the wall-law solutions defined only on the
interior smooth domain Q°. We perform these tests in the periodic case. We recover
exactly theoretical claims: numerical error estimates confirm that averaged wall-laws
do not differ at first and second orders. We prove that our new implicit multi-scale
wall-law provides better results than classical averaged laws. However, the fully explicit
approximations still show higher order convergence rates with respect to e.

2. The simplified problem: from Navier-Stokes to Laplace equation. In this
work, Q¢ denotes the rough domain in R? depicted in fig. 4, Q° denotes the smooth one,
and A€ := Q¢ \ QY the complementary rough subdomain. I'¢ is the rough boundary and
I'Y (resp. T'!) the lower (resp. upper) smooth one (see fig. 4).
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HypPOTHESES 2.1. The rough boundary I'“ is described as a periodic repetition at the
microscopic scale of a single boundary cell P°. The latter can be parameterized as the
graph of a Lipshitz function f : [0, 27— [—1 : 0] such that

PY={y€0,2n] x [-1:0[s.t. yo = f(y1)}. (1)

Moreover, we suppose that f is negative definite, i.e. there exists a positive constant
d such that f(y1) < 0 for all y; € [0,27]. Then the macroscopic boundary T'¢ is
parametrized as

re= {x€R2 s.t. xo =€f (%)}

We assume that the ratio between L (the width of Q%) and 2e (the width of the periodic
cell) is always an integer called N. We consider a simplified setting that avoids the the-

T2 ) T2 yz
T2 = 1T Fl ‘ Fl
Q0 | zt T,
1 I !
e P 1
r1=0 1 =1L %

figure 4: Rough, smooth and cell domains

oretical difficulties and the non-linear complications of the full Navier-Stokes equations.
Starting from the Stokes system, we consider a Poisson problem for the axial component
of the velocity. The pressure gradient is assumed to reduce to a constant right hand side
C. We consider only periodic inflow and outflow boundary conditions. The simplified
problem reads : find u such that

—Auc=C, forxeQF,
u =0, zel Ul (2)
uf is x1 periodic.

We underline that the results below can be directly extended to rough domains with
smooth holes and to the Stokes system in the case of a simple sheared flow.

In what follows, functions that do depend on y = x/e should be indexed by an e (e.g.
U = U (z,2]€)).

3. The full boundary layers correctors.
3.1. A zeroth order approximation. When e = 0, the rough domain Q¢ reduces to Q°
which is smooth. The solution of system (2) in this limit is known and explicit: it is the

Poiseuille profile :

a’(x) = %(1 — x9)x2, Yz €QP,
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the latter term should be our zeroth order approximation when performing an asymptotic
expansion w.r.t. € for e > 0. Although the natural extension of @° is itself on the rough
part A€, what follows is more general and concerns the case for instance where Au® is no
more a constant. In the litterature the main difference between [1] and [19] is the way
of extending this zeroth order approximation in order to define it on the whole domain
Q°. A possible choice (see [1]) is to use the Taylor expansion of 4° near zo = 0, it leads
to define the zeroth order expansion as a C'!(Q€) function that reads
a°(z), if z € Q°
0
u(z) = § 90

8—I2(x1,0)x2, it x € A“.

Remark that this particular choice does not satisfy the homogeneous Dirichlet boundary
condition on I'°. Next we estimate the zeroth order error wrt the exact solution.

ProrosiTioN 1. If QFf is a open connected piecewise smooth domain, the solution u*
exists in H'(Q°) and is unique. Moreover we have

[Juf — u(l)HHl(QG) <ave |u- u(l)HLQ(QO) < 26,

where the constants ¢; and co are independent on €

Proof. 1t is based on standard a priori estimates and a duality argument. The exis-
tence and uniqueness of u¢ are standard and left to the reader. We focus on the error
estimates. Namely, 70 := u¢ — u° satisfies

— A = CX[ae), in QF,
r® =0, on T,
0 o

r’ = ———(21,0)x2 on ',

6$2

s @ — periodic on T’y U Toug

Here and for the rest of the work, x|, represents the characteristic function of the set
between brackets. Above, one remarks that a part of the error comes from the source
term localized in A€, and another part comes from the non homogeneous boundary term
on I'“. We set the lift
ou’ 0
§ = ———TaX[a], and z :=71" — s,

6$2

the weak formulation reads :
(Vz,Vu)ge = (C,v)pe — (Cyv)po, v E H&(QE),

where the last term in the rhs comes when applying the Laplace operator A on s. Thanks
to Poincaré-like estimates we have the following properties of the L? norm and the H*
semi-norm on A€

(C, ) —(C,U)FU|§03\E</€U2>§+C4 (/FOUQ)é

1

2
< es(e+ Vo) < / |Vv|2) < 250l 11 e
Ae
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This leads to the H'(Q2¢) estimate. For the L? norm, we use the concept of a very weak
solution [27]. Namely, one solves the dual problem: for a given ¢ € L?(Q°), ¢ being
x1 — periodic on T'j, U Toyy find v € H2(Q°) such that

—Av=¢p, Vze
v=0, VereI®ul!
v is x1 — periodic on Ty, U Toyt.

Considering the L?(2°) scalar product, and using the Green formula
orY v
(o) = ~(BuiO = (G0) = () -0 A),
On 900 on L2(990)

< or? > ( v 0)
=YV, 73— - =7 9
6n FinUlout an rourt

where the brackets refer to the dual product in (H 1, H)(952°), and the rest of products
are in L2, either on I'Y or on Q°. Then, one computes

v v
0 0

O <[ =,r < ||=
(e, )I_‘(an, )FO‘_Han
The last estimate is classical and can be obtained via a regularisation of the Lipshitz

domain and Rellich estimates ([27], p. 261-263). Thanks to Poincaré estimates, one
writes

(3)

L2(FO)HTOHL2(F°) < 06H90||L2(90)H’"OHLz(rO)'

Pl 2oy < erVellr®ll s aey < esVellr® [ ey

which ends the proof by taking the sup over all ¢ in L?(Q0). O
3.2. A first order correction. The zeroth order correction contains two distinct sources

of errors : a part is due to the order of the extension in A€ and another part comes from

a non homogeneous rest on I'“. In what follows we show that a first order extension u

can be corrected by series of terms that makes the full boundary layer approximation

vanish on I'°.

The micrscopic cell problem : In order to correct u{ on ', one starts by solving a

microscopic cell problem that reads : find 3 s.t.
—AB=0,in ZTUP,
B = —ys, on P, (4)
[ is y1 — periodic .

We define the microscopic average along the fictitious interface I' :
27

6= 2i B(y1,0)dy;.
™ Jo

The existence and uniqueness of § and various properties as the convergence when ys
tends to inflinity towards 3 are described in the appendix A.
The corresponding macroscopic full boundary layer corrector should contain at this stage

x

&+ 0 ,0) (3(2) - 7).
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where we subtract § in order to cancel §’s errors on I''. In turn, we expect to cancel
the contribution of § near the rough boundary but keep it close to I'l. For this sake, we
solve the “counter-flow” problem: find d s.t.

—Ad=0, inQ°,
d=1onT%d=0onT", (5)
d is x1 — periodic on I'y, U Loy,

the solution is explicit and reads d = (1 —x2). Moreover, it can be extended to the whole
domain 2¢. The complete first order approximation now reads :

0 0
b i+ S, 0)(5 = B) + S0 051 ), Vo 9
’LLO
=+ S 01,0)(5 ~ Boa),

the first index of ul*? corresponds to the extension order of 4% in A€, while the second
index is the order of the error on I'“. Indeed, if we consider the trace of ul*? on I'¢, we

9 oud -\ z2 B ouf
w ¢ (3a7) 2= (5a) v

Again, this error is linear and should be corrected by the micro boundary layer 5. A

have a second order error

1,2

U

similar macroscopic boundary layer correction process should be performed at any order
leading to

o =gl 0[(3(7) ~Fea) + 3 (3 (7) )
T (7)) ] ©)

= e (5 (7) <),

This approximation satisfies a homogeneous Dirichlet boundary condition on I'¢, and
solves
— Aui"oo = CX[AE], in Q°,

ulb™ =0, on I,

= g (0(20) ) v
1,00

u.' is 1 — periodic on I'iy U Toyy.

If we consider the corresponding approximation error, we obtain

ProproSITION 2. Under hypotheses 2.1, the error of the first order approximation satisfies

[ = we™ sy < e = ™ gy < coe,

where the constants cg, cg are independent on e.
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The proof follows the same lines as in proposition 1 except that the significant source
of errors is the rhs of the first equation in (7), while an exponentially small microscopic
perturbation lies on T'!, on the contrary there are no errors on I'¢, because ul> =
there.

3.3. Second order approzimation. Instead of extending only linearly the Poiseuille
profile it is obvious that a quadratic term is missing to complete the approximation. In
the following uJ denotes the second order extension of @’ in A€.

W, zeQ

C
uy =< 90 9270 3 =—(1—x2)za, VaeQr.
a—m($1,0)$2+a—x%(171,0)77 T € X[Ae]

The second order error on I'¢ is corrected thanks to a new cell problem : find v € D2
solving

—Ay=0, inZtUP,
v=—y3, on PY (8)
~ periodic in y;.

The proof of the following proposition is left in the appendix A.2.

PROPOSITION 3. Under hypotheses 2.1, there exists a unique solution v of (8) in
DY2(Z* U P). Moreover it admits a power series of Fourier modes in Z* and v € [~1,0]
if P [0,27] x [1,0].

The horizontal average is denoted 7. The same multi-scale process leads to write the full
boundary layer approximation as

2= =00 (9 (2) - Fe) + 5 20 (1 (2) 7).

Again a third error remains on I'¢ and it is linear wrt to y2, thus it should be corrected
thanks to the series of first order cell problems as in (6). We set u>° to be the second
order approximation that satisfies a homogeneous Dirichlet boundary condition on I'¢, it
reads :

2 =+ =000, (5 () - )

+ ;%2—;%8(901,0) [(7 (%) —7902) + 1_?_763 (ﬁ (%) —ng)] .

Our approximation satisfies the following boundary value problem

— Au>>* =(C, in QF,

uf"’o =0, on I'®,

2,00 __ 1
U = ge, on I'

2,00 . .
u™ is 21 — periodic on I'iy U Lgyg,
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where g is the contribution of the microscopic correctors on I't and reads :
oul xp 1 —
e —757_ 70 0y -
g 0x4 (21,0) (ﬁ ( €€ b
€2 0%u) r1 1 €y 1 1 —
- 0 — - =7 = — -] - .
rrag 0|0 (20 7) s (0 (50) )

Remark that the only error remains on I'! and as the proposition below claims, it is

exponentially small wrt e.

ProproSITION 4. Under hypotheses 2.1 the error of the first second order approximation
satisfies

1
€

[Juf = u%OOHHl(QG) e, fJuf - u%OOHL?(QO) <envee .

where the constants cg, ¢y are independent on e.

The proof is identical as in proposition 1 except that the errors come from g, there are
neither errors on I'‘; nor pollution of any source terms inside €.

4. Averaged wall-laws.
4.1. The averaged wall-laws: a new derivation process. At this stage, we rewrite our
first and second order approximations separating slow and fast variables

n 0 0
ub =4 =PI, 0) (1) + =T 0) (5(2) - 7).

1+€Ba—x2 1+558—x2
=i~ L 0y (- )
%%2—;‘%%1,0) [W — )+ ﬁg“ - ”””2)}
+ 1;52—53(“0) (#(2)-7)

S 2 w0 (7 (2) ) + 7= (5(2) - P

We define the average wrt the fast variable in the horizontal direction:

1 2me
v(x) = —/ v(xy +y,20)dy, Yo € HY(QF).
2me Jo
Then, one can see easly that for any = in QY
1,00 0 B duj 1
Ue’ =—(21,0) (1 —22) =t u",
g a@( 1,0) (1 = x2)
2. 00 0 EB aUQ
Ue’ Uy + =—=(21,0) (1 —x
2t T 59 2( 1,0) (1 —x2)
¢® 9%uj 7B
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This means that the averaging process cancels the oscilations providing only macroscopic
terms still depending on e. Moreover one has the following compact form of the full
boundary layer correctors

w =+ 0 01,0) (3(2) - 7) »
10
s G0 (3(5) )+ 5 g (1) 7).

At this point, if one computes the boundary value problem that u' and u? solve in the
smooth domain, we obtain Robin and Wentzel type problems. Namely, u' solves :

—Aut=C, VreQl,
_out
=B Vrel® ul=0, Vrell, (11)
6$2
ulis @ — periodic on T'y, U Ty,

whose explicit solution reads :

1 __g 2 ) . EB
W) =5 (- s 1), (12)

while the second order wall-law u? satisfies the folowing boundary value problem

— Al =C, VzeQ,

9 Bau2 n e 9%y
U =€ef— + —F—%
Oxa 2 7 0z3’

2

u” =0, Vze I‘l,u2 is x1 — periodic on I';, U Ty

Vo e TV, (13)

4.2. Euxistence and uniqueness of the second order wall-law. The boundary conditions
of problem (13) contain second order normal derivatives (in the literature, these are called
conditions of Wentzel type [23, 6, 14]). In this framework existence and uniqueness are
not so standard: we provide them here for self-containtness’ sake. First we transform
the second-order normal boundary term in a tangential term of the same order. Then
using the appropriate test function space, we can apply Green’s formula on tangential
directions and symmetrise the bilinear form associated to the problem.

LEMMA 4.1. Under hypotheses 2.1, the system (13) admits a unique solution in
H;l(ﬂo) = {v e HL(2°); v e H'(I'")}, where H}, is the set of functions belonging
to HY(Q"), xq — periodic on T'j, U oy and vanishing on I'.

Proof. The boundary condition shall be transformed thanks to the first equation of
(13) into

_ —O0u  €_ 0%u 0
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Because P does not intersect I', and thanks to the maximum principle, 3 > 0 a.e. in
Z* U P. This implies that 3 > 0 which allows the weak formulatiuon [14] :

! (u,v)ro + (Vu, Vo) 7 [( Ou v) (x 0)] " ( Ou Ov )
—(u, 0 y 0 — €— - , — €= | =
el r @ 273 0x1 ! 51=0 273 0x1 0x1 o

= (C,v)q0 — e%w, v)ro,

where the third term of the lhs vanishes thanks to the periodicity of the solution and
of the corresponding test functions of H %& (29). We have obtained a symmetric problem.
Because 7 € [—1,0[ and 3 €]0, 1], setting
1 7 ou Ov > 1.1 0
a(u,v) = =(u,v)ro + (Vu,Vu)go —e—= | =— =— ,ve Hy (),
(1.8) = 0o + (Vo Voo =L (G250 ) e (@)

l(v) = (Cyv)q — 6%(0,1))1‘*0,

one obtains a variational formulation where a is coercive, H 7;’1(90) being endowed with
the norm :
HUHH;EJ(QU) = ||U||H1(QO) + HUHHI(FO)'

Moreover, a and [ are continuous on H. ;’1(90), thus the problem is solvable by the Lax-
Milgram theorem. By the way, we derive the following energy estimates that describe
the dependence of various norms upon e :

ou C

u <\eC, |[=— < —.
Note that when € goes to zero, our approximation leaves H ;#’1 (Q2°) moving to HEy e (Q°):
we loose control over the tangential derivative on the boundary. 0
In the particular case of a straight domain Q° this unique solution is explicit and reads

C 1+ €%y B— ey
Wl (z) = —— <3:§ _m+en) o E_”) . (14)

2 1+e€8 1+e€p

4.3. Macroscopic error estimate. When replacing the Poiseuille profile in Q° by u! or

u?, one can compute the corresponding error estimates.

PROPOSITION 5. Let u¢ be the solution of (2) and u® (resp. u?) be the solution of (11)
(resp. (13)), under hypotheses 2.1, one has

€

[Jus — “1||L2(Qo) < Ce?, and [Jus - u2HL2(QU) < Cez.

Proof. We only compute the error of the second order approximation, the case of u!
is identical. We take advantage of estimates obtained in proposition 2 by inserting the
full boundary layer corrector u>° between u¢ and u? :

€ 2

uf —u? = u —ub>® 4 ub>® —u?

2

s B0 (5(2) )+ S (3(2) 7).
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where we used the compact form exhibited in (10). Then, one gets

| uf < Hue_uz’oouw(m)

exe(ar s () 3

- u2HL2(QU)

L2(00) i EH7 (E) B 7‘ L2(QU)) '

Thanks to proposition 2, and the last estimate in the claim of theorem A.1, one gets the
desired result. 0

REMARK 4.1. This result is crucial: it shows that the oscillations of the first order bound-
ary layer edu®/dzo(3 — 3) are larger than the second order macroscopic contribution. It
is also optimal (see section 6 for a numerical evidence). This observation motivates the
sections below.

5. Multi-scale wall-laws. In this section we continue the investigation in the sense
introduced above. We aim to compute a solution that exists in Q° as u' or u? but that
performs a better approximation of the exact solution u€ restriced to £°. Below we shall
show that this concept provides some new multi-scale wall-laws.

5.1. The first order explicit wall-law. How can first order correction be improved if the
non-oscillating second order extension of SAFFMAN-JOSEPH’s condition does not help.
The aswer below will be to take into account some multi-scale features. If we consider
the full boundary layer corrector ul°, it solves (7). Moreover, on the fictitious boundary
I'%, its value is easily computed, namely

g = {rt S0 (3(5) -B) )| =m0 (20).

We use this value as a non-homogenous Dirichlet boundary condition on I'Y for a Poisson
problem that is nevertheless homogeneous on I''. Indeed, we consider the following
problem

— AU, =C, VYreQ,
o 1
U = e5(21,008 (2,0), vaeT”, (15)
0xo €
U =0, Yrell, U is x; — periodic on Iy U TTous,
and we claim the following
PROPOSITION 6. Under hypotheses 2.1, one gets the following error estimates
HUE - u&HL2(QO) < 01253-

Proof. Following the same lines as in the proof of proposition 5, one inserts the full
boundary layer approximation error 7% 1= y¢ — u1%° :

rll)l =uf — ui’oo + ui’oo — U, =rh>® - [L{e — ul’oo} ey §
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The first part of the rhs has already been estimated (prop. 2). It remains to estimate
the last term J, that solves the following system :

—AJ =0, Yze,
J=0, VYrel?

oul 1 _

J = e (1,0) <6 <ﬂ —) - 6) , VeeTl,
0xo €€

J is x1 — periodic on 'y, U Tgyy.

Using a yo-linear lift s that takes away the I'! boundary term (which is exponentially
small wrt €), and thanks to the Poincaré inequality, we obtain

1
||JHL2(QO) < 013HJHH1(QO) < cueE,

where c13 and c14 are constants independent on e. ]

REMARK 5.1. The error in O(e?) is only due to the first order boundary layer approxima-
tion. Indeed the extension of the Poiseuille flow is only linear inside Q¢\ Q°. Nevertheless,
we avoid errors when neglecting microscopic oscillations in our macroscopic problem as
it was the case for u' and u?.

REMARK 5.2. Proposition 6 compares u}*>*° and U,. Because they have the same trace
on I'°, the L? norm of the difference is exponentially small. In the same way, it is not

difficult to show that in fact there is a constant k independent of € s.t.

1

[[u® _uﬁHHl(QO) —ke™F < HUE —up < lu _Ue”Hl(m) + ke e

OOHHl(QO)

This will be used in the numerical tests to give an estimate of the error of the first order
full boundary layer approximation.

5.2. A second order explicit wall-law. Extending the same ideas as in the subsection
above, one sets the following multi-scale problem: find V. € H'(Q") such that

—AV. =C, VzeQ’
ou? T e 0%u? sx

= s (20)+ 0
v B2 (21,0)8 € T3 x3 7
V.=0, VxeTl!, V. is z; — periodic on Iy U gy,

0), veer”, (16)

]
€

for which we can prove, as in proposition 6,

PrOPOSITION 7. Under hypotheses 2.1, one gets

1
€

Hu6 - Ve”LZ(QO) S C15€ 9

where the constant c;5 is independent on e.

5.3. First order implicit wall-laws. Note that the standard averaged wall-laws !, u?

are building blocks of explicit multi-scale approximations U, V. solving problems (15,16).
In this part, we look for an implicit approximation that avoids the computation of these
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lower order approximations. Indeed, at first order we propose to solve :
—AY.=C, Ve,

T 8T€
T.=€6(—,0 ,

= B0 G
YT.=0, Verel! Y. is z;— periodic on I, UTToys.

Yz e T9, (17)

We give here a first result of this kind :

THEOREM 5.1. Under hypotheses 2.1, there exists a unique solution Y. € H%l (29 of
problem (17). Moreover, one gets :

3
[[uf — Té“L?(QO) < c€2.

where ¢y is a constant independent of e.

Proof. There exists a unique solution Y. solving (17). Indeed, the weak formulation
of (17) reads :

ou
a(u,v) := (Vu, Vu)go + (8—962’1}) y

= (Vu, Vu)go + <£,v) = (C,v)qo =:1(v), Vv e HE(Q0),
ef ro

At the microscopic level, we suppose that PY does not cross I, thus there exists a minimal
distance ¢ > 0 separating them. By the maximum principle, 8 is bounded: g € [4;1].
Thus 1/ is bounded a.e. The bilinear form a is continuous coercive in H, (2°), the
linear form [ is continuous as well, thus existence and uniqueness follow by the Lax-
Milgram theorem. To estimate this new approximation’s convergence rate we add and
substract U, the explicit wall-law between u¢ and T..

Tll)l,i =u =T =u —U+U—~Tc= Ttl)l +U— T = Ttl)l +©. (18)
© is the solution of the boundary value problem reading :
—AO =0, Vre,

out oY

6= — = <
Eﬁ |:(9{E2 8:172
©=0, Vzell!, Ois x; — periodic on iy U Toyt.

}, Vo eIV,

We reexpress the boundary condition on I'Y introducing a Robin like condition, namely :
00 out U,
O—ef—= — —
666:52 66 |:6$2 (91:2
where the rhs is explicitly known. We have the following weak formulation :

90
(A, v)qo = — (%

where the space Hp, (QY) contains H*(Q°) functions vanishing on I''. Then using (19)

} , VaxeTl?, (19)

,v> +(VO,Vv)q =0, Yo e Hpi(Q0),
To

one writes :

C) oul  OU.
a(©,v) = (VO,Vu)qo + (5,1})1“0 = (8—952 — 812’v> .
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We remark that the rhs is in fact a boundary term of another comparison problem and
we set z = u! — U, where z is harmonic and solves :

7]
(—Z, ’U) = —(AZ, ’U)QO — (VZ, V’U)QO, Y € HI]:q (QO)
8:172 T0

Estimates of the gradient. We have recovered a simpler problem that reads
a(©,v) = —=(Vz,Vo)qo, Yo € Hp (Q°).
Thanks to proposition 2 and proposition 6, one gets
Hv®||L2(QU) < ||VZHL2(QU) < HV(UE - ul)HLQ(QE) + [V (uf _ue)Hm(QO) < 2ci7¢,

where K is a constant independent of e.
Estimate of the trace. The control on the interior term enables to recover trace estimates

2 L @2(.@1, O) -

H@HLz(FO) < Hﬂ”Loo(F) 0 mdml < eHv@”L2(QO)HVZ||L2(QO) <l

Final estimate. By the dual problem, and trace estimates above, we finaly obtain
H®”LQ(QO) < 018||@||L2(p0) < Clgeg,

Recalling relation (18), one gets :

Hﬁil,i”m(m) < ||Tk1>1HL2(QO) + H@||L2(Q°)’
which ends the proof. O

REMARK 5.3. A similar implicit approach could be considered at second order. This
should lead to consider a multi-scale Wentzel condition. It is an open problem to show
existence, uniqueness and error estimates as in theorem 5.1 in this case.

6. Numerical assessment. In order to validate our theoretical results and to show
some more interesting features, we propose in this section a set of numerical tests.
We use the finite element method implemented in the well known freefem++ language
[15]. The source code of tests presented below is available online®
will compute numerically the approximation error between the exact solution u¢ and
various wall-laws (u', u?,U., V., T.) wrt e. For this sake we introduce in a first step the
discretization of the domain €. Next, we present the detailed procedure to compute
either u€, 3, or the wall-laws above.

6.1. Domain discretization. The rough domain that one should discretize is Q€ see fig
4. The rough boundary is defined as in (1), but here we explicitly set

(1 + cos(y1))
fy) = — 5

with § being is a positive constant equal to 5e — 2. The periodicity of the bottom shape
and of the boundary conditions on I';, U oyt allows to discretize only a single rough
period, i.e. we set

. In what follows we

-5,

wy. :={x1 €]0,2me] and x2 €lef(x1/€),0[}, w§:=]0,2me[x]0,1], w:=wjUuws,

1http ://1jk.imag.fr/membres/Vuk.Milisic/Software/WallLawTests.edp
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figure 5: Meshes w®, wt, and (Z+ U P), when ¢ = 0.1 (coarse grids, see below for actual

mesh sizes)

The mesh is periodic, i.e. the vertices on I'y;,, are associated to elements containing edges
on I'oyy (see p. 142 of the freefem++ documentation for further information on this
facility). For a given ¢, the meshes of w® and w§ are conforming on the upper part
{2 > 0}. We take several values of ¢, namely we set i € {1,...,10} and € = ¢*, where
q := 0.85. In order to avoid discretization errors we set n¢ := 90/¢*, &« = 0.2 nodes on the
horizontal fictitious boundary, and linearly proportional numbers of nodes on the other
boundaries. This gives a mesh size h (maximal diameter of a triangulation, see p.88 [15])
depicted in fig. 6 as a function of e. This gives that there exists a constant k£ independent

of € such that

h < ke,
which should be used below.
1 : : —————————— 100000

F h —— 1

[ BV

: 4 rinomex “ %

Bk < ]
I N ] "
]y T g
i o ¥y 4 10000 %
Q * TR~ ] <
N X >* 1
k2 e - ] .
Z 0.1 i} 3 3
g X% 2
Xl g 2
= 1000 £
1 )
] 4

0.01 : : 1 100
0.1 1

figure 6: Mesh size h, number of vertices, number of elements

(20)

6.2. The rough solution. For each value of €, we discretize problem (2) using Py La-

grange finite element.

The matrix obtained after assambling elementary matrices is

solved by a direct LU factorization. For the rest of this section P elements and LU

factorization are used as well.
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6.3. Microscopic cell problems. We compute solutions of cell problems (4) and (8).
The domain of definition Z% of 8 and v is not bounded. We truncate it by setting
Zf :={y € Z s.t. yo < H} and we solve (4) and (8) adding the essential conditions :

Pu _ 0 Ou

on " On
In [22], the authors show that solutions of these problems are exponentially close to the
ones of the problem set on ZT U P, i.e. :

IV(8 = Bl g2 zsy < ke

=0, on ZI‘;.

Here we increase H in our discretization of ZIJ; until the variation of the Dirichlet norm
of Br,vm is lower than 107°. Then we compute numerically § and 7 using a fifth
order quadrature formula (see p.116 [15]). This part is performed once (this step being
independent of €). For this specific shape f, the computations give numerical values that
follow

B =0.432096, 7= —0.297993.

Cell problems are computed over a mesh containing 56945 elements and 28911 vertices
corresponding to a maximal mesh diameter of 0.126794.

6.4. Wall laws. We compute numerically u}, u?, Te p,Ue n, Ve n, solutions of the dis-
crete versions of problems (11,13,17,15,16). On the fictitious boundary we use the values
computed in the cell problems above, either as explicit non-homogenous boundary con-
ditions (as in the variational formulation of problems (15,16)), or as weights in trace
operators (as for problems 11,13,17).

10 10
1L
1k e
BN L
o8 B e-% A~ 0.1F
oab s 8T T e ]
é/e/e' A
o- Auzfu?l"* 0.01 ¢
el € 1
0.01 ¢ o up — up X
~ u§ —u? - | 0.001F
0.001 ot uh = Yen 0
. L uS — U,y —o | 0.0001F
A',A' U;*Ve,h A‘
.0001 16-05
0.000 0.1 1 e-05

figure 7: Computed errors versus e

6.5. Results. We plot in fig. 7 convergence results wrt H(Q0) and L?(Q°) norms:
we rescale the errors obtained on wf ; wrt Q0. We display in table 1 the corresponding
numerical values for the powers of € depicted in fig. 7. Nodes of the upper part of w® and
those of wf coincide, ¢.e. there is no interpolation error due to non-conforming meshes.
As the problems solved are linear, the orders of convergence seem to behave closely to the
theoretical predictions. Indeed simulations guarantee theoretical orders of convergence:
if one sets v to be one of the wall-law approximations, and v, the corresponding numerical
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‘ lenllyy H uf, —u) | us —up | ug, —ui | us, — Tep H uf, —Uen | uj, — Ven
H(Q) | 09 | 07923 | 0.696 1.25 1.54 3.7
L2(Q%) 1.11 1.48 1.40 1.6245 1.776 3.77

TABLE 1. Numerical orders of convergence for various approxima-
tions: implicit (left) and explicit (right) wall-laws

discretisation, one gets
|uj, — Uh|m,90 <uj, — U€|m,90 + |uf — ”|m,90 + |u — ”|m,90

< kl{hp-l—l—m + eoz} < k2{€p+l—m + eoz} < k3€min(p+1—m,oz)

where |-[,, oo represents either the L?(Q°) norm (m = 0) or the H'(Q°) semi-norm
(m = 1), and where we used relation (20) and the classical Aubin-Nietsche theorem (see
[12], p.52 for instance). This implies that for p great enough (in our case p = 2) only
exponential convergence may not be recovered numerically. Results of simulations above
show that implicit wall laws uj,u?, T, provide cheaper but less accurate results than
explicit wall-laws. This is expected since the latter contain data coming from explicit
computations of u! and u? given by formulas (12,14), whereas the former use only the
microscopic data 3,7, 3(x/€). Nevertheless, among the implicit wall-laws, our implicit
multi-scale candidate Y. performs the best results thanks to its multi-scale features.
These simulations assess also that the second order wall-law u? does not provide better
than first order error estimates. This evidences numerically the optimality of estimates
of proposition 5. It explains also why one could not distinguish first from second order
approximations in [1], p. 209.

Nor in the present work neither in [20, 21] are there theoretical H'(Q") estimates of
u¢ —u'. We compute this quantity (see fig. 7 left) numerically. It seems that standard
averaged wall laws do hardly perform better approximation than /e in H'(Q°). This
is rather unexpected, especially when considering that in this norm and for this specific
shape, the zeroth order approximation u?L seems better. This is obviously not true in the
L?(92°) norm.

At last, thanks to remark 5.2, H' estimates of uj — ul* may be compared with those
of uj, — U, showing that results of proposition 1 and 2 are optimal. We underline that
this is due to the presence of the specific rhs C' in every problem considered above. For
instance setting tests similar to the simple sheared flow (linear %) would certainly lead
to better convergence rates for first order approximations [3].
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Appendix A. The cell problems.
A.1. Various properties of the first order cell problem’s solution. As ZT U P is un-
bounded in the yo direction, we define

Dy ={ve L (ZYUP)st. Vve L3 ZTUP)? vis y, — periodic , v = 0 on P°}.

We lift the solution of problem (4) in order to satisfy the homogenous Dirichlet boundary
condition on P setting #:= 8 + y2X[p): it satisfies

—AB=96pr, in ZTUP,
5 =0, on P, (21)

(8 is y1 — periodic .

where or is the Dirac function localized on the microscopic fictitious interface I'. Then
one has the following result :

THEOREM A.1l. Under hypotheses 2.1, there exists 3, a unique solution of (4) belonging
to D(l)"Q. Moreover, there exists a unique periodic solution n € H %(F), of the following
problem

< Snp>=<l,u>, VpeH3()
where <, > is the H~2 (') — H2(I') duality bracket, and S the inverse of the Steklov-

Poincaré operator (see appendix A.1). One has the following correspondance between [3
and the interface solution 7 :

6 = HZ+77 + HP777
where Hz+n (resp. Hpn) is the yi-periodic harmonic extension of 7 on Z* (resp. P).

The solution in ZT can be written explicitly as a series of Fourier coefficients of 7 and
reads :

[e’e} 2m
Hzen=py)= > mee®=Fevyyezt = / n(y1)e” " dy,.
0

k=—o0
In the macroscopic domain 0 this leads to
o () -7
€
Existence and uniqueness of solutions of system (4), have been partially proven in [1]. The
authors consider a truncated domain supplied with a non-local “transparency” condition,

the latter is obtained via the fourier transform. We give here a rigorous proof in the
unbounded domain framework.

L2(QO) S K\/EHT]HH%(F)

PROOF (of theorem A.1). In what follows we express the cell problem as an inverse
Steklov-Poincaré problem solved on the fictitious interface I'. This allows us to charac-
terize 3 the solution of (4) on domains ZT and P separately, as depending only on 7,
the trace on I'. We apply domain decomposition techniques [29]. In a first step we give
a simple proof of existence that guarantees the existence of the gradient in L?(Z+ U P).
The solutions of the cell problems are not in the classical Sobolev spaces because the



22 DIDIER BRESCH AND VUK MILISIC

domain Z7 is unbounded in the yo direction: the solutions are only locally integrable.
For this purpose, we define, for an arbitrary open set w,

D"P(w) = {v e L (w)/ D% € LP(w), Va € Z¥" |a| = n, v is y; — periodic }.

In the particular case when n = 1 and p = 2, we define Dy*(w) := {v € DV2(w)/ v]aw =
0} := Vo(w), which is a Hilbert space for the norm of the gradient.

LEMMA A.1. Problem (4) admits a unique solution 3 belonging to D%2(Z+ U P).

PRrROOF (of lemma A.1). We define the lift s = y2 x(p) that belongs to D"?(Z* U P).
Setting B = [ — s, the lifted problem becomes

{—AB_5F, in Zt U P,

=0, onP°

where Jr is the dirac mesure that concentrates on the fictitious interface I'. The equivalent
variational form of this problem reads

a(B,v) =1(v), veDy*(ZTUP), (22)
where a(u,v) = (Vu,Vv)z+up and l(v) = —(Vs,Vo)p. These forms are obviously
continuous bilinear (resp. linear) on Dy*(Z+T U P) x Dy*(Z+ UP) (resp. Dy (Z1UP)).
Because of the homogeneous boundary condition the semi-norm of the gradient is a norm.
By Lax-Milgram theorem, the desired result follows.

We define the following spaces :
Vi =D"(Z"), Vo= {ve H'(P)s.t. v|po =0, wvisy, —periodic },
Vio={veW, v[r=0}, Vao={velz, uv[r=0}
A={neH? st. n=uv|p for a suitable v € Dy?(Z+t U P)}.

LEMMA A.2. The following domain decomposition problem is equivalent to (22) : we
look for (B1, 32) € Vi x Va such that

a1(B1,v) = (VB1,Vv)z+ =0, Yv e Vi,

pr =032, onl,

az(B2,v) == (V31,Vu)p = —(Vs,Vu)p =0, Vv e Vay,
az(B2, Rap) = —(Vs, VRap) — ar(P1, Rip), VYu €A,

where R; denotes any possible extension operator from I' to V;.

PROOF (of lemma A.2). Let us start by considering the solution 5 of (22). Setting
81 = Blz+, 02 = B|p, we have that 8; € V; and that (23).1,(23).2 and (23).3 are trivially
satisfied. Moreover, for each p € A, the function Ry defined as Ry = Ripuxz+ + Rapxp
belongs to V. Therefore we have a(8, Ru) = (f, Ru), Vi € A which is equivalent to
(23).4.

On the other hand, let 3; be the solution of (23). Setting 3 = fB1x|z+] + fax[p] from
(23).2, it follows that V3 € L%(ZT U P), and B|po = 0. Then taking v € Vo we set
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pu = vr € A. Define Ry as before; clearly (v; — Ripu) € Vi and from (23).1, (23).3,
(23).4 it follows that

a(B,v) = Z[ai(@-, vi — Rip) + ai(Bi, Rip)] = —(Vs, VRop) p

—(1,w)r =—(1,v)r = —(Vs, Vo) p.

The Steklov-Poincaré operator. The Steklov-Poincaré operator S acts between the space
of trace functions A and its dual. More precisely, applying Green’s formula and setting
H;n to be the harmonic lift in ZT (resp. P) for all € A, we have

B)
<Snp>=> (s—Hmp)= [ VHn -VRip+ [ VHn VRop
p 814 Z+ P
= ai(Hm, Rip), Y, p € A,

where < -, - > denotes the duality pairing between A’ and A. In particular, taking
Riw = H;u, we obtain the following variational representation :

< Sn,p>= Z ai(Hin, Hip), Vn,p € A.

K2

The linear form on A. We set I(p) as follows :

0
1) = =0, VHa)p = (12 o) = (L.
Xro P

LEMMA A.3. The problem:
find n € A such that < Sn,pu>=1(n), YueA, (24)

admits a unique solution. Moreover this is equivalent to solve (23).

PROOF (of lemma A.3). We use the Lax-Milgram framework :
- Continuity :

< S, ><VHn 2 zeupy IVH il 2740 py < c20llnllx N5

by well know estimates for solutions of elliptic boundary value problems [24]. For
H, this can be computed explicitly (see below). The continuity of [ is obvious.
- Coercivity

2 2 2
< Sn,n >= HVH77||L2(Z+UP) = C21||H277||H1(P) = ca2|nlly-

Then applying Lax-Milgram theorem one gets the desired result.

To prove the equivalence between (24) and (23), it suffices to separate the harmonic lift
H,; and the solutions of the Poisson problem with homogeneous boundary conditions and
the result follows as in [29] p.10.
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Hi, the harmonic extension in ZT
. We set n € A. By decomposing in y;-fourier modes, one gets that the solution of :

AB=0, VyeZt, o
B=mn, Vyel, (25)

rewritten as 3 = >, Br(y2)e™™*, Vy € Z7T should satisfy the following system of
ODE’s :

Bl —k*Br =0, y €RF

Br(0) =k,  y2=0

Br(y2) € L*(RF;C),

where 1, = f027r e~ *vin(y,)dy, are n’s fourier coefficients on I'. The solution Bz+ is
explicit and reads

Hin = 6\Z+ = Z 77ke*|k|y2+iky17 Vy € VAl (26)
k=—oc0

To show exponential convergence towards zero of f — 3 and V3 when y; — 0, we use
the same arguments as in the second part of [4], theorem 2.2.1 p. 637, whose proof is
omitted.

PROPOSITION 8. There exists a; > (47)?/9 such that the solution of problem (4) satisfies

||5 _B||L2(Z+Up7eﬂ1y2) < CQ3||V6||L2(Z+UP,6"‘W2) < Ca4,
which implies also 3’s and V3’s exponential decay in the ys direction.
A.2. The second order boundary layer.
PROOF (of proposition 3). Problem (8) is equivalent to solve :
Ay =2xp, VyeZTUP,
{ 5=0, Vye P
This, under the previous domain decomposition form, reads: find (z+,4p) such that
(VAz+,Vv)z+ =0, Vo€ Hp(Z7),
Yz+ =7p, onl,
(Vip,Vo)p = —(2,v)p, Vv € H po(P),
(VAp, VRpp)p = —(2,Rpp)p — (Vig+, Raep) g+, Yu € H3 (D).

(27)

Following the same lines as the proof above, we write the interface problem :

< S\ >=(VHpAVHpp) + (VHz \,VHyp), Vue Hz(T),
= —(2,Hpp) — (VGo, VHpp) = I(p),  Vp€ H3(T),
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where G5 is the solution of the homogeneous Poisson problem :
AGy =2, VyeP,
Go=0, YyeP'UT,
Go  is y; — periodic.

One gets the continuity of the linear form again, thanks to the properties of the harmonic
lifts [24, 11] :

W)l = =2, Hpp) = (VG2, VHpp)| < cos||[Hppll g py < c2ollill 4 -

And again, by the Lax-Milgram theorem, one gets the desired result.



