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Abstract

In the first part of this work we show the convergence with respect to an asymptotic parameter €
of a delayed heat equation. It represents a mathematical extension of works considered previously
by the authors [14] [I5, [16]. Namely, this is the first result involving delay operators approximating
protein linkages coupled with a spatial elliptic second order operator. For the sake of simplicity we
choose the Laplace operator, although more general results could be derived. The main arguments
are (1) new energy estimates and (ii) a stability result extended from the previous work to this more
involved context. They allow to prove convergence of the delay operator to a friction term together
with the Laplace operator in the same asymptotic regime considered without the space dependence
in [I4]. In a second part we extend fixed-point results for the fully non-linear model introduced in
[16] and prove global existence in time. This shows that the blow-up scenario observed previously
does not occur. Since the latter result was interpreted as a rupture of adhesion forces, we discuss
the possibility of bond breaking both from the analytic and numerical point of view.
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1. Introduction

1.1. Biological and mathematical settings

Cell migration is an ubiquitous process underlying morphogenesis, wound healing and cancer,
among other biological phenomena [3]. Leading-edge protrusion on flat surfaces - the first step in
cell crawling - relies on continuous remodeling of a cytoskeletal structure called the lamellipodium
[22], a broad and flat network of actin filaments.

Comprehensive modeling efforts were initiated in 1996 and fall into two groups. The first group
includes continuum models for the mechanical behaviour of cytoplasm [II, [24]. The second group
makes assumptions about the microscopic organization of the actin network [18] 21]. In an attempt
to create a framework that addresses the interplay of macroscopic features of cell migration and
the meshwork structure, the Filament Based Lamellipodium Model has been developed. It is a
two-dimensional, two-phase, anisotropic continuum model for the dynamics of the lamellipodium
network which retains key directional information on the filamentous substructure of this meshwork
[20, 12} 73]

The model has been derived from a microscopic description based on the dynamics and inter-
action of individual filaments [I9], and it has by recent extensions [I3] reached a certain state of
maturity. The main unknowns of the model are the positions of the actin filaments in two locally
parallel families. The filaments are submitted to various forces : bending, twisting, in-extensibility,
pressure, stretching and adhesion. These two latter mechanisms, that stabilize the whole filament
network, are at the heart of our project. In [19], a formal derivation leaded to the expression of
these forces as operators depending on friction terms in the equations denoted instantaneous cross-
link/adhesion turnover. The dimensionless parameter ¢ is the ratio between the reference value for
the age of adhesions and the maximal life time of a monomer as part of a filament. This parameter
is assumed to be small and the fact that the elasticity is O(e1!), is a scaling assumption required
for a non-vanishing effect of adhesions in the limit e —+0. Our works construct various tools in
order to handle rigorously this asymptotic [14}, 15, [16] [17]. In addition, concerning adhesion forces,
a similar Ansatz was performed formally in a somehow different mechanical setting in [23], [§].

In previous works we handled a single point adhesion with respect to the space variable. Indeed
our unknown was the position of a unique point in time z.(t). In [I4] we gave the first result of
convergence based on a special Lyapunov functional for the linkages population and a comparison
principle generalizing Gronwall’s Lemma in the case of integral positive operators. In a second
step [15] we found a new formulation of the problem, weakened some of the hypotheses of the first
paper and gave a fixed point theorem for a fully non-linear version of our new model. Here we
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give a comprehensive extension of convergence results in the weakly coupled setting (see below for
a precise explanation) in the case of space dependent adhesion forces coupled with a second order
elliptic operator. For the sake of simplicity it is chosen to be the Laplacian, but results presented
hereafter could be extended to a broad class of linear div-grad operators with Dirichlet boundary
conditions. To our knowledge, this is the first extension made in this direction starting from the
initial single point model in [14].

In [I6] we considered a fully non-linear coupling for which the death rate of bonds depends
on the positions of adhesions. There, we have shown that there could be a blow-up in finite time
for well-prepared data. Biologically this could be interpreted as tear-off of bonds, a detachment
observed in experiences (cf. [23] and references therein). Here the presence of another term in the
force balance prevents the blow-up, global existence in time is obtained without restrictions on the
data. If moreover (., the birth rate of the bond population admits a strictly positive lower bound
Be > B >0, then one shows that this population actually never becomes extinct and an asymptotic
profile is computed. We underline that this latter hypothesis is crucial in many of our theoretical
results. In a last step we confront these results with a numerical simulation contradicting this
latter hypothesis and show that detachment can occur on compact sets inside the domain.

1.2. A detailed mathematical framework

Q2 denotes an open bounded connected set of R™, whose boundary 99 is C*! (see for instance
Definition 1.2.1.1. [9]). For any fixed time T, the parabolic cylinder is denoted Qr:=Q x (0,T).
The position of the moving binding site, z.(x,t), minimizes at each time ¢ >0 an energy functional :

ze(x,t) = argmin &(w), (1.1)
weH} (Q)

the energy being defined for every w € H}(Q) as

é}(w(-))::;/Q{|Vw|2—i—/]R [w(@) = 2(2,t —ca)l pa(m,t,a)da}dw, (1.2)
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the second term is a delay operator since the minimisation is performed with respect to past
positions z.(x,t—ca). When ¢ <0, these are given by the function z.(x,t) = z,(x,t) for t <0. The
age distribution p. = p.(x,a,t) is the solution of the structured model :

€0tpe + Oape+ (e pe =0, z€Q,a>0,t>0,
pe(x,a=0,t)=p:(x,t) 1 —poc(z,t)), € a=0,t>0, (1.3)
pe(x,a,t=0)=ps(x,a), x€N,a>0,t=0,

where po.(,t) ::fooo pe(x,a,t)da and the on-rate of bonds is a given function (. times a factor,
that takes into account saturation of the moving binding site with linkages. When the off-rate (.
is a prescribed function, we say that the problem is weakly coupled : first one solves p. and then
pe is the integral term in providing z.. If instead ( is a function depending on z., or which is
more biologicaly sound (cf. [26] [I1]), on the elongation u.(x,a,t):=(z:(x,t) — z-(x,t —ea))/e the
problem is said to be fully coupled.

Note that the Euler-Lagrange equation associated to the minimization process is a Volterra
equation of the first kind [I4] given by

Le(ze,pe) =Agze t>0,xe,
ze(x,t) =0, teR,,x €0, (1.4)
ze(x,t) =2p(2,t), t<0,zeq,

where Lz (zc, pc ) (x,t) := %fﬂh (ze(x,t) — zo(x,t —2a)) pe (2, a,t)da. Tt is easy to prove that if z. solves
(1.4) in the variational sense for every time ¢ > 0, then it minimizes ([1.2)) and vice-versa (cf Appendix
A)
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In contrast to the previous results reported in [I4} [I5] [T6], we introduce the space dependence
through the x variable and through a partial differential operator on the right hand side of (1.4]).
In a first part, we show rigorously, in the semi-coupled case, that indeed the solutions of ij
converge, as € goes to 0, to the solutions of the limit equations :

Ml,()(:l:,t)atZ()—AmZ(]:Q (ZB,t) EQXR+,
Zo(m,t):(), (m,t)e@QxR+, (15)
20(x,0) =z, (x,0), (z,t) eQx{0}.

The first equation above is to be understood in the L?(Qr) sense. The function pugo:=
fR+ a®po(x,a,t)da represents the moment of order k of lim._,p. =: po which solves
Oapo+Copo=0, xeQ,a>0,t>0, (1.6)
p0($7a:0at):Bo(w7t)(1_l-l/070(wat))? IBEQ,GZO,t>O. .

These convergence results are essentially due to two new ingredients :

(i) we prove a new energy estimate (see Theorem [4.1)) which states that &;(z-(-,t)) <&p(2:(-,0))
providing a first compactness result. Since delay terms often induce oscillations in time, this
key result shows they are controlled by the energy minimized at each step. A similar result
is provided when adding a source term § in section [G]

(ii) considering the elongation variable introduced in [I5], we prove a stability result, which is
mathematically more involved than in our previous papers (cf Theorem versus estimates
(2.6) p.6 in [I5]). The main difficulty is caused by the presence of the Laplace operator.
Instead in the previous articles a given source term §(¢) (independent on z.) was prescribed
and greatly simplified these stability estimates. This second step provides a stronger control
in time on the delay part of the energy &; but requires stronger hypotheses on the data as

well (see assumptions i)b)).

In a second step we consider, for a fixed ¢, existence and uniqueness of the fully coupled problem
where ( is a Lipschitz function of u., the elongation. In [16], this model was considered at a single
point. Here the presence of the space variable greatly complexifies the mathematical setting.
Nevertheless, we prove that there is global existence with no specific restrictions on the data. This
result is to be compared with [16], where a blow-up could be shown under certain conditions on
the data. Instead, the presence of the Laplace operator precludes a singular limit of the delay
term L. for which p. —0 and z.(x,t) — 2z (@,t —ca) explodes when the source term becomes too
large. We show, as well, that if 8. > f3,, >0, there is no extinction of the total population pg .
which demonstrates that however great is the external load &, no tear-off occurs and new bonds
are constantly created at local positions z.(x,t). We show as well that positivity of the elongation
is preserved. As in [16], in the case where ((u)=1+|ul, an autonomous equation on the total
population of bonds is shown:

eOpoe+(Be+Dpoe+Aze+8 =0, ae (x,t)cQx(0,T),

giving an asymptotic profile for large times. Numerical simulations illustrate these latter comments
and show two possible regimes according to whether . locally vanishes or not : if for some xq
and >ty fe(xo,t) =0, then pg(xo,t) =0 when ¢ — oo which biologically means detachment, or
Be(,t) = Boo(x) >0 and then pg —= Boo(x)/(Boo () + 1) which represents a steady adhesion.

In section |2, we give notations and hypotheses useful throughout the paper. In section |3 we set
up for fixed € the material necessary to guarantee existence, uniqueness and the correct functional
spaces to which our solutions (pe,z:) belong, in a way not necessarily uniform with respect to e.
In section [4) we give a new energy inequality, stating that the energy &; minimized at each time,
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actually decreases. Then, in the same section, we provide a stability result already presented in
our previous works but adapted to this more complicated framework. In section [f] we assemble, in
Theorem previous results and provide a rigorous proof of the convergence of (pe,z.) towards
the solutions of . Section |§| extends previous results when a given source term is added
to . In section (7], we show global existence, uniqueness and positivity, for the fully coupled
model. Numerical simulations illustrate these results in the same section.

2. Notations and hypotheses

In the rest of the article the subscripts «, a or t denote the functional spaces associated
with the corresponding variables. For instance Lg°, ;:= L (2 xRy x (0,7")) whereas WheL2 =
Whee([0,T]; L(Q)).

Assumptions 2.1 The dimensionless parameter € >0 is assumed to induce two families of chem-
ical rate functions (. € L7, and B: € L3, that satisfy :

(i) For limit functions o € W1 (Q1) and (o € W1 (Q xRy x [0,T]) it holds that
¢ — COHL;ﬁw =0 and |B:— /BOHLg;jt —0

as €—0.

(i) We also assume that there are upper and lower bounds such that
0<(n<Ce(xya,t) < and 0< By < B:(x,t) < Bum
foralle>0, x€Q, a>0 and t>0.

The initial data for the density model (1.3) satisfies
Assumptions 2.2 The initial condition py € L°(QxRy) satisfies

e positivity and boundedness : there exists M > By, s.t.
M>pr(x,a) >0, a.e in QxR

moreover, one has also that the total initial population satisfies
0 </ pr(x,a)da<1
Ry

for almost every x €.

e boundedness of higher moments,
0<pipr ::/ a’pr(z,a)da<c,, forpe{l,2},
Ry

where ¢, are positive constants depending only on p.

e initial integrability :

/ sup |pr(x,a)|a’da< oo, for pe{0,1,2}.
R

+ xEQ

Concerning the integral equation (1.4]) we assume
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Assumptions 2.3 The past data satisfies :
i) at time t=0 we assume that
a) z(-,0) is in H}(Q),
b) Az,(-,0)€ LY(Q).
it) When t <0 one assumes furthermore that :
2, €C(R_;L*(Q)), Oz € L®(R_,L*(Q)).

where C(R_;L*(Q)) denotes continuous L*-valued functions endowed with the uniform con-
tinuity semi-norms. The latter hypotheses translate into a Lipschitz constant which is L? in
space :

|2p(®, t2) = 2p(®,81)| < Oz (@) [tz — 1], V(t2,t1) € (R-)?,

where C.,, (x) € L*().
Remark 2.1 Most of the hypotheses presented here are set for general convenience i.e. in order to

give the broader possible sense to mathematical results claimed hereafter. In the biological context,
the data are simply measured microscopic constants (see for instance tables given in [13, [19, [20]).

3. Existence and uniqueness results

3.1. Ezxtension of previous results for pe

For the problem solved by pe, @ is only a mute parameter and the theory established in [T4], holds
for a.e. x€Q.

Theorem 3.1 Let assumptions and hold, then for every fized ¢ there ewists a unique
solution p. € Cy(Ry; L (LR L)) NL®(Q x (Ry)?) of the problem (1.3). It satisfies (1.3)) in
the sense of characteristics, namely
Be(x,t—ca) (1_fR+ pa(w,d,t—ea)dd) X
p-(z,a,t)= xexp (— [y ¢ (@,a,t —e(a—a))da) a<t/e, (3.7)

pr(@,a—t/)exp(~1 [y ¢ (@, (- t)/e+aD)dl) , axt/e
We recall the Lemma 2.1 [I4] that we adapt here adding the @ contribution :

Lemma 3.2 Let p. be the unique solution of problem (L1.3)) according to Theorem then it
satisfies a weak formulation

/ @¢mmw@@@+%w+@¢wmduw—e/ pe(@a,t)pla,t =T) dada +
Qr xRy QxR4

—|—/ ps(w,azo,t)go(:c,o,t)dtdm—i—s/ pr(x,a)p(z,a,t=0)da=0, (3.8)
T Q

xRy
for every T >0 and every test function p € C®(Qr xR )NL®(Qr xR4).
Lemma 3.3 Let assumptions and hold, then the wunique solution p.€C(Ry;
L®(Q; LY (R4)))NL> (Q X (R+)2) of the problem (L.3) from Theorem satisfies

pe(x,a,t)>0 ae. in QxR ? and

H0,min < Ho,e (wat) <1 ) Vte R-l‘ where H0,min :=min (MO,E (0)7 6771) . (39)
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Lemma 3.4 Under the hypotheses on (o and By in assumptions[2.1] one has :

po(w,a,t) <Cexp(—(ma), |Oipo(w,a,t)] < C(1+a)exp(—(na)
where the generic constants depend only on (Bar, Bm, 10:Boloos Cars Cms 10:C0]o0)-
PROOF. One solves

< Bl
_CM"+ﬁm

10t B0|0oCar BrCay <|3tﬁo|m |5tC0|oo>) B
|8tp0(a:,a,t)|§< Cat + B + (CM"‘Bm)Q Com +Bum an exp( Cma)+

%latcomexp(—cma)

po(x,a,t) exp(—Gna),

+

3.2. Characterizing z., the solution of (1.4

We define the space where z. shall evolve setting X7 :=L>((0,T); H}(Q)) for every positive
real T'.

Definition 3.1 We say that z. solves (1.4) in the weak sense for e fized, if z. € X1 and if it solves
the problem :

/Ie(ze,pg)go(m)dac+/Vze(cc,t)-V@(;c)dcc:() (3.10)
Q Q
for almost all t >0 and for every p € H ().

We need a preliminary lemma in order to show that our data is well prepared for the existence
result.

Lemma 3.5 Under hypotheses and[2.3,
I(:c)::/ |2p(z,—ca)|pr(x,a)da € L* ().
Ry

PrOOF. Using Jensen’s inequality, one has

/Q{/nh |zp(a:,sa)|mr(alr:,a)da}2dm§/QMOJ/R+ 12 (@, —2a)|*pr (@, a)dada
<2 (/Q /I[h|Zp(90,0)—zp(af,—Ea)|2,01(a:,a)dadac+/Q/R+ |Zp(fc,0)|2p1(zc,a)dadm>

SZ{EZ (/ C’fp(w)da:) <sup/ pI(m,a)a2da> +|zp(.,0)|i2(9)}§0
Q z€QJR,

which ends the proof. a

Theorem 3.6 Under hypotheses and[2.3, there exists a unique weak solution z. € Xp, T
being possibly infinite.



PrROOF. We define the map ® that, given we Xp, provides z being the weak solution of the
problem

t/e
(toe(x,t) —eAg)z(x,t) :/0 w(x,t—ea)pe(x,a,t)da
(3.11)

+/ Zp(zc,t—sa)pg(x,a,t)da,
t

€
for almost every ¢t € (0,7'). We aim at showing that the map admits a unique fixed point using the
Banach fixed point theorem.

1. @ is endomorphic on X7 : by Fubini one has that

/Q (/Ot/gw(“”t—Ea)ps(m,a,t)da> v(z)dx
[ [wtet—cam oo

t/e Mt
< [ ot =0l e < 2 Tl ol

which proves, taking the supremum over all v € L?(1) s.t. [Vl g2 () <1, that fg/e w(x,t—ea)
pe(x, a,t)da is indeed an L?(Q)-function.
Setting J(x,t) ;:LCZ zp(x,t —ea)pe (x,a)da, one has the estimate :

o0

(1) < // 2p (2, — 20) e (0, t)da < // 2p(@,t — )| pr(@,a—t/¢)da
t/e t/e

_ / |2 (@, —€a) |pr (2,0)da= ()
R+

By Lemma the latter term is bounded in L?(Q2) by a constant C;. The right hand
side in (3.11)) is thus an L?(Q) function for every time ¢t>0. By the Lax-Milgram theorem,
there exists a unique solution z.(-,t) € Hi () of the problem for every fixed time ¢ > 0.
Moreover one has :

Mt

. Mt
min(e, fio,m)ll2(5 )l 10y < 1wl Il g2 @) < —llwllx, +Cr

and taking the supremum over all times in (0,7), gives :

MT

—_— .
Emin(s,,uo,m) Hw”XT +

201, <

This shows that ® is an endomorphism.

2. Contraction : setting Z.:=z3— 2 (resp. w:=ws—w;) where z; =®(w;) for i€{1,2} and
applying the same arguments as above one has :

MT )
ol

. <—
[[2e]l 5, < emin(e, f10,m

which proves that ® contracts as soon as T’ < emin(e, f1o,m ) /M. These two steps provide local
existence of a fixed point z. € Xr.

3. Continuation : as the time interval for which ® is a contraction does not depend on the initial
condition, we can extend the solution by continuation. This shows the global existence for
any positive time 7', possibly infinite, for € >0 fixed.
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Corollary 3.1 Under the previous hypotheses, z. € L>((0,T); H?(Q2)), the bound depending on
-1
et

PROOF. The solution of the fixed point solves :

1 t/E
—Az, = - {—,uo’gzg —|—/ ze(x,t—ea)pe(x,a,t)da+ J(w,t)} ,
0

The right hand side is in L?(Q) for almost any time by the same arguments as above. Because
the domain 2 is smooth enough, elliptic regularity holds and the claim follows (cf for instance
Theorem 2.4.2.5 p.124 [9]). O

For the rest of the article, we need to define 0;z. and investigate to which function space it
belongs.

Theorem 3.7 Under the previous hypotheses, 0y2. € L°°((0,T); H2(Q)NH(Q)).

PrOOF. As we do not know to which space the time derivative belongs, we estimate first a finite
difference in time. Namely we set

z(x,t+71)—z(x,t)

Diz(x,t):=

and compute the problem it solves : for all ve Hg ()

(110, D] ze,v) +e(VD] 2. Vv)

(3.12)
— (DT ze(@)+ D [ o t-capu(atida ).
Ry
The product p.(x,a,t) :=z.(x,t —ca)p:(x,a,t) solves the following system :
(€0t + 04+ )pe =0 (x,a,t) €Qx (Ry)?
Pe(x,0,t) = e (, )(1 uoe(w t)ze(x,t), (z,a,t)eQx{0} xRy (3.13)
pe(@,0,0) = pi ()2 (,—<a), (2,0,t) €Q xR, x {0}

which is to be understood in the sense of characteristics. One has easily in the sense of distributions,

d
a pg(cc,a,t)daJr CePe(xya,t)da= Be(x,t) (1 — po.c(2,1)) 2 (x,t).
Ry

We focus on the L?(€2)-bound of ¢ & fRJr peda. Indeed :

M T
Caps('aaat)da/ CM
Ry

2l x,. +CaaCr s

LQ(Q)

whereas
18 (1= po,e) ze HLoc((o,T);LE(Q)) <Bullzel . -



Using Jensen’s inequality and the estimate on the time derivative obtained above, one has :

t+7’
HDZ—/ ps('aav ) / dt/ pe ,Qa, S dads
Ry Ry

Lo ((t,t47);L%(Q))

L2(Q)

2 2

Le=((0,T);L?())

for every t >0. The time derivative of po . can be estimated as follows :

€0ipho,e =Pe(1—proe) — | Cepeda < Bar+Cu <0
R
and thus Ogip . € L°(Q2 xRy ). One has then as above : (D po.c)z- € L>(Ry; L?(£2)), which gives
by Lax-Milgram applied to (3.12]) :

min(e,pojm)||DthE(-,t)||H1(Q)) <C

for every fixed t €[0,T]. Moreover, by standard elliptic regularity and since the right hand side in
(3.12)) is an L*(Q) function, ||D[25( )|l 2 () <oo. Thus, modulo the extraction of a subsequence

(T ) ken, there exists L ((0,T); H%(€2)) weak-* limit which is a weak time derivative of 2. (see for
instance Theorem 3 Section 5.8.2. [6]), and the derivative satisfies the same L>°((0,7); H?(£2))
bound. O

Remark 3.8 Estimates above are not uniform with respect to €. These computations are per-
formed only in order to give a meaning to the time derivative of z., and show that locally with
respect to € it is an L{°H2 function.

4. Energy estimates

4.1. The energy &; decreases with time

Theorem 4.1 Under hypotheses[2.1] and[2.3, for all times t >0, the energy &; is a decreasing
function, i.e :
Et(2=(0,1)) < E0(2p(+,0)) -

Moreover, one has as well that

/T/M+ Ce(a,a,t)pe(,0,t) (Zf(w’t) _Zf(w’t_m)>2dadxdt<go(zp(.,o)),

3

PROOF. We use again the same procedure in order to pass from the position to the elongation as
n [I5, [16], writing :

ze(®,t)—2z- (@, t—ca) ift>ca
x,a,t £ - 4.14
( ) { Ze (m,t)—z;,(m,t—sa) otherwise . ( )
Indeed, so defined u. solves
(€0t 4 On ) e = O 2¢ (4.15)

this equation has a meaning in the sense of characteristics, while the right hand side is ment as a
function in L>°((0,T); H%(£2)) as shown in the previous section.
Considering the equation satisfied by p.u? and integrating in age gives :

d
E—/ psugda—&—/ Cgpgugda: / peteda | Opze = Az Oy ze

10



which integrated in space gives :

ed

2 2
—— peuzdadx + / Cepeuzdadx

Ry xQ
4.16
1d (4.16)

_ — - 2
= /QVzEV&ngda: th/9|vz5| de.

The latter integration by parts is justified as follows. Set w.:=Vz., thanks to Corollary
and Theorem one has that w. € W1°°([0,T];L3(Q)) c C([0,T]; L*(2)). The latter space is
separable : there exists a C°°([0,T]x ) function s.t. w?—w. in C([0,T];L*(Q)) strong, and
Ow? — dyw. in L=((0,T); L?(Q)) weak-* (w? can be obtained by the standard mollification). In
this scenario, one is testing against a C'! function in time, the integration by parts on the regularized

functions. Passing to the limit with respect to J, leads to :

T t=T T
/ gp(t)/QwE@twadwdt: [/ |w5(ac,t)|2da:<p(t)} —/ /|w5|2d:1:8tg0dt
0 Q Q =0 Jo Ja

for any p € C*([0,T]). As [, |w:(2,t)|*de is an absolutely continuous function of ¢, the integration
by part holds, and thus

d
Q/wsatwsdm:—/|ws|2dw, for a.e. te€(0,T).
Q dt Jgo

Finally (4.16) gives :
d

dt
since fR+XQCEp€ugdadm is positive. But as zc(,0) solves (1.4) at time ¢=0, by Lemma
ze(a,0) minimizes the energy at time ¢=0. This proves that

&(ze (1)) <0,

&1 (ze (1)) <€o(2:(+0)) <o (2p(+,0)),

giving the first claim provided the last term is bounded. But, by similar arguments as in Lemma
[B:5] one has that

&](zp(-,O))<€</ﬂC§p(w)dw> (itelg/ﬂhpj(w,a)ﬁda) +/S)\Vzp(w,0)\2dw<oo

the last term being bounded since z,(z,0) € H}(2). Integrating (4.16) in time gives :

/o /R | Sepeuzdadadt < 8o (22 (,0)) = 8z (1)) <6 (22(0)) < &(2(-,0))

which ends the proof. a
Corollary 4.1 Under the same hypotheses, z. € X1 uniformly with respect to €.

PRrROOF. The bound on the gradient is completed by the norm of z.(-,¢) in L?(Q) by the Poincaré
inequality. O

Theorem 4.2 Under the same hypotheses as above, 0,z in L?(Qr) and the bound is uniform in
€.
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ProoFr. Multiplying u. by p. it solves in the sense of characteristics :
(01 4 0n + (e ) pette = pe Oy 2.

Integrating with respect to the age variable, and because u.(x,0,t) =0, one has
58t/ psueda+/ Cepeusda:ﬂo,satze-
We recall that z. solves :
/ / pe(x,a,t)uc(x,a,t)dav(z)dx + (Vze, Vo) =0, Yve H(Q)
QJr,

for almost every fixed ¢ € (0,7'). Due to Theorem [3.7] (Vz.,Vv) is a differentiable function in time
for any ve H}(Q) and thus

s@t// pe(,a,t)uc(x,a,t)dav(x)de +e (VO 2., Vo) =0, Yoec Hi(Q).
QJRry

This shows that 0;z. solves indeed

/uo’gatzg(ac,t)v(a:)dw—i—e/V@tzE-VUda::/ </ pECEuEda> v(x)dx
Q Q a \Jr,

for every fixed ¢t >0 and any v € H}(Q). On the other hand, using Jensen’s inequality one has

2
( Cspsusda> S/ Cepeda Cspsugda,

which integrated in space and time gives

2 T
/ peCeucda < sup Cepeda / / Cgpeugdad:cdt
Ry L2(Qr) (@,t)eQr JR, o JaJr,

T
SCM/ / Cepeuldadzdt.
o JaJr,

By Lax-Milgram, one has the estimates :

1
||atz5("t)HL2(Q) < H/ pE('7aat>C6('7a'7t)uE('?aat)da
Ho,m || /R, L2()

for almost every ¢ € (0,T), which gives after integration in time that 9;z. € L?(Q7) uniformly with
respect to e. ]

Corollary 4.2 Under the previous hypotheses, there exists a subsequence (ze,)ken converging
strongly in C([0,T]; L?(2)).

PROOF. The imbedding H}(€2) is compact in L?(2) which gives by the Lions-Aubin-Simon theorem
that there exists a subsequence (2, )ren converging strongly in C([0,77]; L2(€2)) (cf. Theorem I1.5.16
p.102 [21). 0
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4.2. A stability result in the elongation variable

The problem solved by u. reads formally :

(€0 + Do) ue = Orze (x, 1), xz,a,t) EQx Ry x(0,T)

(po.e —eA)0pze = fR (Cepeue)(x,a,t)da, (x,t) € Q% (0,T),

(
(
Opze(x,t) =0 (x,t)eQx(0,T), (4.17)
ue(2,0,6) =0 (z,a,t) €Qx{a=0}x(0,T) ’
ue(2,a,t) =0 (z,a,t) €N xR, x (0,T)
ue(x,a,0) =u, 1 (x,a) (z,a,t) eQ xRy x {t=0}
where u. 1(z,a):= w and z.(x,0) solves
(MOJ(:E)—EAm)z(a:,O):/ zp(x,—ea)pr(x,a)da. (4.18)
0

The elliptic problem solved by 0;z. in is to be understood in the variational sense. This
system has to be compared with (2.1) p.5 [15], here the inverse of the operator (191 —A) appears
as a space contribution. In what follows we show how to deal with and extend stability estimates
(2.6) p.6 [15] in this setting.

Theorem 4.3 Under hypotheses and and if fR+ prlur|dade < 0o, one has :
| luh@anddes [ pie.o)ue.oldade.
QXR+ QXR+

Moreover, if uy satisfies
ur(x,a)|de
oy Jal @)l
aER+ (1+a’)

then

1
<( t)|d Yr=L*(R 0,7
[ @ aniime e (Rox 0. 11 )

and the bound is uniform with respect to €.

Proor. A simple use of Theorem shows that

/ Cepeuidade <y Pell 2dada:<<M (5(.,t)§<—M8(zp(~,0)),
QXR+

QXR+ € €

which, using again Jensen’s inequality, implies that

2
/ ( <€p5|ug|da> do < M6z, (,0).
Q \JR, €

This bound ensures that for fixed e, f(z,t) fR Cepeucda belongs to L>=((0,T); L*(Q)). We
consider the problem : for a given f(ax,t) ﬁnd g(x, t) solving

:U’O,sg_gAg:fa in Qv
g=0, on 0f).

For almost every t€(0,T), one solves this elliptic problem. Thus there exists a unique g€
L>((0,T); H2(Q)NHL(Q)) by Lax-Milgram and standard elliptic regularity. These considerations

13



allow to fulfill hypotheses of the main theorem in [4], namely for a.e. t€(0,T), g(-,t)€ L' (),
Ag(-,t) € LY(Q) and 8,9(-,t) € L}(0Q) which ensures that g(-,t) € X where

X:= {ueW“(Q) s.t. ‘/vawda:

<Cllm ey WA
and thus a Green’s inequality holds (cf. Theorem 1.3, [4]) :
[ Vot vdes [ o= [ co wec@, vzo,
Q o9 Q

where g% denotes the positive part of g and G € L'(Q) and H € L' (99) are given by :

Ag on {g>0} 0 on {g<0}

oug on {¢g>0},
0 <0
on {g=0} min(d,¢,0) on {g=0}.

Applying the latter result to |g|: =g+ — g, since g vanishes on the boundary, one obtains that
/ Agsgngdx <0.
Q

Returning to (4.17)), one has
€0pus + Ogie = g,

where we set g:= 0;2z.. In the sense of characteristics, one establishes, after integration with respect
to age :

58,5/ pe\ug\da—i-/ Cepelue|da <poelgl.
R, R,

Integrating in space, one obtains

d

e— dadx
dz Q><R+p8|ua| a +/

Cepelue|dade < / Ho.e|gldex.
QxR, Q

But then

/ Ho,e
Q

This leads to

g|dw:/ / (epeusda sgngdm—i—s/AgsgngdazS/ Cepe|uc|dade.
o \Jr, Q QxR

d

— dadz <0,
e Qxﬂhps\us\ adx <

which, after integration in time, proves the first result. Then, one has that ¢(a,t) := [, |uc|dx solves

1
/ Cepe |ue| dadx
Ho,m JoxRry

prlur|dade < C .

1
€0+ 0,9 < —— | poelvlde <
o Q

0,m
< Cm
Ho,m R4

Applying then the same results as in Theorem 6.1 [15], one concludes that g € Y. O

It remains to show that the assumptions of theorem are fulfilled. This is the scope of next
two lemmas.

14



Lemma 4.4 Under assumptions it holds that :
J:z/ prlur|dade < C,
QxR4

where the generic constant C is finite and independent on ¢.

PrROOF. A triangle inequality gives :

JS/ |ZE($,O)_ZP(%O)|MO,I($) daz+/ |Zp(m70)_Zp(m’_gaﬂpl(w,a)dad%
Q € QxR €

By similar arguments as above, one considers the problem solved by Z.(,0) := z.(x,0) — z,(x,0) :

pie(x,0) —eAZ(x,0) = —/R (zp(2,0) — zp(x,—ca)) pr(x,a)da+eAz,(x,0).

Since 2,(-,0) is in H{(£2), the right hand side is in H~1(f2), thus by Lax-Milgram, 2.(z,0)€
H}(Q) € Wy (). Moreover since the right hand side is in L, as well, one fulfills the hypotheses of

Proposition 4.2 [4] which shows that 2.(z,0) €X and 9, 2. (-,0) € L*(09). Again Theorem 1.3 [4]
applies and one obtains that

/ (2 (,0) — 2 (0, —2a)) pr (@, a)da

0,12 (-,0) || 2 <

el Az (0l -
L

which together with the Lipschitz-like assumption (#4) ends the proof. O
Lemma 4.5 Under assumptions one has also that the second requirement on ur holds :

ur(x,a)|dx
sup Jolu@aldz _
aE]R+ (1 + a)

where the generic constant is independent on €.
PROOF. The same triangle inequality holds but we do not integrate in age :

‘ZE("B’O)_ZIJ<$70)| |zp(a:,0)—zp(:c,—6a)|

lur|dx < dx + dx
Q Q € Q 5
ze(x,0) — 2, (2,0
§/M0,I| e(,0) — 2p( )\dm+a/ C., (@)dz < C+a /19| C., || 1o -
Q EHo,m Q
Dividing by (1+a) and taking the supremum on R, ends the proof. O

Lemma 4.6 Under hypotheses above, one has also that [|0;ze|| oo 1 <00 uniformly in e.

PRrROOF. By Theorem H and the hypotheses on (. one has that foR+ peCouedadz € C([0,T7).

Since Ad;z. belongs for almost every t € (0,T) to L?(Q2) by Theorem we satisfy the hypotheses
of Theorem 1.3, [4] and we conclude that

[ moct@lorz @< [ .
Q

Q

/ (pECEuE)(m7a,t)da,
Ry

Finally, taking the ess-sup in time, one concludes the proof. O
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5. Convergence when € goes to zero

Since the system — is weakly coupled, and the space variable x is a mute parameter
for the density of linkages p., the convergence results from the previous articles are adapted and
attention is paid only on the order of functional spaces with respect to @, a and ¢ in section
Then in section [5.2] we present the main result of the first part of the paper.

5.1. Convergence of p.
Concerning the convergence of p., we recall the Lyapunov functional, [14] :

/Ooou(m,a) da

for every a—measurable function u(a,-). Consider the difference p. :=p. — pg. A formal computation

using and (|1.6) implies that it satisfies

Hu(zx, )] :=

—|—/OOO |u(x,a)|da, (5.19)

€0tPe+ 0upe+Ce(,0,t) pe =Rz a>0,t>0,
pe(x,a=0,t)=—p.(x, )/ pe(z,a,t)da+Ml, 4, t>0, (5.20)
o0, =0) = pe 1 (1) — po(,0,0), a0,

with  R.(x,a,t) :=—e0po(x,a,t) — po(x,a,t)(((x,a,t) — (o(x,a,t)) and M. (x,t):=(L(x,t)—
Bo(z,t)) (1—f0 po(x,a,t)da).

Lemma 5.1 According to assumptions one has :

C mt

A 2
H{pela )] < 3lper(@) = ol e~ 4 {1l + 1)
for allt>0 and a.e. x €.

Using the method of characteristics one can also write pointwise estimates :

Lemma 5.2 One can estimate the difference p. locally with respect to (x,a,t) :

Barexp (= 24) e (@,) |, + (1) exp(—Gna)  if t>ca

Iﬁé‘(w?a/at)l 5 N t Cmt 2 .
|pe,1 (,a— L) exp (—?) +(14a)?exp(—aln) otherwise

for almost every £ € and L} :=L*(R,).

ProOF. We use Duhamel’s formula and write :

e if t>ea,
|pe(x,a,1)| <|p:(,0,t —£a)|exp(—(ma)

a

+ [ exp(—(m(a—9))|Re a(w,s5,t+(s—a))|ds
0
|

<[pe(2,0,t —£a)|exp(—(ma)
Jro(l)/o exp(—Cm(a—8))(1+s)exp(—(ms)ds

<{|pe(x,0,t —ea)|+0(1)(1+a) } exp(—(ma)

where we used Lemma[3.4]in the integral part of the right hand side. Then, thanks to Lemma
[b.1] the first term can be estimated as

|P< (2,0t —ea)|exp(—Cma) < (B (@t —ea)|+ M z[) exp(—(ma)
16



which using again Lemma [5.1] gives :
|pe (2,0, —ea)|exp(—(ma) <
< (Bualesll oo (=== ) o(1) 11l expl-G)
<Crewp (=21 ) +o(1)(1 +a)exp(~Gna)

where LL} :=L®(Q; LY (R,)).

e if t <ea, the claim follows from Duhamel formula and Lemma directly.

O
Corollary 5.1 Under hypotheses[2.1] and [2.3, one has that
' ol
sup |pe (x,a,t) — po(x,a,t)|[da<C |1+ - |exp| —=— | +o(1),
Ry z€EQ 5 3
which means that supy, |pe(x,a,t) — po(x,a,t)| converges strongly in L*((0,T) x R,).
PRrROOF. The proof follows by integrating in age the previous Lemma. O

Corollary 5.2 Under the same hypotheses, supgeq |pe(®,a,t)—po(x,a,t)| converges strongly in
Ll((ovT) X R+7(1+0,))

5.2. Convergence of z.

Theorem 5.3 Under hypotheses and the weak solution z. (cf Definition tends
to zo € L>=([0,T); HY(Q)) with 0420 € L*(Qr), the weak solution of (L.5), i.e.

/ p1,00tz00(x,t)dacdt + Vzo-Vedxdt=0. (5.21)
Qr Qr

for every test function g€ H'(Qr):={uc HY(Qr) s.t. u=0 a.e. in Q% (0,T)}

PROOF. We test the weak formulation in Definition [3.1| by a function ve H ()N L> () and we
integrate in time after testing by we L*((0,7)). Rewriting in terms of the elongation variable we
obtain :

/ / pe(z,a,t)us(x,a,t)dav(z) dew(t)dt+ Vze(x,t)- Vo(x)w(t)dedt=0. (5.22)
T JR4 QT

We denote ¢(x,t) :=v(x)w(t) and start with the convergence of the first term above

T
/ / / pe(@a,tue (@, a,)p (@, ) da dt de
aJo Jr,

T
:// / (pe(@,0,1) — po(@,0,))ue (m, 0,1 (a,1) da dt d
alo Jry

T
+// / po(x,a,t)u.(x,a,t)o(x,t)dadt de=:T) + I .
oJo Jr,

Due to Corollary [5.2] and Theorem [.3] I; can be estimated :

Uge
14+a
17
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For the second term one has :

/ / po(x,a,t)uc(x,a,t)p(x,t) dade dt
770

T/e T " T poo
:/ / /po—ggad:cdt ada—l—/ / /po(m,a,t)ua(m,a,t)gp(a:,t) dx da dt
0 ea JQ a 0 t/e JQ

=Iy1+15.

The first part of this expression can be rewritten as :

T/e T _ o
12,1:/ (/ /p0(25<‘”’t) ze(@t Ea»go(m,t)dwdt) ada.
0 ea JQ ea

For almost every fixed a € R, one has convergence of the term

/Ea /on(zg(m’t)_zz(m’t_ga))w(w,t)dwdt%/o /Qpo(a:,a,t)atzo(:c,t)ap(w,t)da:

(z=(@,t) —2¢ (®,t—€a))
ea

because of the weak convergence in L?(Q7) of the sequence
to the estimates on pg, one has that

T —z.(x,t—€a
fe(a)::a/ /on(zs(a:,t) c(@t=e ))god:z:dt

ga

. Moreover, thanks

< CCLGXp(—Cma) Hx(aa,T)Dt_EaZE HLz(QT) ||<‘0||L2(QT)

<aexp(—(ma) sup )HX(T’T)D;TZEHLQ(QT)) 5aexp(—Cma)HatzEHLz(QT) )
T€(0,T
Due to Theorem the norm J;z. is bounded uniformly in ¢, and thus the majorizing function is
a L' function in age. Applying Lebesgue’s Theorem gives the commutation of the limit and the
integral in age of f..
With regard to the rest, we set Iy o =: fOT he(t)dt and infer that
o0 Jo luclde

he(t)g /e Cexp(_cma)(l—i_a)aseuﬂgl (1+a)

<C’<1—|—t> exp (—Cmt) ,
€ €

which integrated in time gives |I 2| ~O(e). On the other hand, by standard arguments of weak
convergence, one easily proves thanks to the energy estimates that

121l Los (@) de

/ Vz.-Veodzdt— Vzo-Vedxdt.
T Qr

The weak formulation ([5.22)) tends, as e goes to zero, to
/ i 0B zo(@)w(t)dzdt+ | V- Vo(@)w(t)dedi=0
T Qr

for every v € H3 ()N L>(Q) and every w € L>=((0,T)). Thanks to Corollary [4.2| and Theorem
20 € C([0,T); HE(Q)) and 8;20 € L?(Q7). For the consistency with the initial condition it follows
from Lemma in L'(Q). Using the variational form (3.10)) at t =0, one obtains as well that

[[2¢(+,0) _Zp('vo)”m(g) Soc(1)
18



thanks to the fact that z, € H}(£2). We consider a test function ¢ € D(Qr). By Theorem III p.108
[25], the subspace of functions ¢(z,) of the form ¢:=3 v;(z)w;(t) is dense in D(Qr). Thus, the
previous expression becomes : for all ¢ € D(Qr),

<11,00020,9 >5/(Qr),(Qr) =< AZ%0,9 >0/(Qr),D(Qr)

which means that (i) the equality holds a.e. in Q7 and (ii) as u1,00:20 € L?(Qr), so does Az.
Using a test function ¢ € C*°([0,7] x ) vanishing on [0,7] x 99, for every fixed t €[0,T], one
can test the weak form (3.10) and integrate in time, which implies that z. solves :

/ / peucdap(x,t)dedt + Vze - Vodedt=0.
T ]R+ QT

This converges in the same way as above to the limit weak form (5.21)) for every test function
p e C>™([0,T] x Q) vanishing on [0,T] x 9§2. Now thanks to Lemma this set is dense in H'(Q7).
The integration by parts in time is well defined and gives :

T T
(20(-T)pno (- T), 0 T)) + / (20(-+1),Brpin,0 0+ f11,00e0) it — / (V0. Vp)dt
= (Ml,O('v())Zp("O)v‘:p('vo))

for any ¢ in H'(Qr). Thus 2o is a weak solution in the sense of [T0] p.136. O

6. Adding a source term

If one adds a source term to (|1.4), it becomes

Le(ze,pe) =Agze + S (), t>0,z€,
ze(x,1) =0, teRy,zedf, (6.23)
ze(z,t) = zp(x, 1), t<0,xe,

where we choose & € W1°°((0,7); L?(€)) for instance. We give some hints in order to extend the
previous results. Existence and uniqueness for ¢ fixed work the same, we detail those of Section [4]
The extension of Theorem [4.1] reads :

Theorem 6.1 If $ € W1°((0,T); L*(Q)) and under hypotheses cmd one has that
&, (ZE(-,t)) <Ci exp(Cgt)So(z€(~,0)) +C5

PROOF. By similar arguments as in Theorem [£.1] we obtain :

ié’t(ze(~,t))—i—/ (epevildade = | 0;2.Sdx
dt QxR Q

Thanks to Theorem we can integrate by parts in time the latter expression which gives :

gt('z&('vt)) S80(28("0))+(ZE('7t)7°S)("t)) - (26(70)78(’0))""_/0 (ZE('vs)’atS("s))ds

where the parentheses denote the scalar product in L?(2). Then using Poincaré-Wirtinger in order
to estimate [[2(+¢)||p2(q) S €t(2(+,t)) and Young’s inequality twice (for a given positive d), one
obtains :

Eu(2o(11) S 64 (2: (1)) + / Eu(ze(1) +C

where C' depends on 8y(z:(+,0)) and on §. By Gronwall, one concludes. O
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Of course since z. now solves ((6.23) the corresponding energy functional is to be redefined as

ét(w(-))::;/Q{|Vw|2—i—/]R [wi@) = z(@,t —ca)l pa(a:,t,a)da—é’(w,t)w(ac)}dac

3

Lemma 6.2 Under the same hypotheses as above, one has &;(z:(-,0)) <C.

The rest follows the same lines as in the homogeneous case since the source term & belongs to
the appropriate functional space.

7. The fully coupled problem

For sake of simplicity we restrict ourselves in this section to the one-dimensional case in the
space variable, and set :=(0,1). We consider here the case where (. depends on the elongation.
The density of bonds p. solves

€0¢pe + O pe +C(ue)pe =0, (x,a,t) QxR x (0,7,
pe(@,a,t) = Be(x,t) (1 — po e (1)), (x,a,t)€Qx{0}x(0,T), (7.24)
pe(x,a,0)=ps(x,a), (z,a) eQ xRy,

coupled with the system

edpue + 0qus =g(x,t), (x,a,t)€QxRy x(0,7),
ue(x,0,t) =0, (z,a,t) €Qx {0} x(0,T),

7.25
ue(x,a,t) =0, (z,a,t) €N xR x (0,7, ( )
ue(m,a,O),:ul(m,a) (‘T?CL)EQXR-‘M

where g solves in the variational sense in H}(Q) :
(o e —eA)g= (epeucda+ed;S, aexef (7.26)

Ry
and we assume
Assumptions 7.1 Hypotheses[2.9 hold, moreover we add,

i) ¢ is a Lipschitz function s.t. |¢'(u)| <(rip for all ueR and {(u)>(m >0 but there is not
necessarily an upper bound

it) Be is a given bounded function in space and time, moreover
0<Be(w,t) <P ae (x,t) €2 x(0,T).
iii) for sake of simplicity we assume that S € W1>°((0,T);L?*()),

w) for z, the Lipschitz constant C., € Ly . This implies that u. defined as in (4.17) satisfies
’U,[/(l—i—a)EL;(ja.

v) z:(x,0) satisfies the variational problem : find z € H}(Q) s.t.

(o1 —€A)z :/R zp(x,—ca)pr(z,a)da+S(x,0) (7.27)

We define the Banach space Y

Yri=due®' QxR T st ——er® \
T {ue QxR x(0,T7)) s 1—|—a,€ }

x,a,t

endowed with its natural norm ||ully, :=|lu/(1+a) -
20



7.1. Existence and uniqueness for a truncated problem

Theorem 7.1 Under assumptions there is a unique solution (p,w)€ L{°LLLX x Yr solving
where in the latter equation the right hand side is replaced by Ti(gw), Tk(g) being the
usual truncation operator defined as Ty (g) :=max((—k),min(g,k)) for a fized positive integer k and
Guw Solves (|7.26]).

PROOF. We proceed as in Theorem 3.2 [16]. Indeed, for a given w, g,, solves with ((w) as
the death rate. The density o, exists in the sense of characteristics and is unique in L{°LLLS®
as showed above. One then computes ([7.26)) with at the right hand side fR+ ¢(w)opwda as a first
term. Then u,, solves with the truncated right hand side Ty (g). Since |Tx(g)| <k, if weYr
S0 is u,, invariably, since

[twlly, <k +lur/(1+a)l e -

At this stage the map ® is complete u,, =®(w) and ® is endomorphic. Next we prove it is a
contraction.

/R C(w)owwdatg| <Clily,
.

Ly

19(2, ) <119 oo <@gl 3 2y S

where §:= gy, — gw, and so on. The second estimate is due to the Sobolev embedding H}(Q) C C(£2)
holding when n=1, while the third one is the consequence of the Lax-Milgram Theorem. In order
to obtain the last estimate above, we follow the steps in part b) of the proof of Theorem 3.2 [16],
the constraction follows up to a time T" small enough. Then it is possbile to show (see part c) in
the proof of Theorem 3.1 [I6]) that the contraction time does not depend on the initial data but
on k, one concludes the global existence result. O

Theorem holds as well for (o.,,w), the solution of the truncated problem.

7.2. A stability result

Here the scope is to prove that the truncation constant k£ can be chosen s.t. g solving (7.26)
actually never reaches truncation bounds {—k}U{k}.

Proposition 7.2 Under assumptions let (ow,w) be the solution of the fully coupled and sta-
bilized problem (7.24)-(7.25)-(7.26)), with the modified source term Ty(g) in (7.25), there exists a

positive finite constant yo s.t.

p(t) = / Clwlta)lo(tole.(ta)iada<n, V=0,

where the constant vo depends on the a priori bound on fR+ ow|w|da (obtained in Theorem ,
||8tf||LtooLi, CLip, and ¢(0), but not on k.

PROOF. Using equations (7.24)), (7.25) and hypotheses on (, one has
56t(9w|w|<6) +8a(Qw|w|C6) +<52|w|9w < Qw|w|(€atCa +6aC5) +C6Qw‘Tk(g)| .

Integrating in age and space gives

o+ [ Clutaloutadnda< Tl [ (Cupoalul+w)ou(ta)deda
R+><Q R+><Q

(7.28)
< Tk(9)l e <2CLip/ Qw|W|da+C(0)> < (2Geip /71 +CONN Tk (9| e »

Ry
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where we use Theorem to bound the braquets on right hand side, and we denote
/ ow|w|dxda <~;?
R+ X

As the domain is one-dimensional, one has the embedding H} () C C(Q) and thus there exists a
constant w independent of g s.t.

w el
17Dz < 960 <wllgCDll 1y < H / C(w)owwda-+e0,s
+

HZ ' (Q)

w
¢(w)owwda +w||6tc8’||Hm_1 §€p+w||8tc?||Hw_1

Ly

Now we consider the second term in the left hand of (7.28]) : using Jensen’s inequality one writes

)

fR+XQC(w)|w(w,a,t)|gw(zc,a,t)dzcda fR (e (w))?|w(zx,a,t)| 0w (x,a,t)dxda
fR+XQ\w|gwdmda fR <o |wlowdzda

since |w|gw/f]R+XQ |w]owdxda is a unit measure on Q x Ry. This implies that

2
(foRJr C(w)|w(m7aat)|9w(m,a,t)dadcc)

>mp’.
fQXR+ |w|owdadx

/ (Co(w))? (2.0, | 0w (1, 0) dadze >
QXR+
We obtain a Riccati inequality
O+ <htwple, p(0)= / Co(ur (@) |ur ()l pr(a) da
Ry

where h::wHatSHL?on—l (2¢Lip/71 +€(0)) is a constant. We denote by Py the solutions of the

steady state equation associated to the last inequality, i.e. P solves v3P?—P/e—h=0. The
solutions are given by

PL= (C::I:\/ (:22+4h71> /(271) <max (p(O), (er w2+4hfy162) /(2571)) =:7vs.

Applying A.1 in the appendix [16], we conclude that p(t) <max{p(0), P} } <~2, which ends the
proof. a

Corollary 7.1 Under hypotheses[7.1} there exists a unique global solution of .

PRrOOF. It suffices to take k >s/e+ ||0pS ||LOOH 1, and it is clear from above that g never reaches

k a.e. x,t. Thus the solution (g,,w) is also the solution of ([7.24] without truncating g
Thus existence is proved. Since the truncated solution pair is umque so is the latter one.

7.8. If B >0, the total bonds’ population never vanishes
Once a global Lg°, ; bound is proved for g solving (7.26), one should use again arguments of
Lemma 4.1, Propos1t10n 4.2 and 4.3 [I6] and prove exactly in the same way :

Theorem 7.3 Under assumptions if Be>Pm>0 and [|por|l;c <70 <1, then the solution

(pestic) of satisfies
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i) defining v1 >0 as 1 <min (1 —"0,Cm/(Cm +Bar))

lpoellpe <1=71, V>0,

i) this in turn implies that

fR+ C(ue(x,a,t))pe(x,a,t)da
fR+ ps(w7a,t)da

ug
1+a

2
<((0)+C |1+ —_— o =
¢(0) ( L%)%ﬂm||g||% "

for almost every x in Q.

iii) choosing po.m >0 s.t.

.. Bm
< f ,
140,m < min (;relguo,f(m) R

one guarantees that
poe(@,t) > pom, aexeQ, VE>0.

This result proves that it is not possible to have extinction of bonds at the contrary to the situation
observed in [I6].

7.4. Equivalence with the initial formulation
Lemma 7.4 Under hypotheses if (pe,ue) solves (7.24 7.20), then defining z.(x,t):=

f(fg(m,s)dsqus(:c,O) where z:(x,0) is the solution of (7.27), one has (4.14) and (pe,z:) €
CyLLLZ x CLLE solves ([7.24]) coupled with (1.4).

PROOF. Using the method of characteristics, starting from ((7.25)), one recovers by definition of z.
(4.14). Using (7.25) and integrating against p., one has

Eat/ peucda+ [ Cpeucda,v | =
Ry Ry

=(po,e9,v)=—¢(Vg,Vv)+ ( Cpsugda—&-gatc?,v) . Ywe HY(Q),

Ry

where the exterior barquets denote the scalar product in L2. After a simplification and integration
in time, the latter expression becomes :

t
(/ pgusda,v> =— <V/ g(sc,s)ds,Vv) + (é’(sc,t) —cS’(:c,O)+/ p[U[dG,U) ,

but because of the definition of u; and z.(x,0) one recovers that

(/ﬂh psugda,u> =— <v (/Otg(a:,s)ds+zs(ﬂ370)> Nu) +(S(z,t),v)

= —(Vz(z,1), V) + (S(x,1),v),

which ends the proof. O
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7.5. Positivity and concluding remarks
Theorem 7.5 Under assumptions([7.1} if moreover ur(a) >0 for a.e. (x,a) ERy and 8,8 (z,t) >0
for a.e. (z,t)€Qx(0,T), then us(x,a,t) is non-negative for a.e. (x,a,t)€Qx (Ry)2.

PROOF. We define [u]_ (resp. [u]+) the negative (resp. positive) part of u i.e. [u]_:=min(0,u),
(resp. [u]4:=max(0,u)). We set H_(u):=—sgn_(u) with sgn_ being the negative part of the sign
function. We look for (pe,u}) solving the coupled system :

e0iut +0,ut =94 x€N,a>0,t>0,

(o, —eA)gs = (58th+/0 (Cludlspe) (t,a) d&) , (x,t)eQx(0,T),
(7.29)

ut (2,0,t)=0, >0,
ul (z,a,t)= €N, t>0,
ut (z,a,0)= ul(a: a), zeQ,a>0,
together with p.(uZ) being the solution of (7.24) with the death rate ((uZl). The results of

Corollary can be repeated and provide global existence and uniqueness. Multiplying ((7.29)) by
H_(uZ), (cf the rigorous explanation in Lemma 3.1 [14] that holds here for a. e. & €(), one gets

edhut] +Bufuf )= H_(u})gs .

Because of the weak maximum principle (Theorem 8.1, p.179 [7]), g+ >0. As H_ is positive, one
concludes that :
e0i[uf]- +0,[uf]->0

which using the Duhamel formula provides that

[uf (z,0,t —ea)]-=0 ift>ea,
[ur(z,a—t/e)]-=0 ift<ea.

oz[um,a,m_z{

for almost every x€Q. But as ul is then almost everywhere positive (pe,ul) satisfies as well

system (7.24)-(7.25), which by uniqueness proves that actually (pe(u.),u.)= (pe(ul),ul), which
implies the claim. O

Under hypotheses above u. is positive and thus the equation satisfied bu fp . can be made
explicit if we suppose that ¢(u):=14|u| for instance. Indeed,

Eat,ufo,s_ﬂs(]-_/io,s)"_ C(us)f)eda:ffat,ufo,s_ﬁs(l_ﬂ0,5)+ﬂo,s+/ psusda:

:f:at,u(),s _ﬂs(l - /140,5) + fo,e +8+ Az =0.

According to that, one sees that there is a new balance of terms when compared to the case without
the Laplace operator considered in [16].

(€0 + (B +1))po,e + Az +8 =B (7.30)

Indeed without the Laplace operator, there could be a sufficient tear-off ($ large enough) so that the
birth source term becomes too small and p ¢ is shown to go to zero in finite time (see Proposition
7.3 [16]). It suffices to take Spin > Fa for example. Here instead, the presence of the Laplace
operator stabilizes the exterior force and provides global existence. One observes that if & and 5.
converge as time grows to some functions of x, the asymptotic profile (for large times) (pco,200) is

s.t.
Boo
Boo+1
Indeed L.z =0 so that the first equation is the asymptotic limit in time of (|1.4)), while the second

comes from (7.30)) with 000 =0.

Soo:_Azooa ,uoo(w):
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7.6. A numerical simulation

We discretize using an explicit upwind method with the CFL constant being equal to
1. We use a trapezoidal rule to compute the non-local boundary condition p.(x,0,t) =S (z,t)(1—
o). We solve using a P2 Discontinuous Galerkin method for the Laplace operator in space
[5] and a trapezoidal rule to dicretize L.

The constants are defined as : §=1ed, z,(x,t)=sin(rz)/r, the initial condition for p;=
exp(—a) is uniform with respect @, ((u) =1+ |u| and the maximal age is amax =10 with a discreti-
sation step Aa=10* and e=1e—3. The on-rate 3 in is defined s.t. it is z. dependent

Bw,t) = {1 if 2. €(0,2)

0 otherwise

with Z=1000, then we observe at least locally in space that total extinction of bonds’ population
occurs.

1400 \ 1e0 T — L‘#P
1200 E le—1 m\ R
1000 : le—2 | | E
800 . le=3 ¢ f=led o | :
! 600 - i 3le—4 [ t=2e-4 — ¢ ]
‘ le—5 [ t=3e-4 ; ]
400 |+ / N E \ ] 1
200 |/ \ le—6 ¢ h ]

= E‘ZEEE,EE;,EEEIEEEDEEEIEEEIEEE‘EEE‘EEE‘BEE A7 r ““ “‘
/ 1 _7 = \ | -
0 \E’gf | | | | | ET%*?EE‘% 12—8 [ ‘ ‘ ‘ A‘L‘ ‘ ‘ f ‘ ‘ L]
0 0.10.20.30.40.50.60.70.80.9 1 0 010203040506070800 1

x
x

Figure 1: zc(x,t) at given times, when ¢ >2e—4 the
curves are superposed

Figure 2: po,(x,t) at given times, in logscale

The non-local boundary condition does not exactly fit in the framework presented in this sec-
tion, since (. depends on z. which is not in assumptions , but conditionally 3. vanishes.
Nevertheless the previous results could be extended in this case. The fact that . vanishes con-
tradicts the hypothesis of Theorem [7.3] We display in figure [I] the displacement z. as a function
of x for different times and in figure |2|, o,e is displayed as well. Since the convergence towards
the steady state is exponential we focus on small times. One observes that asymptotically in time
two regimes occur: either zo, >7 and then p. =0, or 2o, <Z and piso = % One should note that in
this case, there is an elliptic-parabolic transition inside the domain since J£. may vanish on some
compact sub-interval.

In order to conclude, this simulation show that in order to have detachments of an adhesion
site, it seems that a necessary condition is that the adhesion on-rate should vanish, at the contrary
to what was shown in the single point adhesion model [16] where the explosion of the non-linear
death-rate was enough.

A. Euler-Lagrange equation versus minimization

Lemma A.1 The function z. € X1 is the weak solution of system (1.4)) if and only if it satisfies
(L.1)-(L.2).

PROOF. As the square function is convex, one has for all v € Hg () that :

% {(2c(z,t) — 2 (z,t —2a))® — (v(z) — 2 (@, t —£a))® }

< (ze(xyt) — ze (@, t —ca))(z:(x,t) —v(x))
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multiplying by p. >0, integrating in age and then in space, one gets that

1
— // (2e(x,t) — 2o (2,1 —£0a) ) pe (x,a,t)dadx
2e QJR,

—// (v(x) — 2o (x,t —a))? pe(z,a,t)dadx p < (Lo(2e,p),2: — V).
QJr,

As z. is a weak solution in the sense of Definition [3.1] and z. — v is in the test space, one can write

that

and

(Le(ze3pe),2e —v) +(Vze, V(z: —v)) =0

using the previous convexity argument, one concludes that

8i(z:(+1)) <& (v), Ywe Hi(Q).

Conversely, set i(7) :=&; (2. +7v) for any ve€ H{(£2), then since 2. satisfies (1.1]), one has i’(0) =0.
As the expression is explicit with respect to 7 the claim follows by simple computations. o

B. A density result

Lemma B.1 Q is a Lipschitz bounded domain, the set {u€C>(Qx[0,T]) s.t. u=0 on 9 x
[0, 7]}, is dense in HY(Qr):={ue HY(Qx[0,T]) s.t. u=0 on dQx[0,T]} endowed with the
HY(Qx[0,T]) norm.

PRrROOF. According to [10], p.89, Lemma 4.12, the set of functions of the form Zgzldk(t)wk (z) is

dense in H'(Qr), where d,(t) € C>°([0,T]) and (%)ren is a fundamental system of functions in
H} (). Then, approximating each ¢y, € Hg(Q) by a D(Q2) function completes the proof, since the
number N is finite. O
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