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Abstract

(English) In this paper we consider a fourth order nonlinear parabolic delayed problem modelling a quasi-instantaneous turn-over
of linkages in the context of cell-motility. The model depends on a small parameter & which represents a typical time scale of the
memory effect. We first prove global existence and uniqueness of solutions for & fixed. This is achieved by combining suitable
fixed-point and energy arguments and by uncovering a nonlocal in time, conserved integral quantity. After giving a complete
classification of steady states in terms of elliptic functions, we next show that every solution converges to a steady state as ¢ — oo.
When ¢ — 0, we then establish convergence results on finite time intervals, showing that the solution tends in a suitable sense
towards the solution of a parabolic problem without delay. Moreover, we establish the convergence of energies as € — 0, which
enables us to show that, for & small enough, the e-dependent problem inherits part of the large time asymptotics of the limiting
parabolic problem.

(Frangais) Dans cet article, nous considérons un probléme parabolique avec retard, non linéaire et du quatrieme ordre en espace,
modélisant le renouvellement quasi-instantané des liaisons élastiques dans le contexte de la motilité cellulaire. Le modele dépend
d’un petit parametre € qui représente une échelle de temps typique de I’effet de mémoire. Nous commengons par prouver I’existence
globale et I’unicité des solutions pour ¢ fixé. Nous y parvenons en combinant des arguments de point fixe et d’énergie appropriés
et en exhibant une nouvelle quantité intégrale conservée mais non locale en temps. Apres avoir donné une classification complete
des états stationnaires en termes de fonctions elliptiques, nous montrons que chaque solution converge vers un état stationnaire
lorsque t — oo. Lorsque & — 0, nous établissons alors des résultats de convergence pour des intervalles de temps finis, montrant
que la solution tend dans un sens approprié vers la solution d’un probleme parabolique sans retard. De plus, nous établissons
la convergence des énergies quand ¢ tend vers 0, ce qui nous permet de montrer que, pour & suffisamment petit, le probleme
&-dépendant hérite d’une partie de I’asymptotique en temps grand du probléme parabolique limite.
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1. Introduction

This article is a contribution to the mathematical study of adhesion forces in the context of cell motility, in con-
tinuation to the project [17, 18} [19] 20]. Cell adhesion and migration play a crucial role in many biological phe-
nomena such as embryonic development, inflammatory responses, wound healing and tumor metastasis. The main
motivation comes from the seminal papers [26) 24]], where the authors built a complex and realistic model of the
Lamellipodium. It is a cytoskeletal quasi-two-dimensional actin mesh, and the whole structure propels the cell on
the substrate. The model has the potential to include the effects of (de)polymerization, of the mechanical effects of
cross-linking, bundling, and motor proteins, of cell-substrate adhesion, as well as of the leading edge of the mem-
brane. As the (de)polymerisation and the edge of the membrane add even more mathematical complexity we simplify
the problem and consider the others mechanical effects except these. In this setting, the authors of [26} 24] consider
an axi-symmetric idealization of the network. It is represented by two families of inextensible filaments (clockwise
and anti-clockwise) interacting with each other. Thanks to these hypotheses, the problem reduces to a single equation
whose solution is the position z(s, ) € R? of a single filament evolving in time ¢ € R, and with respect to a reference
configuration s € (0, L). Using gradient flow techniques, the authors obtain a nonlinear equation:

’
%" - Az +p"Dizo+((arccos (20]') = ¢o) (z)*) + Digpzg =0
bending  unextensibility ~ adhesion twisting stretching (1.1)
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where ¢ = arg zp and z5 = (=202, 0.1 )T and ’ denotes the space derivative (with respect to s). The Lagrange multiplier
A(s, t) accounts for the inextensibility constraint and is an unknown of the problem. They complement this equation
with initial and natural boundary conditions that we omit for sake of conciseness. The adhesion and stretching friction
terms appearing in this force balance equation were obtained as formal limits of a microscopic description of adhesion
mechanisms. For instance the first friction term is obtained as the limit when &, a small dimensionless parameter, goes
to zero in the expression:

1 00
. f (ze(s.1) — 2o(s + £a, 1 — £a)) 0(s, a, yda — 1 (5, 1) (8; — 8;) z0(s. 1) =: p* Dz
0

Here a represents the age of a linkage established with the previous locations of the filament and the shift in the
reference configuration s + ga comes from the (de)polymerization of the filaments inside the lamellipodium. The
parameter € represents at the same time a characteristic age of the linkages, and the inverse of their stiffness. The
elongation (z(s, r) —z(s + &a, t —€a))/ &, for a fixed a, is the linear elastic force exerted on z(s, f) by a linkage established
at z(s + €a, t — €a) (see also [25] [14] for an extension to the non-axi-symmetric case).

The type of system can be considered as a model for the motion of elastic, inextensible rods in a high friction
regime [25]]. Currently the mathematical modelling of biopolymers and biopolymer networks is a field of high scien-
tific interest and elastic rod models have recently also been used for the modelling of the DNA [4} 5]. The primary
motivation for these studies is to obtain qualitative results of these models which have the potential to give insight into
the behaviour of the respective biological systems.

More than ten years ago, our initial goal was to give a rigorous justification of the limit when & goes to zero in
the previous system leading to (I-1I), but the nonlinear space-dependent feature in (I.I) made it out of reach at that
time. A first attempt to cope with the fully nonlinear space-dependent problem was performed in [16]. In this latter
article the first author considered delayed harmonic maps (z’”” is replaced by z” and the constraint |z'(s,#)| = 1 is
replaced by |z(s, )] = 1 for a.e. s € (0, L)) and showed rigorously the asymptotics with respect to &. In that work a key
feature is compactness in time. When compared with the classical parabolic problem without delay [22], compactness
is far more difficult to obtain. Indeed, in the standard case, using minimizing movements [3]], a variational principle
provides this estimate first, and convergence with respect to the discretisation step of the semi-discrete scheme in time
is then immediate. This provides in turn existence (and uniqueness) for the continuous problem (T.I)) for instance (this
was exactly the method used in [24] when starting from classical minimizing movements a la De Giorgi [3]).

The present work is the first attempt in order to handle the fourth order case from [24], and this turns out to be quite
challenging mathematically. Because the geometric structure (related to the constraint) of the problem is different,
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results from [16] do not apply. Here we consider a penalization of the constraint |7'(s,#)| = 1 for a.e. > 0 and all
s € I. Namely we replace it by a non-convex potential Fs(z'(s,1)) = 6~ '(1 — z’z(s, )2 in the variational principle.
When 6 becomes small the solution z° should in some sense converge to the solution of the constrained problem above
[22]. These hypotheses lead to study a delayed parabolic model of Allen-Cahn type (but of fourth order in space)
where the penalization term applies to z’, that we detail in the next subsection.

For the usual Allen-Cahn equation u, — Au = §~'u(1 — u?) (second order in space, local in time and with double-
well potential nonlinearity acting on u itself), the long time and/or singular perturbation behaviors have been studied
in, e.g., the classical works [2} 16l [7, 8, [1]]. As for the literature on linear and non-linear, nonlocal in time Volterra-
type equations, it is vast in finite dimension (cf. [12] and references included). However, when the space variable is
added as well as for instance elliptic operators [10} 11} 1} [21]]) the time operators considered are often either fractional
derivatives or delay operators independent of these space variables. Exceptions are papers where the fractional order
depends on the space variable; see for instance [32, |33]]. In the problem that we consider here, the density of link-
ages o depends on the space variable as well, which for instance forbids any kind of space-time variable separation.
This assumption allows to take into account adhesion forces related for example to the properties of the substrate or
specific features of the proteins involved, whereas on the mathematical side it creates some more complications when
analyzing the equations. Moreover, the non-linearity that we consider concerns first order derivatives in space which
is original and to our knowledge poorly understood [23]].

1.1. The model

We define I := (0, L), with L > 0, to be a segment of the real line. We now assume that the filament at time ¢ is
described by the graph of a planar curve I 3 s — z(s,t) € R. First consider the time dependent energy (depending on
the past positions of the filament), defined by

Ew) = 2i ffm(w(s) —ze(s, 1 — 861))2Q(S, a)dads + sz(w(s))ds + l fﬁ’(w'(s))ds. (1.2)
€ JrJo I 6 Ji

Here &, 6, £ > 0 are parameters, the double well potential reads F (&) := (£2 — £2)?,

/7

w

k(w) = RETEBEE

is the curvature, p is a given kernel and z.(s, ) = z,(s, 1) for s € I and for negative times, with a given past data z,,.
The F-term in (T.2) is a penalization taking into account the limited extensibility of the filament, whereas the k-term
in (T.2) accounts for the bending energy. In this paper we shall actually consider the simplified case where x(w) is
replaced by w”’. We will also assume ¢ = 1 and (with no loss of generality up to proper normalization) £ = 1. This
leads to the energy functional

1 0 1
Ew) = — ff (w(s) — ze(s, 1 — sa))zg(s, a)dads + = flw”(s)lzds + fF(w’(s))ds. (1.3)
2e JrJo 2 1
Here and throughout this paper, F' denotes the double-well potential

F(&) = (& -1, with F'(£) = 4£&* - 1).

Although this will to some extent simplify the treatment, this captures the essential mathematical features of the
problem under study, namely the conjunction of a fourth-order operator, a time delay operator and an Allen-Cahn
type nonlinearity acting on the space derivative. Here we will focus on the vanishing memory limit € — 0, leaving
the inextensible limit 6 — O for future investigations (in [23] another penalty method on the constraint was performed
but with a classical time derivative instead of our non-local time operator, and the techniques there do not apply here).
As for the case (I.2)), it presents lots of additional difficulties due to the fully nonlinear nature of the principal elliptic
part, and it is not at all clear at this point if our techniques would allow to carry out such a complete analysis as for
(L.3). In view of the novelty of problem (I.3) and of the already serious mathematical difficulties arising therein, we
have thus preferred to leave the case for future study. Finally, the even more difficult case when the filament is
described by a curve which is not a graph seems completely out of reach for the moment.
3
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Given the energy in (L.3), we start from the formal variational minimization principle:

ze(t) := argmin E,(w), 1> 0.
weH2(I)

Define the delay operator L. by

L[z:1(s,1) = é fo (2s(s, 1) = z5(5, t — ga))o(s, a)da,

which can be seen as a time derivative with memory effect and compared to a fractional derivative of order greater or
equal to one. The above minimization procedure leads to the variational problem: find z, = z.(s, f), with z.(-, ) valued
in H*(I), solving

fﬁs[zs](t)vds + f(z;'(t)v” + F'(Z.())ds =0, Vve H*(D), t > 0,
I 1

Here and throughout the paper we omit the variable s when no risk of confusion arises. The strong form of the integral
equation in the latter problem reads:

(1.4)

Lzl +7)" = (F'(z) =0, sel, t>0, (1.5)
complemented by the corresponding natural boundary conditions:
7' -F()=2/=0, se€dl, t>0. (1.6)

1.2. Assumptions and notation
In our main results we will assume that the given kernel p satisfies

0 < p(s,a) € L3 (0, 003 H*()) N Ly(0, 003 H(D)), (1.7)
p € Wy'(0,00:L(I)), 8up <0 ace., (1.8)
0 < tmin < u(s) := fp(s, a)da, sel, (1.9)
R
f f allp(-, a)llda < oo, f allp(-, @)leda < oo (1.10)
I Ja=0 0

For some results, we will need the following mild coercivity assumption on the kernel:
f f P2(s,a)0.0(s, @) dads < co. (1.11)
1Jo

Note that assumption (T.10) is for instance satisfied if 0 < p(s,a) < K(1 + a)™ with some constants m > % K >0,
and that (T.TT)) then holds if in addition —d,0(s, @) > ¢(1 + a)™* with ¢ > 0.
As for the past data, we will assume
2y € Wh(=00,0; HX(I)). (1.12)

In connection with the kernel, we define the useful functions

w(s,T) = fm p(s,a)da, u(s) = fw ap(s,a)da = fm o(s, T)dt (1.13)
T 0 T

=0

and, for given past data z,, and all £ > 0, we define the following constants

Ke = f fzp(s, —&1)p(s, T)dsdT. (1.14)
=0 JI
4
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Throughout the paper, the L>(I) scalar product and the L”(I) norm (1 < p < o) will be respectively denoted by (-, -)
and || - [|,. The Sobolev-Slobodecki spaces (over (0,T) or I, possibly fractional and vector valued) will be denoted
by WE?P for k € [0, 00), p € [1,00] and we will set H* = Wk2, Spaces like L*(I), H*(I) will be often abbreviated by
L2, H*. We will sometimes omit the subscript £ when no confusion may arise. Throughout this paper, C will denote a
generic positive constant depending only on p, L.

1.3. Steady states and limiting problem

First, in order to motivate our results and explain their significance, we need to introduce the stationary problem
associated with (I.5) and the limiting problem as & — 0. The parameter ¢ in (I.5) represents a typical time scale of
the memory effect, which gradually “fades out” as & becomes smaller. At a formal level, the limiting problem to (T.3))
as € — 0 is given by the following parabolic problem without delay:

b(s)diz0 + 25" — (F'(z3)) =0, sel, t>0,
W -F(g)=2=0, sedl t>0, (1.15)
20(s,0) = ¢(s), sel,

where b = 1 is the first moment of p, defined in (I.13), and ¢ = z,,(-,0). We note that (I.5) and (I.15) have the same
steady states, namely the solutions of the stationary problem

{ 7" —(F'(Z)) =0, sel, 116

F'(ZY-7"=2Z" =0, s edl.

As a preliminary to the rest of our analysis, we first give the complete classification of these steady states (see Section[Z]
for precise definition and proof).

Proposition 1.1.

(i) Assume L < n/2. Then, up to additive constants, problem (I.16) admits only the affine solutions Zy = 0 and
Zi = %X,

(ii) Assume L > 7/2 and let m = |2L/x] € N*. Beside the affine solutions, up to additive constants, (L.16) admits
exactly 2m nonaffine solutions, namely Z, - - - , Z,,+1, and their opposites Z_; = —Z,.

As for the, more classical, parabolic problem without delay (I.13), we have the following result (see Definition |
[A-T]and Remark [A.T]for the precise notion of solution).

Proposition 1.2. Let b € H*(I) with inf; b > 0 and ¢ € H*(I).
(i) Problem (1.13) has a unique, global solution

20 € Cp([0, 00); H*(1)) N H}, ([0, 00); LA(1)) N Lj, ([0, 00); H*(D)). (1.17)

loc

Moreover, for each p € (2,0), we have

sup (||ZO||W1w(z,z+1;L2(1>) + “ZOHLP(t,H—l;H“(I))) < co. (1.18)
=1

(ii) There exists a stationary solution Zy, with (Zy, b) = (¢, b), such that
Lim [lz0(t) = Zoll2y = 0. (1.19)

Although Proposition may be known, we have been unable to find a suitable reference, especially in view of
the needed time regularity, in presence of nonlinear boundary conditions. We thus provide a proof inAppendix Al
based on maximal regularity estimates from [9] for inhomogeneous, linear higher order parabolic problems.
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1.4. Main results

The main goals of this work are to show that:

e For sufficiently small &€ > 0, the time-nonlocal problem (T.3)) is globally well posed and its solution converges to
one of the steady states as t — co.

e When & — 0, the solution z.. of (I.3) converges in a certain sense to the solution zy of problem (T.13).
e For sufficiently small & > 0, problem (T.3)) inherits part of the large time asymptotic properties of (T.13).

Although this may seem reasonable, this is by no means obvious, in view of the nonlocal nature of (I.3]), and will
require rather involved arguments.

Theorem 1. Assume (I.7)-(T.10) and (T.12). There exists &y > 0 depending only on p, L and on ||zl = (—co.0.12(ry) SUch
that, for all € € (0, &), the following holds:

(i) Problem (T.4) admits a unique global solution z. € L (R; H*(I)).

(ii) The curve € — z.(t) is locally 1/4-Hdlder continuous from (0, &] into H*(D), uniformly for t > 0 in bounded
intervals.

(iii) There exists a stationary solution Z., with (Z, 1) = K., such that,
2:(t) = Z, in H¥(I), as t — oo. (1.20)

(iv) The set of € such that Z;, = 1 (resp. —1) is relatively open in (0, &].

Theorem 2. Assume (I7)—(T10), (IL12), and let zg be the solution of (LI3) with b = p; and ¢ = z,(s, 0).

(i) For every fixed T > 0, we have
limz, = z, (1.21)

where the convergence is strong in C([0,T]; C'(I)), weak in H'(0,T; L*(I)) and weak-* in L*(0,T; H*(I)). If in
addition (T.T1) holds, then the convergence in (I.21)) is strong in L*(0, T; H*(I)).

(ii) Assume that (I.11)) holds and that Z|, = 1 (resp. —1). Then there exists &) € (0, &y] such that, for all & € (0, &,
Z. =1 (resp. -1).

Remark 1.1. (i) By a simple energy argument (see Remark[A.2(i) for details), the stable steady states of (I.13)) are
exactly the nonconstant affine steady states (Z = +x + Const.). More precisely, if ¢ € H>(I) and ||¢”' |l + ||¢" + 1||eo is
sufficiently small, then Z = F1. Theorem Ekii ) guarantees that under this assumption for ¢ = z,(0), we have Z = -1
(resp. 1) for € > 0 small.

On the contrary, the result of Theorem Ekii ) is not expected to hold if Zj # +1, since the steady state is then
unstable even for the limiting problem (cf. Remark[A2)ii)).

(ii) In Theorem || by z. € L*(R; H*(D) being a solution we mean that the first (resp., second) part of (L4) is
satisfied for a.e. t > 0 (resp., t < 0). Under the assumptions of Theoreml[l| the solution actually enjoys the additional
regularity

Ze € L™(0, co; WH (1)) N WE(0, 0o; HA(I)), (1.22)

so that the first part of (L) is satisfied for all t > 0 and z. is in fact a strong solution. Moreover, it satisfies the
uniform global bound
lzeOllp2y < CR, >0, € € (0, 8],

and the uniform, time derivative global integrability property

f fl@,zalzdsdt <CR, £¢€(0,5, (1.23)
0 Ji

where
o 5. 5 ph B2
R :=1+|zpllpo o002y R = lzpllwiooooiremy, R =R +R".

6
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Also we may take gy = coR™, with co = co(p, L) > 0. See Propositionsand

(iii) The solution z. is continuous in H*(I) for t > 0 and has a limit as t — 0" (owing to (1.22)), but it generally
has a jump discontinuity at t = 0, unless a suitable compatibility condition is imposed on z,,. A useful estimate of the
Jjump, of independent interest, is given in Proposition[5.3]

1.5. Organisation and main ideas of the proofs

In Section[2] we describe the steady states of the problem by means of ODE analysis, providing results that will be
used in Section 8] for the proof of the asymptotic behavior as t — oo (Theorem [Ifiii)).

Local existence and uniqueness (Theorem [3|below), as well as time regularity (Proposition [4.1)), rely on a Banach
fixed point. The proofs, given in Section [d] are based on fixed point arguments built on the resolution of a fourth-
order elliptic problem. It is to be noticed that this is not standard in the framework of partial differential evolution
equations where a parabolic problem is more often used. Here we fix-point not only the nonlinearity but also the past
of the solution, involved as a source term in the fixed-point operator. The fourth-order elliptic problem is analyzed
in Section [3] where we provide resolvent estimates in terms of ¢ that are required for the local existence-uniqueness.
This is done in the Hilbert setting and for classical solutions, giving by interpolation a general result in L? spaces for
p = 2 which is of interest per se (cf. Propositions [3.T]and [3.2).

The previous step guarantees a local time of existence for & small enough. In order to extend this time, so as to
prove the global existence part of Theorem[I|i), we first show in Section[5]a stability result, namely the time derivative
global integrability property (I.23) (see Proposition[5.1[(ii)). One of the main features of this estimate is the uniformity
with respect to ¢ and to &, which plays a key role in subsequent proofs. Its proof is much more involved than for (T.15).
Indeed, for smooth solutions of classical gradient flow models one has easily that:

d L ’ 1 ’” 2 L 2
- f Fa 0)ds + 3" 01 | = - f b(s) Biz0(OP ds, (124)
0 0

giving directly the result after integration in time. For delayed problems this does not hold and an alternative approach
has to be found. Thanks to the monotonicity condition (T.8), one first ensures the energy dissipation property

1 L 00
ist(zs) =55 f f (Zs(t) - Zs(t - sa))zaazg dads < O’ (1 25)
dt 2&2 0 0

which guarantees the time integrability of the right hand side of (see Proposition[5.1{i)). This latter term is then
used as a source term for a closed elliptic problem satisfied by d,z. (Lemma and from this we deduce an L®°L2
bound for z and z/ (see Proposition [5.2).

Since our basic working space for local well-posedness is L H? and our boundary conditions are of (nonlinear)
Neumann type, this is still unsufficient to conclude global existence and it remains to bound z, itself. This is achieved
in a second step in Section[6} where a uniform L* bound in time and space is derived (Proposition [6.1), based on a
new invariant

L 00
f f ze(s, t — ea)p(s, a)dads = kg, (1.26)
0 Jo

where ¢ is defined in (I.13), which appears herein as a key quantity (its properties are derived in Lemma[6.2). While ¢
is somehow reminiscent of the so-called left eigenvector in studies of hyperbolic equations from population dynamics
[27, Chap. 3], it is completely new in the present context. This invariant is to be related to (u;, zo) to which it formally
reduces when & goes to zero. As a matter of fact, we show, cf. Theorem|[I]iii), that actually for & > 0 fixed, z.(f) = Z,
when ¢ grows large and (Z, 1) = fOL fooo zp(—ga)p(s,a)dads. The same result holds as well when & = 0 and is more
standard (cf. Proposition[T.2]ii)).

In Section [7] the (Holder) continuity with respect to & in Theorem [Ifii) is established (cf. Proposition by
making use in particular of the above energy estimates.

Next, in Section [§] Theorem [Ifiii), i.e. the convergence to a steady state as t — oo for fixed &, is proved by
dynamical systems arguments (cf. Lemmas [8.T] and [8.2)), based on the Liapunov functional given by the energy and
on the special structure of the set of equilibria. Namely, there is a finite number of equilibria up to additive constants

7
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(see Proposition [2.2)) and, whereas the energy itself does not discriminate the additive constant, the stabilization to a
single value of the additive constant follows from the existence of the invariant in (T.26).

We next prove Theorem [2[i), i.e. the convergence of z, to the solution zy of the parabolic problem (I.15) as
& — 0. This is first established in a weak H> sense in Section E], and then in the strong L?H? sense in Section
under the additional coercivity assumption (I.TT)) on the kernel p. The proofs rely on interpolation and compactness
arguments which make use of the a priori estimates on d,z. mentioned above, plus some additional higher order a
priori estimates (Lemma[T0.3)). The strong convergence result is new as compared with [18] 20} [16]], to which it applies
as well (see Remark [T0.1). Moreover it allows to show Theorem [2[(ii), namely the stability of the affine stationary
states Z' = +1. This relies on three main ingredients: (i) these stationary states are global minima of the mechanical

energy Ey(Z) := fOL(%IZ”I2 + F(Z'))ds; (ii) the convergence of the energy E.(z:) to Ey(zo) (as a consequence of the

above L?H?-convergence); (iii) the decrease of energies in time.
Finally, in the appendix, we provide a proof of the properties of the parabolic problem (I.13)): existence-uniqueness-
regularity (Proposition[I.2|i)), energy balance (Proposition [I0.1)), and stabilization (Proposition [I.2ii)).

2. Steady states

Before entering the analysis of the evolution problem (I.4), a basic and more elementary task is to describe the
steady states and to establish Proposition which is needed in the proof of the convergence part of Theorem T}

We say that Z is a (classical) solution of the stationary problem (T.16) if Z € C*([0, 1]) and Z satisfies (T.16)
pointwise. It is not difficult to see that weak and classical solutions of (I.I6) are equivalent notions. Indeed, if
Z € H*(I) is a weak solution, it solves:

(2’ V') + (F'(Z),V)=0, YveH*I)

then it solves (T.I6) in the distributional sense. As Z' € C(I) and Z” € L*(I), this implies that Z"”” € L*(I) and
thus Z € H*(I) c C3(I) thanks to Sobolev’s embeddings. Again using (I.16) provides Z"” € C '(I). The sufficient
condition is obvious.

To prove Proposition [I.T] (and give additional information on the solutions), we proceed as follows. Observe that
z is a solution of (T.106) if and only if w := z’ solves

w' = F'(w) = —4w(l —w?) in(0,L), withw’(0)=w'(L)=0. 2.1
To study (2.1), for all @ € R, we consider the shooting problem
w’ = F'(w) withw’(0) =0 and w(0) = a. 2.2)

Problem @]) has a unique solution w,, defined on a maximal time interval [0, S ) for some S, € (0, oo]. We clearly
have wy = 0, w,; = =1 (constant solutions). Also by symmetry, we have w_, = —w,, so that it thus suffices to consider
a >0, a # 1. This case is treated in the following proposition.

Proposition 2.1.
(i) If a > 1 thenw, > 00n(0,S). Moreover, S}, < co and lim,_,s- w,(s) = oo.

(ii) Fora € (0, 1), we have S, = co and w, is given by an anti-periodic solution of w"’ = F’(w), for some half-period
I, > O (which is in particular a periodic solution of period 211,) and is explicit:

wa(s) = asn (V22 - a)s + K(ka). ko). ko = h (2.3)

where sn denotes the sine amplitude elliptic function and K(k) the complete elliptic integral of the first kind.
The number K (k) is a quarter period associated to sn(-, k) and reads:

; 1
K(k) := f 46, ke(0,1)
0 1 —8k2 sin’@
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Moreover we have w’, < 0 on (0,11,).

(iii) The half-period function (0, 1) 3 a — 11, is continuous monotone increasing with

lir})l+ I1, = /2, lin} I, = o 2.4

and reads: 11, := K(k,)/ \/m.
As a consequence we can describe the solutions of (2.1) and (T.16) as follows.
Proposition 2.2.
(i) Assume L < rt/2. Then problem (2.1) admits only the constant solutions 0 and +1.

(ii) Assume L > /2 and let m = |2L/n] € N*. Beside the constant solutions, 2.1)) admits an even finite number
2m of solutions +wy, - - - , w,, where, for eachn € {1,...,m}, w, is the unique antiperiodic solution of @ with
a > 0 such that 1, = L/n.

(iii) The solutions of (I.16) are given by z(s) = fos w(t)dt +c where w is any solution of 2.1) and ¢ € R is arbitrary.

Proof of Proposition[2.1] We shall denote w = w, for simplicity.

(i) If @ > 1 then w cannot be a solution of (2.1)). Indeed, we have w”’(0) > 0 and we easily deduce that w”” and w’
remain > O for s > 0 as long as w exists. It follows that w"* > ew? for all s € (0,S*) with some ¢ > 0, and a standard
argument then implies S* < co and limy_,g- w’'(s) = co.

(i) Multiplying (2:2) by w’(s) gives % (w;)2 " = F(w,)'. We integrate with respect to s. This leads to:
1 7\2 1 7\2
5 (W) (8) = F(wa(s)) = 3 (W)™ (0) = F(wa(0)).
Now using the boundary conditions in (2.2) provides:
1 ’
5 W) = Fiwa(s)) = F(a),

which finally gives:
(W(5))* = 2(1 = F(a)) — 4w,(s)* + 2wa(s)* =2 Aw? + Bw? + .

We compare this equation with sn(s, k) satisfying [28]]:
(s0'(s,0)* = asn*(s, k) +Bsn’(s, k) +y, =k, Bi=-(1+k), y=1,
where k is a given parameter in (0, 1). We look for w, to be of the form:
w(s) = &snly (s — 50), k),

where &, y and k are constants to be found. This provides a system of 3 unknowns s.t.

2
2= %kz, 4= 1+K), 21-F@)=&x".

After some computations and accounting that & € (0, 1), one obtains the following definition of the constants &, y, k

solving the previous system:
a
= =22 -d?, k,= .
Ea=0a, Xa ( as), a m

We next ensure that the solution satisfies the boundary conditions (2.2)) at the origin s = 0. All this leads to the explicit
form (2.3). It is a periodic solution of period 4K (k,)/ \/2(2 — a?).
9
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(iii) The complete elliptic integral of the first kind K(k) is a regular monotone increasing function of k € (0, 1) s.t.
(cf. [28]), limy o K(k) = 5, and lim;_,; = K(k) = +o0, so that I1, = Z%k”) and one has

. T .
limIl, = =, limII, = +oo.
a—0 2 a—1

Moreover,

z 4 2( -2
n;z_f acos@=2dt o e,
0

(4(1 - @) + 2a2 cos2(1))?
which ends the proof. O
Proof of Proposition[2.2] In view of assertion (i) of Proposition 2.1} if @ > 1 then w cannot be a solution of (2.1).
In view of assertion (ii), for a € (0, 1), the function w, is a solution of @2.I) (i.e., solves the boundary condition

w’(L) = 0) if and only if its antiperiod is a submultiple of L, that is, 1, = L/n for some integer n > 1. This implies
that:

L>1,> 2
2
We exclude the case L = 7r/2 since then no non-trivial solution w, exists. Next, the problem: find (a,)ne1,...m € (0, 1)™
S.t. L )
n - Ha
admits a unique solution iff L/n € [rn/2,00) for all n € {1,...,m}, which is precisely the way m was chosen. This

procedure guarantees the construction of 2m distinct solutions of (2.1)).

This along with the constant solutions describes the set of solutions of (2.1)) and completes the proof of assertions
(1) and (ii). Assertion (iii) follows immediately by integration. O
3. Resolvent operator

In order to first establish the local in time existence-uniqueness (by a suitable fixed point argument), problem

(T.5)-(T.6) will be rewritten under the form

(u(s) + edh)z = e0,(F'(0,2)) + f s, t —ea)(s,a)da, 0<t<T, sel,
0

(s, 1) = Pz(s, 1) — F'(D2(s5,1)) = 0 0<r<T, sedl, G.D
(1) = z,(0) t<0.
To study (3.I)), for given & > 0, we will need resolvent estimates for the linear auxiliary problem:
ku+eu"” =sf' +g, sel,
’ " Sre (3.2)
' =0,u" =f, s el
Here k; > k; > 0 and k = k(s) € L*(1) is a fixed function such that
0<k <k(s)<ky, sel (3.3)

In this section, K denotes a generic positive constant depending only on k1, k,, L. For given data (f, g) in L*>(I) x L*(I),
by a weak solution of (3.2)) we understand a function u € H?(I) which satisfies the variational identity

fk(s)u(s)v(s)ds+sfu”(s)v”(s)ds = —aff(s)v'(s)ds+ fg(s)v(s)ds, Vv e HX(I). (3.4)
1 1 1 I

We start with the basic existence-uniqueness result for (3.2).

Proposition 3.1. Assume (3.3) and let £ > 0, (f,g) € L*(I) x L*(I).
10
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(i) Problem (3.2) admits a unique weak solution.
(ii) Assume in addition that f € H'(I). Then a function u € H%() is a weak solution if and only if it is a strong
solution i.e., u € H*(I), u satisfies the equation for a.e. s € I and the boundary conditions pointwise.

We shall denote by A, : L*(I) x L*(I) — H*() the resolvent operator, defined by (f,g) — u. Note that, by
linearity, we may write
As(f’ g) = Al,af + A2,£gs (35)

where
Aig: fe LX) = Ay(f,0), Ays:geL’(I) Al0,g). (3.6)

The following proposition provides the required resolvent estimates.

Proposition 3.2. Assume (3.3) and let € € (0, 1).
(i) Let (f,g) € L>(I) x L*(I). Then u = A.(f, g) satisfies

1Pl < Ke (& 111l + ligl),  j € {0, 1,2}, 3.7

(ii) Let g € [2, 0] and (f, g) € W'4(I) x LI(I). Then, for any integer j € [0, 4], we have

1AL fllwsa < KeS 4 (1flly + 87411 1lg) (3.8)
and '
142 sgllwia < Ke™igll,. (3.9)
(iii) Let Ky > 0 and assume that
ke HXD, |klgqg < K. (3.10)
Then A, € L(H*(I), H*(I)) and
WAzl ey iy < Ke™/', j€{0,1,2), (3.11)

where the constant K depends only on ki, ky, K1, L.

Proof of Proposition[3.] (i) This is an immediate consequence of Lax-Milgram’s Theorem.

(ii) The weak solution « satisfies the differential equation in (3.2)) in the sense of distributions and, assuming
f e H'(I), wehave w”” = £ (g +&f’ —ku) € L*(I), so that u € H*(I) € C3>(J). As one has enough regularity, starting
from the weak formulation and integrating by parts one shows that

[@” = fv- u"v’](l) = f(u”” —f e ku-g)v=0 forallve H*I.
1

It follows easily that "’ = f and u” = 0 on O1I.
Conversely, if f € H'(I) and u a strong solution, by multiplying by v € H*(I) and integrating by parts, we easily
obtain (3.4). 0

Proof of Proposition[3.2] (i) Recall the following interpolation inequality (which is a consequence of [13| Theorem
7.37, p.198]): If |J| = Ly > 0, there exists K = K(Ly) > 0 such that, forall > 0

||”/||L2(J) < TI||M"||L2(J) + K1+ 77_1)||’4||L2(J)- (3.12)
For 61, 8,,1 > 0 to be fixed, the choice v = u in (3.4) yields
f (ku* + eu?)(s)ds < Syellu’|[7 + 67 el f13 + Sallull3 + 65 l1gl13
I

< Sienllu” Iz + (Co(1 + 177812 + S)llully, + 67" &llf113 + 65" lgll3,
11
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with Co = Co(ki, k) > 0. Choosing 6; = min(}, -)e™"/2, = (26,)™" and 6, = &, we get

_ ky _1p ki ki
Co(1 + 771618 < Co(1 +261)—&'* <2Cos™" P —&'? = —,
o(1+77)d1& < Co( 1)6C08 0E 6C08 3
so that ok 3
7 & 17
Kl + el 12 < Sl + =l + =l + 26211,
1
hence (3.7) for j € {0,2}. The case j = 1 follows from (3.12) with n = &'/4.

(ii) First consider the case ¢ = 2. For j € {0, 1,2}, (3:8) and (3.9) follow from assertion (i). For j = 4 it is then a
consequence of u”””" = £7!(g — ku) + f’. The result for j = 3 is then obtained by interpolating through (3.12).

We next consider the case g = oo and establish the L™ estimate by means of a contradiction and rescaling argument.
Thus assume that (3.8) or (3:9) with j = 0 fails. Then there exist sequences &; € (0, 1), k;, f; € L*(I), gi € Wh*(I)
such that, denoting by u; the corresponding solutions, we have

kit < ki) ko, llgilleo + & M flle + il flleo = 1, Mi 2= Hluilles = oo,
Pick s; € 1 such that |u;(s;)| = M; and define the rescaled functions

V(o) = M ui(si + )% 0), o € J; = ay bl = [—&; s, 67 AL - ).
Since u; is a strong solution by Proposition ii), we have v; € WH®(J;) and v; satisfies

! ) (3.13)

kv + 7" = sf“fi' + g, a.e.o € J;,
vl =0, v = s?/4 - o€al;,

with k(o) = ki(s; + &), fi(o) = M7 fi(si + &]/* o) and §i(0) := M gi(si + &"* ). Then |[villz=(s, = [vi(0)| = 1 and

3/4 7 3/4 F ~
&N ey + & N filleswy + 13l

-1 , 3/4 -1 (G.14)
=M, (8i||fi lzeoqry + g I fill=ry + Igillony) < M.

In particular, |[v!"”’||z=(, < c. Here and in the rest of the proof, ¢ denotes a generic positive constant independent of i.
We deduce
IVillwse sy < € (3.15)

by interpolation (note that |J;|] > L due to &; < 1). Let @ < B be such that [a,5] C J;. Multiplying the differential
equation (3:.13) with v; and integrating by parts, we obtain

B B 3
f k2 + ()2 = v =P+ f & f + gvido. (3.16)

@

e First consider the case when a; and b; are bounded. Applying (3.16) with @ = g; and 8 = b; and using (3:14),
(3:15), along with the boundary conditions in (3:13)), yields

b,‘ bi

2 2 3/4\r 7., 1bi 3/4 7 ~\2

1 = Willz=wy Sc‘f Vit () < ce) |[fivi]a’_|+cf &+ &)
a ai

i

3/4, 7 3/4, 7 ~ 2 .
< &)l fivillioy + Bi — a)(& N F sy + 18illiegn)” — 0, i — oo,

a contradiction.

e Next assume that ¢; — —oo along a subsequence and that b; > 0 is bounded. Owing to @, by passing to a
further subsequence, we may assume that there exists w € W**((—o0,0]) such that v; — w in Wh;f_"((—oo, 0]), hence

12
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in particular
w(0) = 1. (3.17)

Fix any @ € (—0,0). Applying (3.16) with 8 = b; and using the boundary conditions in (3:13) at o = b; and (3.14),
(3:13), we get, for i > ip(@) large enough,
0 bi ~ bi p
f vi2 + (v;’)2 < f vi2 + (vl’/)2 < c|(v,’«vl’~’ - v,-vlf”)(a)| + cs?/4|(ﬁvi)(b,-)| + cf (8?/4]‘1-’ +3)°
< (vl + v (@)]) + cMi_l + cMi_z(bi - a).

By Fatou’s lemma, it follows that
0
f w? + (W) < c((w@)| + W (@)]) < ¢ forall @ € (—0,0). (3.18)

Consequently, w € H?*((—c0,0]), hence there exists a sequence a; — —oo such that n; := [w(a;)| + w’(a;)| — 0.
Going back to (3.18) with @ = a;, we deduce that fao w? < cn;, hence w = 0 on (—co, 0] upon letting j — co. But this

contradicts (3:17).

e The cases when b; — oo along a subsequence, with a; either bounded or unbounded, are treated similarly.
We conclude that (3.8)) and (3.9) are true for j = 0 and ¢ = .
Now, using u”” = & '(~ku + g + &f’) a.e. in I (cf. Proposition ii)), we deduce that

-1 3/4
oo < K& (llgllo + &Il lleo + &1l Il

ie., 38), (39) for j = 4. The case j € {1,2,3} and g = co then follows by interpolation.
Finally, the case g € (2, o) follows by interpolating between the cases g = 2 and g = co.

(iii) Let g € H? and set u = A, .g. Since su”"”" = g — ku € H*, we have u € H. Differentiating twice, we see that
w = u" satisfies ew”” = g”" —k"u - 2k'u’ — ku", i.e.

kw+ew” =g:=g¢" —k"u-2k'v.

Moreover, w = w’ = 0 on dI. Multiplying with w and integrating by parts, we obtain

L L L L kl L 1 L
f (kyw? + ew?)ds < f (kw* + ew"?)ds = [w'w” — ww ]y + f gwds < —f wlds + —f 82ds.
0 0 0 2 Jo 2k Jo
This combined with ||u||, < K]|gl|» (cf. assertion (1)) yields
llull3 + 11”115 + elle””’15 < KIIgl5 < K”k”ip“g”i]z-

This implies (3.T1)) for j € {0, 2} and the case j = 1 follows by interpolation. O

4. Local existence-uniqueness
For given 7 > 0, we define our working space
X = L (=00, ; HA(D)
with norm

lzllx, = sup [lz@llg2y,  720.

t€(—00,T)

13
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Fix £ € (0,1) and 7 > 0. A (weak) solution of (T:4) on (0, 7) is a function z € X, such that

f.[:g[z](t)vds + f(z"(t)v” +F'(Z@OW)ds =0, VYveH* ), ae.te(0,7),
I I

2(t) = zp(1), ae. t<0

“.1)

(here we omit the variable s and the subscript € without risk of confusion).
Let the operators A ¢, A, . be defined by Proposition[3.T| with k(s) = u(s). If z € X- is a solution of (@] on (0, 7),
then it satisfies

ALFE (D) + Ay, f - sa)pla)da, ae.t€ (0,7,
0

2(t) = “4.2)

Zp(1), ae.t<0.

Conversely, for a given function z € X;, we have F’(Z'(r)) € L*(I) and fow z2(t — ea)p(-,a)da € L*(I) for a.e. t € (0,7),

and (@.2) implies @.I)).
The following theorem is our basic local existence-uniqueness result, which in turn defines a suitable notion of
maximal solution.

Theorem 3. Assume (I.7), (I.9) and z, € Xo. There exist constants c¢; > 0, with ¢, < 1, depending only on p, L, such
that the following properties are true for all € € (0, g;], where
&1 = Ry and Ry := 1+ ciliz,llx,- (4.3)

(i) For T = cs&, problem @2) admits a (unique) solution z € Xy such that

llzllx, < Ro.

(ii) For any t > 0, problem [@2)) admits at most one solution z € X, such that

llzllx, < cag™"/8. (4.4)

(iii) Let 7 be the local solution given by assertion (i) and set
T* = sup{r > 0; z extends to a solution satisfying @4)}.

If T* is finite, then
lzllx,. > cse /5. 4.5)

Remark 4.1. (i) Note that, in a standard blow-up alternative, one would normally have oo in the right hand side of
(@3). The current definition reflects the lack of parabolicity of the problem (caused by the delay operator, with
memory effect of time scale &, which confers to problem [@:1)) some elliptic features).

(ii) The solution z is generally discontinuous at t = 0, unless a suitable compatibility condition is imposed on z,. An
upper estimate of the jump in terms of € is given in Proposition[5.3)]

In the rest of the paper, by the solution z = z, of (3-I), we will mean the maximal solution defined in Theorem [3[(ii).
Our next result provides, under additional assumptions on the past data, further time regularity of the solution for
t > 0, which will be required in order to derive the key energy estimates in Section 3]

Proposition 4.1. Assume (I.7), (T.9), (I.12) and @3). Then

ze € WE([0, T); HX(I)) (4.6)

loc

and we moreover have
10:2:Ollzy < C(Nie™ + Ry)exp{Ce™'t), a.e.t€(0,T"), 4.7

with Ny = |lzgllx, and Ry := ||Zpllw1(—co 0:2(1))-
14
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The proof of Theorem [3| will be carried out by a fixed point argument on problem (#.2).

Proof of Theorem[3] We first note that, owing to (I.7), (T.9), assumptions (3.3), (3.10) of Proposition [3.2] with k(s) =
u(s) are satisfied.

() For T > 0,R > 1 + |Iz,llx, to be determined below, we set

Brg ={z € Xr, lzlly, < Rand z(t) = z,, fora.e. < 0},

and consider the fixed point operator 7~ : Brg — X7 defined by

AL F W) + Ay f i - cayp(a)da, ae.1€(0,T),
0

[T (@]@) = (4.8)

Zp(0), ae.t<0.

Note that Br g, being a closed subset of the Banach space Xr, is a complete metric space. Recalling (I.7), we set

My =1+ lpllze 0,002 T 1OMLL0.00:12(1) 4.9)

In what follows we shall respectively denote by || - | and || - ||z the norms in L= (/) and H*(I), and keep the variable
s € I implicit. Let z € Brg. Using F'(z') = 47/(1 — 2’*), estimates (3.7), (3-11), the Sobolev inequality [[V]ly1.~¢) <
CIVllg2(y and the fact that || fgllg2 < Cllfllz2llgllg2, we obtain, for a.e. t € (0,T),

le

7Ol < ClALF O+ Az |

H?

z(t = ea),o(a)da”H2 + HAz,g j‘/"" Zp(t — ea)p(a)da

< Ce"MIF' D)2 + C” jo‘t/-g 2t — ea),o(a)da“ﬁ2 + C“ ft/oo zp(t — ea)p(a)da

H?

< Ce* 1+ IZOIIZ Olleo + CM1&™' T sup [lz(a)llg2 + CM; sup llz,(0)ll -

oe(0,1) <0

It follows that
17 @llx, < Co(e"*R®> + Mye™' TR + M|z, llx,), (4.10)

where Cy = Co(p,L) > 1 (note that, for a.e. t < 0, we have [lz()llm2 = llz,(Dll2 < CoMillzpllx, since Co, My > 1).
Similarly, for all 7,z € Brg, using also

X2 -V <2X>+Y)X-Y], X, YeR, 4.11)

we get
T (20 = T (22)Dllg2

1/e
< CllALs(F @ @) = F' &) +[|42e fo [21(t - £a) - 22(1 - sa@)lp(@)da

H?

< C81/4|

t/e

F'& ) = F' @) + |42 fo (21t = 2a) = 22(t — sa)lp(a)da]| |
t/e

< Ce'(1 + 11Dl + 15 O) & = 2D + €| fo [21(t - £a) - 22(t - s0)lp(a)da

< CeR(Z} = 25)(Olleo + CM17'T sup I(z1 = 22)(@)l2-
oe(0,1)

H?

It follows (taking Cy = Cy(p, L) larger if necessary) that

I7°(z1) = T @)lx, < Co(e"*R* + M1 T)llzi — 2allx, - (4.12)

15
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Now set
c1:=2CoM, ¢y :=478CyY, o3 = (4CoMy)!, ey = (4CH) 712 (4.13)

and
R() =1+ CIHZp“Xo-

For € € (0, 1], choose T := c3e and any R such that

Ry<R< C48_1/8, (4.14)
we have
Cole"*R* + Mie'T} < 1)2 (4.15)
and
Co(e"*R* + Mi& ' TR + M|z, llx,) — R < {Co(e"/*R* + M1e™'T) - }}JR < 0. (4.16)
It follows from @-13)-(@.16) that
7 is a contraction mapping on By . 4.17)

Consequently, @.2) admits a unique fixed point in Brg. Assuming ¢ € (0,&] with &; := czRag and making the
particular choice R = Ry in (@.14)), this proves assertion (i).

(i) Let 7 > 0 and let z1, 2o € X, be solutions satisfying (#-4). Let
Ty = sup {t €[0,7); z1 =22 a.e. on (—OO,I)}.

By ([@.I7) we know that 79 > 0. Assume for contradiction that 7y < 7. Since ||z;lly, < R := c4&™"/ and z; = z, for
t < 70, the argument leading to @.12), with #/& replaced by (z — 7¢)/& implies

2 1/4 -1
lliz1 - 2allx, < ColR*e"* + My (t — to)lllzs — 22llx,, To <t<T

Since CoR?*e'/* < 1/4 (cf. @I3) and @14)), we deduce that z;(z) = z,(#) for ¢ > 7 close to Ty: a contradiction.

(iii) By the definition of T*, for each integer j > T*~!, there exists a solution z ; € X satisfying @-4) with
7 =T* - j~!. By the uniqueness statement in assertion (ii), we have z; = zj41 for r < T* — j~!. The desired solution is
thus obtained by setting z := z; for# < T* — j~' and j > T+

Next assume for contradiction that 7* < oo and ||z]|x,. < cse~'/8, where cs = c4/2c¢). Since € < &1 < ¢ = (c4/2)8,
we have £'/8 < ¢4/2 = ¢jcs. It follows that

1/8 1/8

Ry :=1+cillely,. <1+ciese™® <2ci0567"® = cue™

Set Z,(t) = z(t + T*) for a.e. t < 0. We may thus apply the above fixed point argument with Z, € X, instead of z, and
R = R, instead of R = Ry in (#.14). This provides a time 7 > 0 and a function 2 € X7 such that Z = 2, fora.e. 7 <0
and

20) = A1 F'E 1)+ Ase f 2(t — ga)p(s,a)da, a.e.t€(0,T).
0

Letting Z(¢) := 2(t — T*) for a.e. t < T* + T, it follows that Z satisfies Z(#) = z(¢) for a.e. t < T* and
2D =AF'@ @)+ Az,gf it — ea)p(s,a)da, a.e.te(0,T*+T),
0

along with (#4): a contradiction. O

Proof of Proposition We must show that, more precisely, there exists a representative 7 of z (i.e. Z(¢) = z(¢) a.e.)
such that, for each T € (0, T*), Z is Lipschitz continuous from [0, T'] to H 2(I) and satisfies the estimate in (]E) Fixing
a representative z and T € (0, T™), it suffices to show that there exists £ c (0, T) with |(0, T) \ X| = 0, such that

lz(t2) — 2(t)llgz < C(Np&e™ + Ro)lta — t1]exp{Ce™' T}, forallsy, t, € (4.18)
16
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(since one then easily sees that 7(7) := limgsy_, z(*') exists in H? for all ¢ € [0, T], coincides with z on X, and has the
desired properties).
To this end, we first note that, by (@.2), there exists £ c (0, T) with [(0, T) \ Z| = 0, such that

2 = A1 F'(Z () + A f 72(t — ea)p(s,a)da forallt e J. 4.19)
0

Fix 1, t € Zwitht; <, and set h := t, — 1, and N := |[zlly,. Using @I9), 3.7), G:I1), @EII) with X = (s, 1),
Y =7/(s,1 - h), the Sobolev inequality |Vllwi~) < ClIVlz2) and the fact that || fgllz2 < ClIfllx2llglls2, we deduce that,
forallzte XN (h+J),

H?

e = 2= o < 4Are{i2 0 = 2200 - 1A =2 = )|, + |4 fo 1200 - e0) 2~ h — sa)lp(ada

< Ce A+ N (1) - Z(t = Wl + Cfo H[z(t —&a) =zt —h- wﬂp(a)HHZd"

< €181+ NOIf(t) = 2t = Wl + € f izt = 20 = 20 = h = ea|_lp@llpda,
0

with C; = C(p, L) > 0. On the other hand, setting 6,(¢) = ||z(¢) — z(t — h)|| 52, we note that, for each t € (0, T), we have
on(t — ea) = |lzy(t — €a) — z,(t — ga — W)||p> < Ryh, forae.a >t/e. (4.20)

Moreover, up to replacing Cy in @10), @12) by max(Co, C;), we may assume that
Cie"*(1+ N?) < Cie)/* + Cic3 = 472C1Cy 'Ry + C1(4Cy) ™" < 4.

Using (@9) and (#20), we then obtain, for all 7 € N (h + %),

QC 841 < f H[z(t —sa) - 2(t — h - £a)]
0

plle@llzda

(t—h)/e t/e )
- [ s salp@iinda+ [ Gite- salo@lipda+ [ 6 - sallp@lieda
0 (

t—h)/e t/e

! t/e 00
=g fh Sullp(s™" (¢ = D)t + f on(t = ea)llp(a)l| 2 da + f on(t = ea)llp(a)l| 2 da

(t=h)/& t/e
!
<M, (e—' f Su(T)dT + 2Ne ' h + th),
h
hence .
Su(t) < C(Ne ' + Ry)h + Ce™! f Su()dt =: G(t), forallte Jn (h+J). 4.21)
h
Now observing that |(h,T) \ (Z N (h + J))| = 0, it follows that the (absolutely continuous) function G satisfies
(exp{-Ce&™'t}G())’ < O for ae. t € (h,T), hence G(t) < G(h)exp{Ce™'(t — h)} for all t € (h,T). Going back to
(@27)) and noting that t, € £ N (h + ) owing to 71, 1, € X, we obtain
2(22) = 20l = S4(t2) < G(12) < G(h)exp{Ce™' T} = C(Ne™' + Ro)ltz — 11 exp{Ce™' T},

hence (@I8)). The proposition follows. O

17
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5. Energy estimates
Let z = z be the solution given by Theorem 3} of existence time T';, and denote
us (s, t,a) .= z5(s,1) — zz(s,t —ea), 0<t<T;, a>0. (GR))
We define the energy:
1 0 2 1 1" 2 ’
E.(t) = — u (s, a,p(s,a)dads + = | (2, (D)) ds+ | F(z (t))ds. 5.2)
26 Jido 2 I
In the following two propositions, we obtain the monotonicity and dissipation property of the energy and, as a con-

sequence, derive some key estimates. Special care is given to the dependence with respect to &, which will turn out
important in the proof of our main results.

Proposition 5.1. Assume (I.7), (I.8), (T.9), (T.12). Let € € (0, &1) where & is given by Theorem[3}
(i) We have E, € W, ([0, T})) and

1 [oe]
E.(t) = 32 ff uﬁ(s, a,)0,0(s,a)dads <0, a.e.te(0,T;). 5.3)
€ JrJo

(ii) For all 0 < ty <t < TZ, we have

1 00
f f f W25, a, DNup(s, @)ldadsdr < 262 E, (o), (54)
Iy 1J0
!

fm 10,26(IEs ) + elldrc (DIEs , JdT < CEq(to), (5-5)

!
f (e 10,20} ) + € 10Dy T < CE(t0). (56)

4]

In the next proposition we make the following assumption (which is a consequence of the second part of (I.10)):
[ allot.aleda <o 57
0

Proposition 5.2. Assume (I.7), (I.8), (T.9), (T:12), (G-7), let
R:=1+gllx, R :=lzpllwiocmor=m, R:=R'+R

and let € € (0, &1) where ¢ is given by TheoremEI Then

EJ()<CR, 0<t<T, (5.8)
and
IZZCs Dllzsay < CRY, 122G, Dllzy < CRY2, 0 <t < TP (5.9)

In the process of proving Proposition[5.2} we obtain an estimate for the discontinuity of z, at # = 0, of independent
interest.

Proposition 5.3. Under the assumptions of Proposition[5.2] there exists

z:(0%) := liI(I)l z(t)  in the strong H*(I) sense (5.10)
—0*
and we have
l12:(0") = 2, (O)ll, < C(R + R)&'"2. (5.11)

18
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In view of the proofs of these three propositions, we prepare the following two lemmas.

Lemma 5.4. Let { be a positive integer, v € H*(I) and set
G(1t) := ff ug(s, t,a)p(s, a)v(s)dads. (5.12)
1J0

We have G € W-([0,T?)) and, for a.e. t € (0,T?),

loc

G @) = {’ffw 0,:2:(s, t)ug’l(s, t,a)p(s, a)v(s)dads + é ffm ui(s, t,a)d,p(s, a)v(s)dads. (5.13)
1Jo 1J0

Lemma 5.5. Fora.e. t € (0,T})and all v € H2(I), the time derivative 8,z satisfies
l 00
f,u(s)atzg(s, Hv(s)ds + sf(c?,z;'v” + F"(2.)0:2.V")(s, ds + — ff ug(s, t,a)v(8)d,p(s,a)dads = 0.  (5.14)
I I € Jrdo

Remark 5.1. Setting w(s) := 0,2(s,t) and assuming that the quantity & = éfom us(s,t,a)0,0(s,a)da is known,
Lemmal[5.3|means that w is a weak solution of the (closed) elliptic equation

uw+ W = (F"(Zw"))=-E, sel,
along with the natural boundary conditions.

Proof of Lemmal[5.4} Setting @i(s, t,b) = z(s,1) — z(s, b) and changing variables by b = t — £a, we first rewrite G(1) =
e! f[ f_zoo il(s, 1, b)p(s, %)v(s)dbds. It follows that, for all ¢, A with ¢,1 + h € (0, T}),

Gt +h) - G@) = f f (@ (s,t + h,b) — i (s, 1, b))p(s, =L )vdbds
I J-o0

t h
+ ff (s, 1, b)(p(s, @) - p(s, %))vdbds + ff a(s,t+h,t +T)p(s, ’%)vdrds.
I J-0 1J0

Using assumption (I8) and the fact that z € L™ ((—co, To)x)NW (0, Ty; L (I)) for any T < T* (cf. Proposition[4. 1),
we deduce that G € W1’°°([0, T*)) and, taking into account that #i(-, ¢, ) = 0, we obtain

loc

13 !
G'()=¢"! ff 3t (s, 1, b)p(s, %)vdbds +&72 ff (s, 1, b)p(s, %)vdbds,
I J-0 1 J—-00

for a.e. t € (0, T*). The result follows by going back to the variable a. O

Proof of Lemma[5.3] Fix v € H*(I) and let G be given by (5.12) with ¢ = 1. Since z € Wllo’:x’([O, T*); H*(I)) by
Proposition[d.1} we may differentiate (T-4) in time which, after using (3.13)), gives

d (o] 00
—&— f(z”v” + F'(ZWV)ds = G'(t) = ff dizpvdads + & ff ud,pvdads,
dr J; 1Jo 1J0

hence (5.14). O

Proof of Proposition[5.1] (i) Set E(r) = %fllz”lzds + le(z’)ds. Since z € W([0, T*); HA(I)), we have E, €

loc

Wllo’f([O, T*)) and, using z(-, ) as test-function in the weak formulation (]E[), we get, fora.e. t € (0, T7),

1 00
E\(t) = fz"@,z"ds + fF'(Z’)ﬁtz’ds =2 ff ud,;zpdads. (5.15)
1 i 1Jo
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Let now G be given by (5.12) with £ = 2 and v = 1. Since E4(1) = E; (1) + 3-G(#), we obtain (3.3) by combining (3-13)
and (3.13).
(i) Property (5.4) readily follows from (5.3). Set

S(s, 1) :=f uz(s,t,a)lﬂap(s,a)lda.
0

Note that, by Cauchy-Schwarz and (L.8),

( f " (s, 1, @IFapls, @lda)’ < S(s,) f " ouplda < CS(s. 1)
0

0

For any A > 0, applying (5.14) with v = d,z(-, 1) and using the fact that F”” > —4, we deduce that, for a.e. 7 € (0, T™),

f(yl@,z|2 + 0,2’ P)ds = —¢ jQF"(Z')I(%z/I2 —&! fatz (f m?,lpda) ds
I I I 0

<de f 10,2’ |*ds + A f 10,21%ds + CA7'e™? f S(s, t)ds.
1 1 1

Next using fl 10,27 < % fl 16,2717 + C» fl 10,21> with C, = C»(L) > 0 (cf. (3:12)), it follows that

(tmin — A — 4Cr€) f |6,z|2ds+§ f 10,2 ?ds < CA7'e™? f f W?dapldads.
1 1 1J0

Up to replacing Cy in @10), @.12) by max(Co, (Ca/tmin)"/*), we may assume that & < g; < 4‘8C64 < Upmin/(8C5).
Choosing A = piy, /4, we get

A@) = f |0,2°ds + € f 10,2 *ds < Ce™? f f W?dapldads. (5.16)
1 1 1J0

Integrating this in time and using (3.4) yields (5.3).
Let us finally check (5.6). By (3.12) with 7 = £'/2, we have

102117, < &"2110,2"117. + Ce™ 10,217, < Ce™'2A). (5.17)

Using the Sobolev inequality
IVllzs < mllvllz + CA+ 7 HIMlz, ve H'(D), (5.18)

with 7 = &!/4, we deduce from (5.17)) that
10,217 < mlld.2"I12, + Cp~ e 2A@) < Ce7*A(t) (5.19)

and
10,27 < mlloZ I3, + Cy 18,217, < Clye™ 2 Aw) + 7' 10:2ll7,) < Ce™V*A(),

and (5.6) follows from (3.3). O

We next prove Proposition[5.3|as a consequence of Proposition[5.1]

Proof of Proposition[5.3] Property (5.10) follows from z € Wllo’f’([O, T*); H*(I)) (cf. Proposition .
We next prove (5.11). By Theorem i), since 0 < & < ] = coR~8, we have T* > T, := c3e and

lze@ll2 < CR,  —o0 <t <T. (5.20)
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Letnow t € (0, T,). For all s € I, we write

u()(z(s, 1) = 2p(5,0)) = &(=2"" + ,(F' (') + f (2(s, 1 = ga) — zp(s, 0))p(s, a)da. (5.21)
0

To estimate the first term on the right hand side, we use (3.1), (3:8) with j = 4, (3.I1) with j = 2, the fact that
/8l < Cllfll2llgllz2, and (5.20) to get

le@lls < 1A 1eF @ Ol + [ A2 fo 21t - sa)pa)da

H*

H?

< CeT VP @ @)l + CIF" (@ @) 0l + ™' fo ot - ea)p(a)da

< CU+IZOI2)E 7 Ol + 1127 Ol) + CM 1™ sup llz(a) |2

o<t

<CR¢V* + CMRe™V? < CRe™'/?,

hence
|-z + (F'®Y|, < CRe™* + CR®* < CRe™". (5.22)

On the other hand, by dominated convergence, (T.12)) and (53.7), we have

00

llir(gf llz(t — €a) = z,(O)lwolloC:, A)ll2da = f llzp(=€a) = 2p(Olleollo(, Dll2da < I?SI dllp(-, a)llada = CRe.
- 0 0 0

Combining this with (5.21)) and (5.22)), it follows that

fmin lim sup ||(z(1) — z,(0)[l» < CRe'? + CRe,
t—0*

hence (3.17). O

We finally prove Proposition[5.2]as a consequence of Proposition [5.3]
Proof of Proposition[5.2] By dominated convergence, (I.12) and (5.10), we have

lim ff ui(s,a,t)p(s,a)dads:ff |z(s,0+)—zp(s,—sa)lzp(s,a)dads.
1Jo 1J0

t—0*

Moreover, for each a > 0, we have

ﬁz(s, 0") — z,(s, —ea)lPds < 2 f lz(s,0%) = 2,(s,0)[ds + 2 f Iz, (s, 0) — 2, (s, —a)l*ds
1 1 1
< CR +R)’e + CR? min(1, £2a*) < C(R + R)*e(1 + a).

Therefore

lim f f u>(s,a, t)p(s, a)dads < C(R + R)’s f f (1 + a)p(s,a)dads < C(R + R)*e.
1J0 1J0

—0*

This, along with (5.20) and the definition of E. guarantees that lim,- E.(f) < CR and (5.8)) follows from the
monotonicity (5.3). Property (5.9) then follows from (5.8) using the inequality [V[I3, < C(M|l; + 103 [h) <
C(L+ VI3 + V1. O
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6. Uniform L* bounds and global existence (proof of Theorem Eki))

To prove global existence we cannot solely rely on the energy estimates from the previous section, since they
give bounds up to T~ for z/ (and z) but not for z, itself. The latter are provided by the following proposition, which
immediately implies Theorem|[I[(i).

Proposition 6.1. Assume (I.7)-(T.10), (T.12), and let &1, R be respectively given by Theorem|3|and Proposition
There exists co > 0 depending only on p, L such that, for each € € (0, &9] with &y = coR™ < &1, we have

lze(®)llz=ry < CR'?,  —co <t < T7. 6.1
As a consequence, we have
T, = co,
lzellzeqy < CRVZ, teR (6.2)
f (10272 g, + €lldrz, (DIl Jdr < CR (6.3)
0
and .
f {0126y + € H10120(DI 7w 1) }dT < CR. (6.4)
0
Furthermore, for each € € (0, &], we have
sup [|zeOllwery < 0. (6.5)
>0

The key to the uniform estimate (6.1 of z. is the existence of a conserved quantity, given by the following past
time average of z:

O.(1) = f fzg(s, t—en)p(s,T)dsdr, where ¢(s,T) = f p(s,a)da, (6.6)
=0 JI T

for t € (0,7*). The function ®, will be used in connection with the scalar product (z(¢), i), which turns out to
correspond with ®.(t) without time shift. The following lemma provides the crucial properties of ®,. We recall that
the constants . are defined in (T.14).

Lemma 6.2. Let the assumptions of Proposition[6.1be in force.

(i) The function O(t) is constant, namely

G)S(t) = K&‘? t € (07 T;)a (6.7)
(ii) We have .
sup [(zs(0). i11) — ks < C(Re)'2. 6.8)
1e(0,T2)

Proof. (i) Integrating the equation in space (i.e., taking v = 1 as test-function in (T.4)), we obtain
ff (z(s,t) — z(s,t — €a))p(s,a)dads =0, 0<t<T;. (6.9)
1Jo

Fix any 0 < 7 < ¢ < T: and set £ = &' (¢ — 1). We denote z(1) - o(1) = flz(s, 1)¢(s, T)ds for conciseness. Putting
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7 =y + { in the definition of ®(#'), and denoting y. = max(y, 0), we obtain

00

O()-0@) = f
-t

= f , 2t —ey) - (v + ) — o(y+))dy + fo Z2(t - &y) - e(0)dy

£

0 00 00 y+f
= f f 2(t — &y) - pla)dady — f f 2t — ey) - pla)dady = Iy — .
- JO -t Y+

Noting that I, = fooo faa_é, (t - &y) - p(a)dyda = f_ (1, fow 7(t — ey — €a) - p(a)dady by Fubini, and putting o = t — gy, it
follows that

2t —&y) -y + O)dy - fo 2t - e7) - p(T)dT

0F)-00) = f fm(z(t —&y) —2(t — ey — €a)) - p(a)dady = & f (fm(z((r) —z(o — €a)) ~p(a)da) do,
-tJo ' 0

hence ©(#') = O(¢) in view of (6.9).

On the other hand, for each s € 1, 7 > 0, we have z(s, 7’ — 1) — z,(s, —&71) as t’ — 07, owing to (I.12). Moreover,
for ¢’ € (0,T;), we have |z(s,t’ — eT)|o(s,a) < (SUP,¢(_oo 1) 12(Dll0)p(s, @) € L'(I x (0, 0)). Property (6.7) follows by
dominated convergence.

(i) By (6.3) we have
4 4 172 _
(o) - 20, < f ledodor < (¢ — 1) f l@)Edo) " < C— 1) PRIZ, 0<i<i<T..  (6.10)
to )

Next, for —oo < #p < 0 < ¢ < T, we may write
[l2®) = 2(t0)]|, < llz(®) = 202 +112(0%) = 2, (O)I]2 + [Iz(0) = 2, (o)l < CR'*1'2 + C(R + R)&'* + CRmin(1, [to]),

owing to (6.10), (5.11)) and (T.12)). Using min(1, |¢o]) < |to|'/?, we obtain

() = z(to)||, < CRV2((1 = 10)' 1 + &'/?),  —co <19 <O <t<T. (6.11)

Now, by the definition of ¢, 1, the first part of assumption (T.10) and (6.7), we have

f (1 + 7', )lladr < f f (1 +7)o(-, a)lhdadr < C f (1 +a*?)lloC-, a)llda < o (6.12)
0 0 T 0

and

(z@®),p1) — ke = f f(z(s, 1) —z(s,t — e1))p(s, T)dsdr, 0<t<Tr.
o Ji
Using (6.10)-(6.12)), we obtain

|Gz, 1) = K| < fo llz(t) = 2t = eD)lllle(, Dllodr < C(Re)'/? fo (1+7)leC. Dldr, 0<t<T;, — (6.13)

hence (6.8). O

Proof of Proposition We claim that

min |z(s, 1) < CR + CRe)'?, 0<t<T: (6.14)
s€(V,

If z(s, 1) = 0 for some s € (0, L), then there is nothing to prove. We may thus assume that z(s, r) # O for all s € (0, L).
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By continuity we may assume z(-,7) > 0 in (0, L) (the case z < 0 is similar). Setting

L, = ful(s)dssz ga(s,‘r)d‘rsz ap(s,a)dads > 0,
1 1J71=0 1 Ja=0

and using (6.8), we obtain
L; min z(s,7) < f 2(s, D1 (s)ds < |ke| + C(Re)'?,
se(0.L) !

hence (6.14).
It follows from (5.9) and (6.14) that

lz(®llo < CR+ CR'® + C(Re)'* < C3RY?, 0 <1< T,

for some C3 = C3(p, L) > 0. This proves (6.1, hence (6.2) owing to estlmates (9) in Proposmon@
Now, we may choose ¢y > 0 depending only on p, L such that &y := ¢coR™* < &; and csg, 8 5 C3R'2. As a direct
consequence of Theorem [3[(iii), we deduce that T; = co. Properties (6.3), (6.4) then follow from (5.3)-(5-8).

Finally, using (5.9), (6-1)) and the differential equation (T.3), we get

sup |zl gy < 0,
>0

hence in particular sup,.  [|z(1)llw2) < oo. Going back to (I.5) we obtain (6.3). O

7. Holder continuity with respect to & (proof of Theorem [ifii))

It is a direct consequence of:

Proposition 7.1. Assume (I7)~(T10), (T-12), and let &y be given by Proposition[6.1} We have
(ze = z2)Dlli2 < CE*R(E - 8)"/* exp{e ' [Iplleot}. 0 < & <& < &, (7.1)

Proof of Proposition[7.] Step 1. First estimate of the difference. Let 0 < € < & < g and 1 > 0. We claim that

E‘f(z;’ — % (ds + f(Zg —z:)(ds < CR*(z-¢&)+ C ffoo(zg - 22)2(t — Ea)p(s, a)dad's
! - ! 1J0 (1.2)
+C f f (2t — &a) — z,(t — 8a))*p(s, a)dads.
1J0

To this end, subtracting the equation (T-4) for z. and for zz and choosing v = (z. — zz)(), we obtain (omitting the
variable s without risk of confusion)

z f (&~ Z(0)ds + f (e — 2)2(0)ds = & f (F'(&)) — F &)1z — ) (ds
1 1 1
~@E-o) { [ -z - o - Zg)’(t)} ds a3
1 1
+ [ [ - sapa, - wodads + [ [ @i sa) - 20 - sap(s o - s)odads.
1J0 1J0

To estimate the first term on the right hand side of (7.3), we use (5.9), (6:2) and the Sobolev embedding to write

- @)} <

’ 7
F &

<4{f:
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Next, using (3.12), one writes as above:

sch
1

with C4 = C4(p,L) > 0. Choosing § = (2C4R)™!, using R*& < ¢yR™? < ¢y and taking ¢y = co(p, L) > 0 smaller in
Proposition[6.1]if necessary, we obtain

‘ f (F'(2)) = F'@))(z — )ds 25,0 = 2.0 ds < CR{812(0) = ZZ @I + (1 + 5™ ze(0) — 201
1

£

fl (F/(2L(0) = F(Z(0)) 2o — 22 (s

< CRzé f(zs - Zg;)z(t)ds + g f(zg _ Zg)z([)ds
1 1

min £ ” ’
<k f (ze = 2e)’()ds + f @ - 2/ (t)ds.
2 J, 2,
Next using (6.2), we can estimate the third term on the right hand side of (7.3) by

(E-¢ ﬁz;’(t)(zg - 25)"(D|ds + f
1 1

Estimating the remaining two terms by Young’s inequality, we get (7.2).
Step 2. Control of the time shift term in the right hand side of (7.2). We claim that

F'(Z (), — Z)(0)|ds < CR*(E - ).

ff |Zg(t —&a) — z,(t - éa)|2p(s, a)dads < CR(&(& - s))l/z. (7.4)
1J0
To this end, recalling that z,(7) = zz(7) = z,, for 7 < 0, we split the left hand side of (74 as
00 5 1/E 5
ff |zg(t —ea) — 7.(t — éa)| p(s,a)dads = ff |zg(t —&ea) — z(t — éa)| po(s,a)dads
1Jo 1Jo
t/e 2
+ ff |z8(t —&a) — z.(t — éa)l p(s,a)dads.
1Jie
By (6:10), we have
t/E 2 _ 0
ff |zg(t —ea) — z7.(t — éa)| p(s,a)dads < C(€ — &)R ff ap(s,a)dads. (7.5)
1Jo 1Jo
On the other hand, by (6.1T)), we have
ﬁzg(t —¢&a) —z:(t — éa)lzds <CR((E-g)a+¢), tleg<a<t]e.
I

Since, using the second part of assumption (T.10),

/e (&8 (™ 12— e) (8 He-¢) E—e\p
f llo(, a)lloda < Cmm{; f allp(-, @)llwda, Ilplloo} < C min {;, — } < C( ) ,
1, 0

/& &g &E

it follows that

1/ /e
f f |26t = £a) - 2ot - 8a)[p(s, a)dads < f CR((E - &)a + &)llp(-, @)llwda
1 Jt/e 1

/&
1/e

< CR( - s)f allp(-, a)llwda + CRsf llo(-, @)llda < CR(E — &) + CRS(
0 i/&

/&

£ 6)1/2 < CR(EE - ).

Claim (7.4) follows by adding this with (7.3).
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Step 3. Conclusion. Letting 6 = CR2(8(z - ¢))'/?,

Aselt) = & f (@ -2 (nds + f (ze — 22)*(Dds,
1 I

combining (7.2), (7.4), and using that z,(7) = zz(7) = z,, for 7 < 0, we obtain

1/& i
Az e(t) <6+ Cf Az e(t — Ea)llplloda < 6 + CE™ f Az (Dllpllwdr. (7.6)
0 0
It follows from Gronwall’s lemma that Az (1) < § exp{&~!||pllw?}, hence (7-T)). O

8. Proof of convergence as ¢ — oo (Theorem Ekiii))

We denote by S the set of steady states, i.e. solutions of (I.16). The w-limit set of z, is defined by
w(ze) = {Z € H(I); At, — oo, lim||z4(t,) ~ g2y = O} . 8.1
n

Also, recalling (T.13)), we define
Sk:={Z€S; (Zu) =K}, KeR.

For fixed € € (0, &], the convergence as t — oo will be a direct consequence of the following quasiconvergence
property, along with the structure of steady states.

Lemma 8.1. Let the assumptions of Theorem|I|be in force and let ¢ € (0, &].
(i) The set w(z.) is a nonempty compact connected subset of H (D).
(ii) We have w(z:) C Sy,

Whereas the proof of Lemma[8.1[i) is standard, the proof of assertion (ii) relies on two ingredients: the decay of
the delay term L.[z.] as ¢ — oo and the good properties of the inner product of z.(#) with ;.

Lemma 8.2. Let the assumptions of Theorem(I|be in force.

(i) Let p € [1,00). The function L.[z.] satisfies the decay property

lim | Le[ze ], Olleray = 0, for each & € (0, &ol- (8.2)
(ii) We have the convergence
tlim(zg(t),ul) =Ke, foreache e (0,&). (8.3)

Proof. (1) We have

f|LsZ(S, Hlds < f ng(t, s,a)dsda, where Hy(t, s,a) := £ '|z(s,1) — z(s, t — €a)|p(s, a).
1 a=0 JI

For each fixed (s, a) € I X (0, o), inequality @I) guarantees that, for all € € (0, &p] and 7 > €a,

a ! 1/2 _
H,(t,5,0) < \E po.a [ o) < CRYZS Vapts. . (8.4
t—ea

Moreover, the first inequality in (§4) implies lim, . He(t,s,a) = 0 for each fixed &,s,a. Since +ap(s,a) €
L'(I x (0,00)), by dominated convergence, we obtain (8.2) for p = 1. Since, on the other hand, [|£.z(,?)lle <
CR2&7IpllLi (1000 by (6-1), we deduce (8:2) for all finite p by interpolation.
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(i) Fix € € (0, &]. Recalling (6.13) we have

). 11) - k] < fo () — 2t — eDllallglc, Dllade

and, for each fixed 7 > 0, (6.4) guarantees that

d 1/2
I2(t) = 2t = £D)ll> < Ve f lz(o)l3dor) "~ — 0, as — co.
1—&eT

On the other hand, we have ||z(t) — z( — 7)|l2lle(, D2 < CRIle(:, )2 € LL(0, 00), owing to (6.1) and (6.12). Property
(83)) then follows by dominated convergence. O

Proof of Lemma(8]] (i) It is easy to verify that

w(ze) = Q\I K., where K, = {z:(t); t > n}.
neN*

On the other hand, it follows from (6.5) that each E is compact (for the H>(I) topology). Moreover, since z €
C((0, 00); H¥(I)) as a consequence of @ K, hence K,, is connected. We conclude that w(z.) is a nonempty compact
connected set, as the intersection of a nonincreasing sequence of such sets.

(ii) Let & € (0, &9]. For any v € H?(I) and ¢ > 0, we have

| f (2 (5,0 (5) + F' (s, D)V (9))ds| = | f Loze(s, 0¥(5)ds| < 1LezeCo Dl Wz (8.5)
1 1

Let Z € w(z;). There exists a sequence 1, — oo such that lim,, ||z,(¢,) — Zllz2¢;) = 0. Passing to the limit in (§23) for
t = t, with help of (8:2) with p = 2, it follows that

f (Z"(s)V'(s) + F'(Z' (s))V'(s5))ds = 0.
1

Consequently, Z € 8. Taking k. given by Lemma property (83) then guarantees that (Z,u;) = k., hence Z €
Sy, O

Proof of Theorem I[iii). The set w(z.) is nonempty and connected by Lemma @ (i). On the other hand, it is finite
since w(z;) C S, by Lemma[8.1fii) and S, is finite by Proposition[2.2} The set w(z;) is thus a singleton, which proves
the theorem. O

9. Convergence when & goes to 0 (proof of first part of Theorem 2{i))

The result will be a consequence of the following two lemmas.

Lemma 9.1. Assume (L.7)—(1.10), (I.12) and pick any sequence &; — 0*.
(i) There exists a subsequence 8} and

% € L([0,00); HA(1) N €, ([0, 00); C' (D) N H,, ([0, 00); LAD) ©.1)
forall v € (0,1/8), such that, lim; e = Zo where, for each T > O, the convergence is strong in C([0,TT]; Cl(f), weak
in H'((0, T); L*(I)), and weak-* in L*(0, T; H*(I)).

(ii) The function % is a global solution of (LI3) (cf. Definition A1) with b = py and Z(0) = z,(0).

Proof. (i) As a consequence of estimates (6.2)), (6.3), similar to [24, Lemma 5, p.976], we see that {z.} is bounded in
L=([0, c0); H(I)) N H., ([0, 00); LA(1)) hence, by interpolation, it is bounded in W>/*([0, co); H>1-0(1)) < 107"

loc loc
([0, c0); C' (1)) for all # € (0, 1/4) and 5 > 0. The conclusion then follows from standard compactness properties.
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(ii) Let € := s} be as in assertion (i) and fix ¢ € C'([0, T]; H*(I)). Taking v = (-, 1) in (I.4) and integrating in
time, we obtain

T
Dg(p,zs,df)+f fZZ'#"JrF'(Z;)W)dsdt:O» 9.2)
0 I

where

T )
D0, 2, ¥) 1= i \[L j(; p(s,a) (zs(s, 1) — z:(s,t — €a)) day(s, 1)dtds.

With the decomposition
1 T 00 1 T %
D0, 26, ¥) = . ff f (s, a)ze(s, DY(s, t)dadrds — Z ff f 2:(8, (W(s, t + ga) — Y(s,1)) p(s, a)dadtds
1J0 e 1Jo Jo

1 T 00
- fl fo f p(s,a@)z,(s,t — ea)y(s, dadtds =: D} — D2 — D?,

we use an argument similar to [16, Propositions A.1 and A.2. pp.41-42]. Namely, using the change of variables
(t,a) = (T — &h,a) (resp., (t,a) = (e(a — 7),a)), the convergence z. — Zy in L*(I X (0, T)), the regularity of ¢ and
assumptions (I.10), (I.12)), it follows by dominated convergence that

T/e 00
Z); = ff f p(s,a)(z¥)(s, T — eh)dadhds
1Jo h

—Hfff P(S,a)(ZT)l//)(S,T)dadhdS=f(f()ll/)(&T)Ml(S)dS,
J—=ee 1 {O<h<a<oo} 1

Dz = ffw fap(s, a)z,(s, —etW (s, e(a — 1))drdads
1Jo Jo

j—>fff{o ]p(S,a)(ZpW)(S’O)deadS=f(zptﬁ)(s,O)p,(s)ds,
- Ji <T<a<0o I

T 00 T
D§—>ff f zO(s,t)@tv,lr(s,t)ap(s,a)dadtds=f fioﬁtwpldsdt.
J=e Jrdo Jo 0 I

T
Delpr o) — f STWATpards - fo f 2B dsdi — f 2 OOy ds
—o Jr 1 1

Therefore,

T
_ fo f dzowprdsdt + f (o — 2,) OOy ds,
1 1

where the integration by parts in time is allowed since Zy € H'(0, T; L?(I)). On the other hand, thanks to the weak and
strong convergence properties in assertion (i), we may pass to the limit in the integral term in (9.2), and we get

T T
f f dizowdsdt + f o — 2p)O)(O)rds + f f @y + F'(2' W' )dsdt = 0.
0 1 1 0 1

By density, this remains true for all € L*(0, T); H*(I)). Now, for any 6 € H*(I), by choosing (s, ) = (1 — nt),6(s)
and letting n — oo, it follows that f,(Zo -2,)(0)8u1ds = 0, hence Zp(0) = z,(0) and Z is a global solution of (I.13). O

Lemma 9.2. Under the assumptions of Proposition [I.2} problem (I.13) has at most one solution in the class X :=

Ly (10, c0); H*(I) N H}, ([0, 00); L*(I)).

loc loc

Proof. Let Zy,Zp € X be two solutions (cf. Definition @ Then, for each T > 0, subtracting the equations, using
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|[F" (%) — F'(zy)| < C(T)Iw'| and taking ¢ = w := Zy — Zo, we see that w satisfies

! i3 !
f f b(s)wodwdsdt < C(T) f f w)2dsdr — f f w")dsdr, 0<t<T.
0 1 0 1 0 1

Using the interpolation inequality (3.12)) and w(0) = 0, we obtain, for all # € (0, T),

f b(s)wW*(1)ds = 2 f f b(s)wdwdsdr < C(T) f f w?dsdr < Co(T) f f b(s)w*dsdr.
1 0 1 0 1 0 1

By Gronwall’s Lemma, we deduce that w = 0. O

Proof of first part of Theorem[2[i). Let Zy, in the class (9.I), be any cluster point of the family {z,, & € (0, &} for the
notion of convergence in Lemma[0.1] By that lemma, there exists at least one, and Z, is a global solution of (T.15)
with b = y;.
On the other hand, by (T.9), setting ap = (2l|olleo) ™" ttmin, We get
o o /12 )
Hi(s) = fo ap(s, a)da > aof p(s,a)da 2 ao(fmin — aollolle) = ﬁ >0, sel.
ap oo

It follows from Lemma [9.2] that (I.T3)) with » = u; has at most one global weak solution, hence the cluster point is
unique, which implies the desired convergence as £ — 0. O

10. Proof of Theorem iv) and end of proof of Theorem strong H? convergence and stablity of affine steady
states with respect to £

The energy associated with the solution zy of (I.13)) is given by
l 7 ’
Eo(t) = 5 f (@ (0)2ds + f F(Z)(1))ds.
1 1

We shall use the following properties (see Appendix A]for the proof).

Proposition 10.1. Let the assumptions of Proposition[[.2|be in force.
(i) Forall t; > t; > 0, we have

15}
Eutt - Eot) = - [ [bozdsdr <o
f 1

In particular, Ey € W ([0, %)) for all p € (1, ) and

loc

Ey(t) = - fb(@,zo)zds, ae.t>0.
1

(ii) For all t > 0, we have (zo(t), b) = Ko := (¢, D).

Our next result, which requires the additional coercivity assumption (T.T1)) on the kernel, yields the strong L>(H?)
convergence statement in Theorem[2{i). It also provides the energy convergence property which will be the key to the
proof of Theorem [2[ii). We recall that E, and u, are defined in (5.1)-(5.2).

Proposition 10.2. Assume (I.7)—-(1.12). Then, for all T > 0, we have
liII(I) Ze = 20 Strongly in L*(0, T; H*(I)) (10.D)

and
lim0 E.(t) = Eo(t), uniformly fort > 0 bounded. (10.2)
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Moreover, one has

1 [oe]
lim E.(f) = lim — ff ul(s, a,8,0(s, a)dads = — fﬂl(s) 10,20(s, D ds = E(0), (10.3)
-0 s-0 2g2 1J0 1

the convergence taking place weakly in M(0,T), i.e. in the space of finite Radon measures on (0, T).

Remark 10.1. (i) The equality in (10.3)) can be explained heuristically as follows: when & — 0, one has formally that
1 °° 1 e
72 f 0,0(s, a)uﬁ(s, a,da — 3 f 0,0(s, a)u%(s, a,Nda, where uy(s,a,t) := ad;zo(s, t).
€= Jo 0

Then the identity 0,(a’p) = 2ap + a*0,p, because the integral of the left hand side vanishes, implies that y,(s) =
fom ap(s,a)da = —% fom 040(s, a)d’da, giving the desired limit.
(ii) With some additional work, it can be shown that the same result holds in the finite dimensional case [18)], as

well as for the linear delayed heat equation [20] and also in the case of delayed harmonic maps [16]].

The proof is based on the following two lemmas. The first one is a higher order a priori estimate, uniform for
e>0:

Lemma 10.3. Assume (IT)—~(1.12). Then, for each T > 0, we have

sup lzellzzo,rm3ay) < (10.4)
£€(0,&0]
and
sup |lzellgiso,r;m52an) < o°. (10.5)
£€(0,&0]

In particular, the family {z,, € € (0, &0} is precompact in L*(0, T; H*(I)).

Our second lemma shows that the first term in the energy E, vanishes as € — 0.

Lemma 10.4. Assume (I7)—(T.10), (T.12) and let
Gy(t) =g} ff ug(t, s, a)p(s,a)dads.
1Jo

Then we have -
f G.(t)dt < CR(n(e) + Ve(1 + T7'?)),  forall T > 0, (10.6)
T

where n(g) = flm\/E allo(-, a)lleda — 0, as € — 0.

Proof of Lemma([I0.3] Recalling (I.22)), multiplying (I.3) with —z”, integrating by parts, using (3.9) and the Sobolev
inequality [|z”]l < C(IZ”|l2 + 1IZ””1l2), we get, for all £ > 0,

== [y s [ < [ae@he? s 1L
1 1 1
_ _ _ 1 _
< CRP + C|| Lozl (12”1 + RV?) < CRY + §||z"'||§ +CR + Cl| L2,

hence
l2”|I? < CRP + C|| Loz (10.7)
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On the other hand, by Cauchy-Schwarz, we have

2

00 2 00
IILgZIIfS82( f fo u(s,z,a)p<s,a)dads) =82( f fo (u(s, 1, @)lpa(s, ) *p(s, )lpa(s, @)™ *dads
1 1

< 8_2 ff uz(t, S, a)lpa(s’ a)|dads ff pz(s’a)lpa(s’ a)l—ldads
1J0 1 Jo

(where we defined p(s, a)|p,(s, a)|"!/? := 0if p(s, a) = p,(s,a) = 0). Consequently, by (T.T1), (5.4) and (5.8),

T T 00
f IILSZII%dt < 8_2f ff u>(t, s, a)lpa(s, a)ldads < CR.
0 0o JiJo

From this, (3.9) and (T0.7), we deduce (T0.4). Since, on the other hand, for each T > 0, (6.2) implies

sup ||zellgio,7:2¢y) < 0,
£€(0,&0]

it follows by interpolation with (T0.4) that sup, g .,; l1zellz1-0.7:m7)) < o0 for each v € (0, 1), hence (10.3).
Proof of Lemma We have

t/e i3 2 00
G.(1) <g™! ff (f |z:(s, 0')|d0’) p(s,a)dads + & ff uz(t, s,a)p(s,a)dads = Gf,:l)(t) + Gg)(t).
1J0 t—ea I1Jt/e
To estimate Gél)(t), we write
t/e s t/e 1
GO < f f ( f lz:(s, o->|2dcr) ap(s, a)dads < f f lz/()I3alloC, @)lldoda

1J0 t—ea 0 t—ea
' 1/e

< f llz:(l3 (f allp(-,a)llmda) do
0 (t—-0)/e

(1—Ve)+ 5 00 t s
< f llze()I13 ( f a||p(-,a)||mda) do +C f llz()l3dor,
0 1/ e (1= Vo).

where we used the second part of (T.T0) in the last inequality. To handle the last integral, we compute

T+1 t T+1 o+ e T+1
[ temidnars [ ([ dijo < v [ oo
T (=), 0 o 0

Going back to (T0.8) and using (6.3)), we get
T+1 T+1 B
f GO (nydr < C(n(e) + ‘/E)f llz/(@)li3dor < C(ne) + Ve)R.
T 0
To estimate G%” (1), we use (6.1) and the first part of (T.10) to write

G?(t) < CRe™ ff p(s,a)dads < CRe'*173/? ff a**p(s, a)dads < CRe'?*173/%.
1 Jt/e 1 Jt/e

Integrating the latter for 7 € (7, T + 1) and combining with (T0.9), we get (10.6).

31

(10.8)

(10.9)

O

Proof of Proposition[10.2] By Lemma [10.3] for any sequence &¢; — 0%, there exists a subsequence converging in
L2 ([0, 00); H*(I)) to some Z, and we moreover have Z € H}, ([0, o0); L*(I)) owing to Lemma i). By the proof of

loc

Lemma 0.1[ii), Z is a weak solution of (T-T3), hence Z = zy by Lemma[9.2} This shows (T0.1).
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Next write : |
E.(t) = E,(1) + EGE(t), with E.(7) := 3 f (1) ds + f F(Z.(t))ds.
I I
By (10.1) and Lemma|[T0.4] for any #, > #; > 0 we have
5]

153 . 1 153 153
lim E.(o)do = lin(l)f E (o)do + 3 lin(l)f Gy (o)do = f Ey(o)do.
£ 0 £ f i

-0 "
By the time monotonicity of Ey and E,, dividing by #, — ¢, it follows that

lim inf Ex(t)) > Eo(t2),  limsup Ex(12) < Eo(r1). (10.10)

-0

On the other hand, by (I.17), we have Ej € C([0, c0)). For fixed ¢ > 0, taking #; = # (resp., &, = ) and letting t, — 1+
(resp., t; — t7) in the first (resp., second) inequality of (T0.10), we obtain

lim iélf E () > Eo(f) > limsup E.(t),

&—0

hence (10.2) (the convergence being uniform for bounded ¢, owing to the monotonicity of ¢ +— E.(f) and Dini’s
theorem).

Finally, by (5:3) and (54), we have E, € L'(0,T) and sup, ., |lE4llLio.ry < eo. For any sequence & — 0, some
subsequence of £, thus converges weakly in the sense of measures to some limit . On the other hand, we know from
(10.2) that E, converges to Ey in 2/((0,T)) as € — 0. By uniqueness of limits 4 = Ej and (10.3) follows. O

Proof of Theorem Erii ). First note that, since S is finite up to additive constants, we have
- . 1
m =min{EW); W €S, [W|#1}>0, where E(W) = 3 f(W”)zds+ fF(W’)ds. (10.11)
I I

Also, since the imbedding H*(I) c C D) is compact, we have
m = inf{E(W); W € H(I), W'(0) = 0} > 0. (10.12)
Set no = min(m, 7]2) -
Assume that Z) = 1 (the case Z| = —1 is similar). Since lim;. Eo(f) = £(Zp) = 0 and lim,, ||z5(f) — 1]l = O,
there exists 7o > 0 such that Ey(fp) < 170/2 and z{(0, %) > 1/2. By the convergence property (10.2) of the energy and

the fact that z, — zo in C([0, #]; C'([0, L])) (cf. Lemma , there exists &y € (0, &) such that, for all £ € (0, &),
E(ty) < mo/2 and z,.(0, tp) > 1/2. In particular,

E(Z,) < Eo(Z:) < E(t0) <10/2 <1,

hence Z, = +1. Moreover, for any € € (0, &], the case Z, = —1 cannot occur, since otherwise, by the continuity of
t + z4(t) in C'(I) (cf. Proposition , there would exist #; > # such that z.(0,#;) = 0, hence

m < E(z:(11)) < Ex(1) < Ex(to) <1o/2 :
a contradiction. We have thus shown that, for all € € (0, &], Z, = 1. The proof is complete. O

Proof of Theorem|[I[iv). The argument is completely similar to that in the proof of Theorem [X(ii), but easier (and
without requiring assumption (I.TT)), since we can just rely on the continuity property in Theorem [I{ii) instead of
Proposition[10.2). We therefore skip the details. O
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Appendix A. Proof of Propositions[1.2 and [10.1]
Consider the linear inhomogeneous problem
bou+u"" = f in Qr, withu”’ = '’ — f = 0 on 01, u(0) = uy, (A1)
where T > 0, Q7 = (0,T) x I, f € L*(0,T; H") and ug € L.
Definition A.1. (i) A solution of (A1) on (0,T) is a function u such that

ue HW(O,T; L) N L*0,T; H>), u(0) = uy,

T (A2)
f f (b($)Ouy + u'y” + fy')dsdt =0, Ny € L*0,T; H*(I)).
0 I

Observe that the initial condition in (A2) makes sense owing to H'(0,T; L*) c C([0, T]; L?).

(ii) A solution zo of (I.13) on (0, T) is a solution of (A.1) with f = F'(zy) and ug = ¢ (note that zo € L*(0,T; H?)
implies F'(z) € L*0,T;HY).

Remark A.1. (i) The definition (A1) of (weak) solution is actually equivalent to that of u being a strong solution, i.e.
ue HWO,T; L) N L*0,T; HY, u(0) = uy,

bou+u"" - f' =0in L*(I) for a.e. t € (0, T), (A.3)
u' =u" — f=00ndl forae te(0,T).

Indeed, (A2) implies u"”" = f' — bd,u in the distributional sense in (0,T) X I, hence u € L*(0,T; H*), and the other
two conditions in (A3)) are satisfied owing to the identity

T T T
fo f, " = fy = fo fl W'y + fy') + fo (W - o —u"y'15, weLl*0,T; H).

Also, the converse implication readily follows from this identity.

(ii) Equation (A1) has a most one solution (just subtract the equations for uy and u, and take y = uy — uy).

We shall use the following linear result for (A.T). In what follows, for 1 < p < oo, we denote

X7 = WO, T; L) N LPO,Ts HY,  Xprioe := WoP(O, T L) N LE (0,1 HY)

loc loc
and B : L*(0,T; H') — L*(0, T;R?) is the trace operator (namely, (Bf)(t) = {f(t,0), f(t, L)} for a.e. t € (0, T)).

Lemma A.l. LetT >0, p > 2, up € H?, f e LP(0, T; H" and assume that Bf € W0, T;R?) with 6 > 1/8. Then
there exists a strong solution u € C([0,T]; H*) N Xor N Xp1joc O (AT) such that u(0) = ug. Moreover, for each
n € (0,T), we have the estimate

W0l Loy o2y + et Moy 2y < CO TS Nero,r:02) + 1B fllwero, w2y + llro,7:02))- (A4)

Proof. Seta = 1/b € H*(I). We approximate the initial data by a sequence of smooth functions ug,, € C*(I) such
that lim, . ||t0, — Uollyz> = O and consider the problem

Oty + au))”’ = af’, withu) = u — f =0 on I and u,(0) = ug ,. (A5)

We claim that, by [, Theorem 2.3], (A.3)) admits a (unique) solution u, € X, 7. Indeed we check the applicability of
that theorem withm = g = 2 and «; = % for j = 2,3. Since f' € L(0,T; L?) and since no compatibility conditions
for the initial and boundary data are required owing to «; < 1/g, the result applies provided the boundary trace Bf
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satisfies Bf € F ;’2(0, T:;RR?) with k = k3 = 1/8, where F ;!q denotes the Triebel-Lizorkin space. To this end it suffices
to use the fact that

W (0,T;R%) = F} (0,T;R*) C F5,(0,T;R?), 0>k>0,1<p<oco

(see [30, Chapter 2] and, e.g., [29} section 1] for the first part and [[15, Theorem 1.2] for the second part. These are
stated there in the whole Euclidean space, but the case of a smooth domain — here just the interval (0, T') — follows by
a standard extension property; see [31, Chapter 2]).

Now, by interpolation, we have u,, € W'/>7(0, T; H*) c C([0, T]; H?). We claim that

T
max |[(u, — u)(Ollg2 + f flat(un — up)lPdsdt < Cllug,, — uollz2- (A.6)
1€[0,T] o Ji

Indeed, set w = u, — ux, which is the solution of d,w + aw”” = 0 with w” = w"” = 0 on 01 and w(0) = uo,, — uox. For
0<t<TandO < h<min(,T — 1), applying (A2) with u(t) = w(t + h) + w(t), f = 0 and ¢ = h™'(w(t + h) — w(1)),
we obtain

t+h h !
h71 f f(W//)Z _ h71 jo‘ f(w//)z — h71 L f(WU(T + h))z _ (WN(T))Z
t 1 1 1

= [ foste iy weoy SEERZIOE 7 Loty e R,
0 JI h 0 JI h

Letting # — 0 and using u,, € C([0, T]; H*) n H'(0, T; L?), we obtain

f W) + f f BOWOP = f W'Y0).
1 0 1 1

Since also [ w?(r) <2 [ w?(0) + 2T fOT [, 18,w*, we deduce (A76).

It follows from (A-6) that (u,) is a Cauchy sequence, hence converges, in C([0, T]; H*) NH'(0, T; L?). Passing to
the limit in the integral identity (A.2)) for u,, we obtain a solution u of (A-T)) in that class. Now let ¢ € C'([0, T]), with
¢ =0on [0,7/2] and ¢ = 1 on [, T]. The function v := ue satisfies d,v + av"””’ = g = af’'¢ + ud,p with v'/ = 0,
V" = f = feondl and v(0) = 0. Since u € C([0, T]; H*) € L*(Qr), hence g € LP(0,T; L?), and Bf € W%?(0, T; R?),
it follows from [9, Theorem 2.3] and uniqueness of solutions (cf. Remark [Eii)) that v € X, 1, hence u € X, 1o,
with

10| r 0,712y + ||VW||L/)(0,T;L2) < C(T)(“g”L/’(O,T;LZ) + ||Bf||W0-ﬁ(0,T;R2)),

which yields (A.4). 0

We now turn to the proof of Proposition [I.2i). Although one might directly apply a fixed point argument on
problem (I.13)), it will be convenient to prove existence by taking advantage of the convergence result in Lemma [9.1]
for problem (T.4), applied to a suitably defined kernel p and past data z,,. We stress that we did not use Proposition|I.2]
in the proof of Lemma[0.1] so there is no circular reasoning.

Proof of Proposition[I.2[i). We define
p(s.a) = e b(s) and  z,(s.1) = ¢(s) forall € (—c0,0]. (A7)

Then p, z, satisfy all the assumptions of Lemmaand ui(s) = fooo ae™b(s)da = b(s). It follows that there exists a
global solution ~
20 € C([0, T]; C' (1) N L™(0, 00; H(I)), (A.8)
with
20 € H'(O,T; L*(D) N L*(0,T; H*(I)), 0<T < oo, (A.9)
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of
b(8)0iz0 + 27" = (F ’(z6)) , in O,
7y =0, zy' = F'(z), sedl, t>0,
20(s,0) = @(s), sel,

obtained as limit as & — 0 of solutions z of problems (T-4).
The uniqueness part of Proposition[I.2(i) is a consequence of Lemma[9.2}

We next prove the additional regularity properties of the solution. Let T > 0, fix any p € (2,0) and set f :=
F’(z5). By (A:8), interpolation and Sobolev embedding, we have zp € H I=v0, T; H*) for all v € (0, 1), hence
f e L®(0,00; H), as well as Bf € H*(0,T;R?) for all k € (0,5/8), with Sup;s 1B fllp(re+1.:82) < oo. Therefore, by
Sobolev embedding, there exists 6, > 1/8 such that Bf € Wer(0, T; R?), with moreover

sup ||Bf||W9ﬂ~l’(r,r+l;R2) < . (A.10)

=1

By Lemma there exists a solution u € C([0,T]; H*) N Xo7 N X, 70 of (A). By uniqueness of solutions
(cf. Remark [A.1ii)), we deduce that u = zy. Moreover, owing to estimate (A.4) in Lemma [A.T] and the fact that
20 € L*(0, 00; H*(I)), we deduce (T.T8). O

We next give the proof of the energy identity for problem (T.13)). Although, at a formal level, the identity would
readily follow by multiplying by 9,z¢ and integrating by parts, more care is needed in view of the available regularity
of 2.

Proof of Proposition[I01] (i)Lett, >t >0and 0 < h < t, — ;. We write

th+h t1+h fh+h t1+h
257! f Eo(H)dt — 27! f Eo(tydt = h™! f f ((z)* +2F(zp) —h™! f f ((z)* +2F(z)))
153 t 153 1 t 1

= f f,[(a’;(T )+ 2F @ + W)] =[5 (D)) + 2F (1)

o R SAIALAA
1 1

On the other hand, by the weak formulation of (T.13)) (cf. Definition , for all ¥ € L¥(t1, tr; H*(I)), we have
15}
f f (o + )+ 20(0)" 0" + (F &y (x + ) + F Gy +b@zolT + 1) + Dyzo(r) s = 0.
n Ji

Taking & = h™'(zo(t + h) — zo(7)), we get

t+h t+h 53 _
2! f Eo(t)dt — 2™ f Eo(t)dt = — f f b(dyz0(t + h) + a,Zo(r))M
h n I

. fz f[ZF(ZO(T + h)) = F(z3(1)) — FE+h) - F'(Z{)(T))]M .

7o(t + h) — 74(7) h

Since zo € H'(0, T; L?), we have lim;,_,oJ; = -2 ft]tz f[ b(0,20)*dsdt. On the other hand, letting M := supy, Izl < o
and using that
‘F X)-F)

X-Y
for some constant ¢ = ¢(M, F) > 0, we get

5 LI+ ) - P o Ly
ol < 2¢ f f DTN <oer( sup PN+ - (ol )
H I 35 7e(t,T)

- FO0| <clX =Y, XLIYI< M,
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Now, by (AJ9) and interpolation, we have z € Wl30/c4’p(0, T;H') for all p € (2,), hence 2 € C} (0,T;L?) for all
a € (0,3/4), so that lim,_,g J, = 0. Using that zy € C([0, T]; H?), hence E, € C([0, T), the assertion follows.

(i1) This follows immediately by integrating the equation in space. O
We shall finally prove Proposition [I.2(ii). The w-limit set w(zo) is defined by (8-I) with & = 0 and we set
Sk:={Z€S; (Zb) =K}, KeR,
where, as before, S is the set of steady states, i.e. solutions of (T.16). We use the following properties of w(zo).

Proposition A.2. Let the assumptions of Proposition[I.2|be in force.
(i) The set w(zy) is a nonempty compact connected subset of H>(I).
(ii) We have w(zp) C S’KO, where K := (¢, b).

Proof. (i) This follows from the same argument as Lemma mi).
(i) By Proposition[T0.1[i), we have

f‘” fb(s)|6,20|2dsdt < Ep(0) < o0. (A.11)
o Ji

Let Z € w(zp). There exists a sequence f, — oo such that zo(t,) — Z in H>(I). Set z,(s,t) = zo(s,t, + 1) and
0 = (0,1) x I and identify Z(s, 7) = Z(s). By (A-I1)) we have

sup [lza(-> 1) = 2a (5 Ol gy, < f f |0:zu*dsdt < C f f b(s)|0;zol*dsdt — 0
Q o JI

te(0,1)

as n — oo. Consequently, lim, e |1z, — Zllz=(0.1:22(ry) = 0. Since, on the other hand, (T0.3]) guarantees that the sequence
2, is compact in L*(0, 1; H*(I)), we deduce that lim,,_,., ||z, — Z|| 1=0.1:52(1y) = 0. We may thus pass to the limit in the
weak formulation of (T.T3) to obtain, for any v € H*(),

‘ f " +F’(Z’)v’)ds‘ - ' f f " +F’(Z’)v')dsdz’ - lim' f f V" + F'(Z0 )dsdt
I 0 " Q

1/2
ffb@tznvdsdt| Slim(ffb(s)l@,znlzdsdt) Vllz2n = 0.
9] " Q0

Consequently, Z € S, hence Z € Sk, in view of Proposition ii). O

=lim
n

Proof of Proposition[I.2]ii). Based on Proposition[A.2] this follows from the same argument as Theorem [I|iii). [

Remark A.2. (i) Let us justify the statement in Remarki ) about the stability of the steady states W' = +1. If ¢ € H?
and ||¢” |l +l¢" — 1l is sufficiently small (the case with ¢’ + 1 is similar), then ¢’ (0) > 0 and E(¢) < no := min(n1, 12),
where E, 1,1, are defined in (T0.11), (T0.12). On the other hand, by Proposition[1.2}ii), the solution z(z) of (T13)
converges in H? to a steady state Zy. Therefore, E(Zy) = lim,e Eo(t) < E(qﬁ) < n1, hence Z; = 1 or —1. Assume for
contradiction that Z; = —1. Then lim;_,, 2’(0,1) = —1 and, since zo € C([0, 0); C L(1)), there would exist ty > 0 such
that 7(0, to) = 0, hence 2 < Eo(t9) < E(¢) < m1: a contradiction.

(ii) As mentioned in Remark[I1[i), if W is a steady state such that W' # =1, then W is unstable. More precisely
there exist initial data ¢ arbitrarily close to W in H* such that zo converges to a steady-state Zy such that ZyEW.

Indeed, since E(W) > 0, we may choose a sequence ¢, € H? such that lim,_ e ||¢, — Wiz = 0 and 0 <
E(¢,) < E(W). Let z,, be the corresponding solution of (LI.13) and Ey (1) the corresponding energy function. By
Proposition ii), 20.(t) converges in H? to a steady state Zy,,. Therefore, E(Zp,,) = lim,_,« Eq,(t) < E(¢,) < E(W),
hence Z; , # W'
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