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Abstract

In this work we study a system of an integral equation of Volterra type coupled to an original
renewal equation. This model arises in the context of cell motility ﬂa] the integral equation
describes the trajectory of a binding site which is connected via transiently remodelling linkages
to the substrate and which evolves driven by a given force. The renewal model accounts for the
remodelling process of linkages which attach and break with given probabilities.

In the present paper we analyze existence and uniqueness issues for the coupled system of
interest and provide a rigorous justification of the asymptotic limit of infinitesimally rapid turnover
of linkages.

The renewal model for the age distribution of linkages differs from more classical ones in that
it describes competition between population size and birth and because it admits a new and
specific Lyapunov functional. On the other side, using a comparison principle which applies to
non-convolution linear Volterra kernels and the peculiar transport properties of the linkages, one
establishes a convergence result when the turnover parameter ¢ tends to zero.

Abstract in french. Dans cet article, on étudie un systeme d’une équation intégrale de Volterra
couplée avec une équation de renouveau d’'un type particulier. Ce modele apparait dans le contexte
de la motilité cellulaire ﬂa] I’équation intégrale décrit la trajectoire d’un site d’adhésion connecté
au substrat par des liaisons protéiques éphémeres et soumis a une force extérieure. Le processus
de remodelage des liaisons qui se déchirent ou se créent sur ce site avec une certaine probabilité
est décrit par un I’équation de renouveau.

Ici, on analyse les questions d’existence et d’unicité de ce systeme couplé et on donne une
justification rigoureuse de la limite instantanée du taux de renouvellement des liaisons (noté ¢).

Le modele de renouveau pour la distribution de ’age des liaisons differe des modeles classiques
en ce qu'il décrit la compétition entre la taille totale de la population et le taux de naissance. Pour
tenir compte de cette derniere difficulté, on a exhibé une nouvelle fonctionnelle de Liapounov. Par
ailleurs, en utilisant un principe de comparaison propre aux équations de Volterra a noyau non-
convolutif, on établit un résultat de convergence losrque le parametre € tend vers zéro.
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1. Introduction

We consider the integral equation

1/°O (oelt) — 2t — ca)) pelat) da = f(t), 120,
0

€
ze(t) = 2p(t) t<0,
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Figure 1: The position of the moving binding site at time t and time ¢ — a1 with some of the respective linkages.
The scaling parameter is set to € = 1.

where z. = 2.(t) € R represents the time dependent position of a linkage binding site and the
function f(t) € Lip(Ry,R) represents a given exterior force. The kernel p. = p.(a,t) is interpreted
as the density of existing linkages to the substrate with respect to the age a > 0 and is defined by
the renewal model

Eatpa+aap€+<€(aat)pszoa t>0,a>0,

pe(a=0,t) = B(t) <1—/ pe(a,t) dd) , t>0, (2)
0

ps(avt:O):pI,s(a)v a’zov

with the kinetic rate functions . = f:(t) € Ry and (. = (.(a,t) € Ry, both possibly depending
on the dimensionless parameter € > 0 which represents the speed of linkage turnover. The two

submodels are finally complemented by their respective past and initial data z, € Lip((—o0, 0])
and pr € L'(Ry) N L®(Ry).

The system (IH2) is a model describing the mechanical effect of a set of chemical linkages
dynamically remodelled in time. For instance the cross-linking proteins attaching to actin filaments
in the lamellipodia of living cells can be modelled in this way. The complete model was introduced
and developed in ﬂa] A reverse coupling between both submodels was established through the
possible dependence of (., the on-rate and (., the off-rates on the geometrical configuration of the
mechanical structures where the binding sites are located. In the present study, however, we do
not take into account a functional dependence of these rates on the function z..

The integrin equation (Il) models a force balance between the time-dependent exterior force
f(t) and elastic forces exerted by a population of linkages which connect the moving binding site
to binding sites on the substrate. The competing force contributions are visualized in figure [ by
arrows.

Linkages are originally established between the moving binding site positioned at z.(t) and
the substrate at the very same position. As a consequence linkages with a given age a connect
the moving binding site to the substrate at position z.(t — ca) where the dimensionless scaling
parameter ¢ represents the ratio of the age scale in the p.-model and the time scale in the z.-model,
i.e. small e reflects rapid lifecycle of the linkage proteins.

The model () for the age distribution of linkages states that chemical bonds break, respectively
detach with a given rate (. = (.(a,t) > 0. Moreover, creation of new chemical bonds with a given
rate 8. = B(t) > 0 is proportional to the abundance of empty binding sites which itself is given
by the difference of the constant total number of binding sites, in this study scaled to 1, and the
number of occupied ones.

The renewal is visualized in figure[Il The grey arrows connecting the ball-shaped binding site
at position z(t — ay) to some of its past positions represent the set of existing linkages in the past.
When going from time ¢ — a; to time ¢, some of the connections break, some of them still exist
like the one connecting the point z(t — a2) on the substrate to the present position of the moving
binding site, and some linkages have been established in the meantime like the one connecting the
moving binding site to its actual position z(t).

In this sense we consider the above model to be a renewal equation, using intentionally the
same nomenclature as for similar and more classical renewal models (see for instance ﬂ] and



numerous references therein). In those models the generation of offspring is positively coupled
to the abundance of existing individuals and therefore one might call them self-renewal models.
However in ([2)) this dependence is inverse, i.e. the more chemical bonds exist, the smaller is the
pool of empty binding sites to generate new linkages. Below we detail what this implies for the
mathematical analysis.

In E] the asymptotic scaling, which induces rapid turnover of the linkage proteins, was intro-
duced and the formal limit as ¢ — 0 was computed. In the framework of the present study it is
given by

H1,00t20 = [ with (%) ::/ apo(a,t) da, t>0,
0

20(t = 0) = 21 := 2,(0) ,

(3)

where the limit distribution pg is explicitly given by

1 ‘o ~
e A e mrorriad S AL | W

being the solution of
Oapo + Cola,t)po =0, t>0, a>0,

po(t,a=0) = Po(t) (1—/000p0(d,t)dd> , t>0. (5)

Combining (@) and (@) we are able to give an explicit expression for the viscosity constant o,
which represents the macroscopic friction effect, in terms of the microscopic rate constants. In the
special case where the limit off-rate does not depend on age, (o = (p(t), the viscosity constant is
given by
1
p1,0(t) = - (6)
Co(t)(1 + Co(t)/B(2))

The macroscopic friction law (@) is similar to the Stokes Law. The biological setting we refer
to, the relative movement of actin-filaments with respect to crossing filaments and with respect to
the substrate, has conceptual parallels with the movement of solids on lubricated surfaces. In the
theory of lubrication as well, there exist friction laws depending on the speed of the motion ﬂa]

The existence and uniqueness of continuous solutions to Volterra type integral equations like
(@D is a well known fact ﬂ, E] and even an explicit representation formula for the solution in terms
of a resolvent function can be given [§, [1]. In our analysis, however, we are confronted with the
difficulty that these classical results do not imply a priori estimates on the solution and do not
provide a control which is uniform with respect to €, our scaling parameter. The renewal model
@) on the other hand is different in nature from those treated in the existing theory. The inverse
relation between the population size and the birth term does not allow, again, to apply techniques
presented in M, B] as for instance the Generalized Relative Entropy Method. In this work we
therefore develop specific tools to tackle all these peculiarities.

The program of this study is then as follows. First, for fixed e, we prove existence and
uniqueness results for the linkage age distribution model @) in C(Ry; L*(R4)) N L2 (R4 x Ry).
In a second step we also give existence and uniqueness results for the integral equation (). Then
we focus on the rigorous study of the asymptotic limit of the system as € tends to zero and we
show in a two step manner that (p., z.) tends in a sense defined below to the solution (po, z9) of
the formal limit system (3]), (@).

Concerning the age distribution model (2)) we establish that its homogeneous version admits

the Lyapunov functional
/ u(a) da
0

Hlu] := + /OOO |u(a)| da , (7)




which satisfies for any non negative time ¢

DHpo(.0) = 900 )] < G Hlpe(11) — pol-,1)] 0

The Lyapunov functional does not only yield a result on the convergence in time but also on the
convergence as the scaling parameter ¢ tends to zero. The convergence result z. — 2o is then
established via a comparison principle satisfied by certain Volterra integral equations.

The framework of our analysis relies on the following hypotheses on the on- and off-rates.

Assumption 1.1. The dimensionless parameter ¢ > 0 is assumed to induce two families of
chemical rate functions that satisfy:

(i) For any T > 0 the function B (t) is a uniform Lipschitz function in [0,T] and (:(a,t) is in
Lipt([o, T]; LZO(R+)), i.€.

G €L®((0,T) xRy) and  sup  |9iCe(a,t) < C .
a€R,, (0,7

for a constant C' > 0. Moreover we suppose that for a fized positive age ag > 0 the off-rate
C(a+1t/e,t) is monotonically increasing on [ag, 00).

(i1) For limit functions By € L° and (o € LY LS it holds that
¢ — COHLgOLgo =0 and |5 - ﬂOHLgO =0
as e — 0.
(i1i) We also assume that there are upper and lower bounds such that
0 < Gmin < (@) < Gmax  and 0 < Brin < Be(t) < Prmax
foralle >0, a>0 andt > 0.
The initial data for the density model (2)) satisfies some hypotheses that we sum up here:

Assumption 1.2. The initial condition pr . € L (R.) satisfies

e positivily
pre(a) >0, ae inRy,

moreover, one has also that the total initial population satisfies
0< / pre(a)da < 1.
Ry
e boundedness of higher moments,

O</ a’pre(a)da<c,, forp=1,2,
Ry

where ¢, are positive constants depending only on p.

e there exists a constant denoted Amax > ag S.t.

/ apl75(a) da S Amax/ p]ﬁg(ﬂo da

0 ao

uniformly in €.

Concerning the integral equation (II) we assume



Assumption 1.3. The time dependent rhs [ = f(t) in @) is a uniform Lipschitz function on
[0,T] for any T > 0. The past condition z, belongs to Lip((—o0,0]), the set of uniform Lipschitz
functions on R_.

We are then able to claim our main result:

Theorem 1.1. Let assumptions [[1, [[L2 and [.3 hold. For every fized ¢ there exists a unique
solution of the coupled system (IHD), (2, p:) € C°(Ry) x (C°(Ry; LY(Ry))NL>®(R2)). Let (20, po)
be the unique solution to the formal limit system [33A), then for every T > 0 it holds that

l[2e = 2ollcopo,7) + lPe = Pollcogo. 7y i@, y) = 0
ase — 0.

2. Existence and uniqueness

Theorem 2.1. Let assumptions (L1 and [L.2 hold, then for every fized € there exists a unique
solution p. € CY(Ry; L*(Ry)) N L>®(R%) of the problem [@). It satisfies @) in the sense of
characteristics, namely

Be(t — ea) (1-]11%+ pe(@,t — ca) da) exp (= [0 C(a,t —ela—a)) da) , a<tfe,
pre(a—t/e)exp (—%fgcs((f—t)/a—ka,f) df) , a>t/e.
9)

Proof. The existence proof relies on the Banach-Picard fixed point theorem in C°([0,T]; L*(Ry)).
Indeed for a given function m € C°([0,T]; L'(R;.)) we define n := T (m) as

Be(t — ea) (1 — fR+ m(a,t — ea) dd) exp (= [y ¢e(a,t —e(a—a)) da) , a<t/e,
pre(a—t/e)exp (—% f(f C((t—t)/e+a,t) df) : a>tle.

For regular data n would solve

pe(a,t) =

n(a,t) :=

edm + Oan+(n=0, a>0,te(0,7],

n(a =0,t) = B(t) (1 —/ m(d,t)dd) ) t>0,
Ry

n(a,t =0) = prc(a), a>0.

hypotheses on p; ., B and (. imply that 7 is indeed an endomorphism of C°([0,T]; L*(R4)). It
is also a contraction for a time 7" small enough since it holds that

/BmaXT
In2 = 1 llcoo,ryzr ey < — —llm2 = mallcogo,ryicr zy)) -

where n; := T (m;) for i = 1,2. Thus there exists a unique fixed point in C°([0,7]; L*(R)) by
the Banach-Picard fixed point theorem if Ty < €/Bmax. As this timespan is fixed the result can
be extended to [Ty, 2Ty], [2T0, 3To] etc., giving existence and uniqueness in C°(R4, L' (Ry)) of pe
such that p. = T (pe), which is exactly ().

O

Lemma 2.1. Let p. be the unique solution of problem [@l) according to Theorem [Z], then it
satisfies a weak formulation of this problem, namely

T
/ / pe(a,t) (e0kp + Oap + Cop) di da—a/ pe(a,t)p(a,t =T) da +
Ry JO

Ry

T
—I—/O pe(a=0,t)(0,t) dt + E/]R pre(a)pla,t =0)da=0, (10)

+

for every T > 0 and every test function ¢ € C*°(R3) N L>(R2).



Proof. Suppose that p. satisfies ([@). We set

T
J ::/ / pe(a,t) (€0 + Oap) dt da .
Ry /0

Performing the change of variables x = (a—t/¢)/2,y = (ea+1)/2, one transforms R x (0,7") into
O ={(z,y)} = QUQs where Qy :=]-T/(2¢),0[ x |—ex,cx+T /2] and Qs :=]0; 00[ X Jex,cx+T/2].
Setting @(z,y) := ¢(a,t) one has then that

€0y + Oup = €0y ,

and
J = / Pe€0y @ dy dx +/ pe0ypdy dr =1 + 15 .
Ql QQ

We treat each term separately because they correspond to the two cases of Duhamel’s formula.
strT/Q
I = / / 0, —ex) g(z,y) €0yp(z,y) dy dx .

The function g(z,y) := exp ( fo CE a,e(a —2zx)) dd) is in H)(] —ex,ex+T/2[) since ¢. € LY,
and it holds that ¢ is C*° C H; Hence the integration by parts is well defined,

0 —catT)2 ex+T/2 y
I = / pe(0, —ex) {6 l9(z,y) @l =" "~ / Ce (w + 2y Ew) 9(z,y)@(z,y) dy} dx
_xT 0

0
= a/ pe(0, —ex) {@(z,ex + T/2)g(x,ex + T/2) — p(x, —ex)} do — / Cepep dy dx

and similarly one gets the complementary result for I, which ends the proof. O

In the following two Lemmas we prove bounds on the moments of p. which we denote by
tpe(t) := / alpe(a,t)da, wherep=1,2.
R

Lemma 2.2. Let assumptions [l and L2 hold, then the unique solution p. € C°(Ry; L*(Ry)) N
L>(R2) of the problem @) from Theorem 21 satisfies

pe(a,t) >0 ae in RY and

Homin < foe(t) <1, VteRy where pigmin = min (u07€( ), A) (11)
ﬁmln + Cmax
Proof. First, we show that p.(t) <1 and p. > 0 for all times. We start with initial data which
satisfies both properties, hence 1i0:(0) = [|p=(., = 0)||z2 < 1. Due to the continuity of ||p.|/z1 it
holds that poc(t) < ||pe(-,)||z1 < 1 at least on a time intervall [0, 7] small enough. On that time
interval it also holds that p. > 0 for all a > 0, since due to (@) its value is obtained by transport
either from the the nonnegative initial data pr . or from the positive boundary.
Assume that 10, (7) = 1. We use that p. satisfies the weak formulation (I0). Choose ¢(a,t) =
»(t) > 0 to obtain

T 0o
~/0 [_Mo,agaﬁp + (p(t) A Cepe da — (p(t)pa (07 t) di+e (MO,&(T)QP(T) - MO,&(O)@(O)) =0. (12)



This implies

T
e{=p(T)(1 = p0.(T)) + p(0)(1 = o (0))} < /0 (—€0ip + @(t)Be(1)) (1 = po, (1)) dt

IN

T
| et o(0)Bn) (1= o)
0
Set ¢ = exp(tfmax/€) to obtain that

(1 - /LO,s(T)) > eXp(_Tﬂmax/a)(l - .uO,E(O)) >0

contradicting the assumption pg-(7') = 1. Duhamel’s principle formulated in (@) then directly
implies
0 < pe(a,t) < max(Bmax, [lprell) . ae (at) € (Ry)>.
In order to obtain a lower bound we set i(t) := o (t) — p0,min With fio,min as defined in (ITJ).
According to the same definition, we start with an initial datum which satisfies 110,¢(0) := pr e >

140, min- The formal computation yields 0;fi > — uoB -

it which we can confirm in the same way as

min

the upper bound: observe that i > 0 on a small interval [0,T] due to the continuity of pg.. As
above we assume that (7T) = 0 and obtain

& (10,e(T) = p0,min)P(T) = (110, (0) = p10,min)p(0)) =

T 00
= /0 [(MO,& — [40,min)E0: 0 — So(t)/o Cepe da~+p(t)(Be(1 — poe))| dt >
T
> /0 [(NO,E - ﬂO,min)Eat(p - (p(t)CmaxMO,a + (p(t)(ﬁmin(l - NO,E))] dt =

T
= /O [(:UO,E - ,UO,min)(Eat@ - Sﬁ(t) (Cmax + ﬂmin)) + Sﬁ(t) (ﬂmin - ,uO,min(ﬂmin + CmaX))] dt > 0.

By choosing ¢ = exp(t((max + Smin)/€) and using the definition of p min, we conclude that

(/LO,E(T) - ,UO,min) > eXp(_T(CmaX + ﬂmin)/s) (:u07€ (0) - ,UO,min) >0 )

which contradicts the assumption pig o (T') = po,min and thus finishes the proof of the lower bound

in (II).
O

In a more straightforward manner one gets for higher moments as well
Lemma 2.3. Let assumption .2 hold, then
. Hp—1,mi
Hp,min < Mp,a(t) <k fOT p=1,2, where Hp,min ‘= MIN (lffp,a(o)u %) )
max

and the generic constant k is independent of both time and €.

Proof. The proof is made by induction. The case of the zeroth order moment is already treated
as g, which is uniformely bounded by 1. We set g. x(a,t) = a¥p.(a,t) for k = 1,2 and assume
that the property is true for £ — 1. It holds that

Eatqé‘,k + aaq&,k + CEQE,]C — Ple k-1 = 0 , a> 07 t>0 ’
¢ek(a=0,t) =0, t>0,
gex(a,t =0) =a*pr(a), a>0.
After integration in age one obtains
d

6—/ ¢ek(a,t) da < — Cminde,k(a,t) da+p/ Gek—1 da
dt Jg, Ry Ry



which by Gronwall’s inequality implies

Smin?

/ Gek(a,t) da <e” "¢ / akplﬁ(a) da + k sup / Qe k—1(a, s) da .
Ry Ry +

s€[0,t] JR

Now take the supremum with respect to 7" on both sides. The fact that the property is true for
k — 1 ends the proof.

For the lower bound we proceed as in the case of Lemma [2.2] so we just give the formal sketch
of the proof: for any constant ¢ one has

58t (,U/p,s - C) Z _Cmax(,up,s - C) - CmaxC + ,Upfl,s (t) Z _Cmax(,up,s - C) - CmaxC + ,Uprl,min .
Two situations occur:

o cither 1, c(0) > fip—1,min/Cmax- We S€t ¢ := p—1 min/Cmax- One gets after integration in

time
o (msaxt (Mp7€(0) _ le,min) >0.

Cm ax

Hp—1,mi
fpe(t) — rp—_,min

Cm ax

Y%

® Or £ (0) < fip—1,min/Cmax- In this case setting ¢ = p, - (0) gives, after integration in time,

1 ¢ _ (t—s)Cmax
,Up,s(t) - /Lp,s(o) > g/ € € ds(_cmaX.Up,s(O) + /Lpfl,min) >0,
0

which ends the proof. O

Lemma 2.4. Consider the expectation value of a given density p. with respect to the tail a > t/e,

I ape(t+a,t)da
fo Ps(;"‘avt) da

then under assumptions [l and[L.2, one has

Aclpe](t) := (13)

Aclpe](t) < Amax  a.e. t > 0.
uniformly wrt €.

Proof. Observe that % p. (L +a,t) = —1(.(t/e + a,t)p(L + a,t) and that

oo

d

G0 = A0l (- [ ql,s,tm)écs(t,t/am ot [ er@Iett/e +a)da)

where

t
ape(z +a,t
qusﬁt(a) — foo 8(5 )

pe(t +a,t)
and a) = =
o aps(é +a,t) da G0.e(a) f

QOO ps(% +a,t) da

Let Qi := foa ie(@)da and define the transformation T, ¢(a) := Qi;7t(Q0751t(a)) which allows
to rewrite the above identity as

G0 = 20000 (= [T a00s @G0/ + Tesl@) ) = Gt/ +a0) da) . (1)

Finally observe that T; ;(a) > a since the inequality Qo (a) > Q1.+(a) is equivalent to

folapa +a,t) fopg +a,t) da
flooapg( +a,t) fl pe(Lt +a,t)da’




which can be easily verified. If (. were monotonically increasing with respect to a, then the right
hand side of (I4)) would be negative. In the weaker case defined in the assumptions of the present
Lemma, where (. is only monotone on [ag, 00), define

_ pe(a,t) a>Lt+ag
a,t) = €
pe(a.t) { 0 otherwise,

to exclude the area where the decay rate is not monotonically increasing. For fixed ¢ > 0 either it
holds that p = 0, which directly implies that A.[p:](t) < ap < Amax, Or in the opposite case we
use that [ pr.(a,t) da > 0 and obtain

AE[pE](t) S AE [ﬁs](t) S As [ﬁs,[] S Amax;

where the first inequality can be reduced to (&), while the second one is due to an analogous
application of ([4]). The integral in the numerator is bounded because the first moment of the
initial datum p;y . is bounded. O

We give existence and uniqueness results for ().

Theorem 2.2. Let p. € C°(Ry; L' (Ry)) N L*°(RY) be given and let assumption [L3A hold, then
there exists for every fized € > 0 a unique function z. € C°(R,) solving ().

Proof. Setting k.(a,t) := ﬁ%ps(%‘i,t) we write () as
! . P 1 S .
z:(t) —/0 ze(@)ke(a,t) da = f., with f.(t):= 8#016(t>f(t) —I—/t zp(@)k:(a,t) da

for all ¢ > 0. Using the results of Theorem 2Tl we obtain that according to section 9.5 in ﬂ] (Def.
5.2 and Thm. 5.4) the kernel k. of the integral equation is of bounded continuous type, which,
together with the continuity of f.(¢), implies the existence of unique solution z. € C°(R.). O

3. Convergence

Consider the difference p. := p. — po. A formal computation using ([2) and (B]) implies that it
satisfies

EatpAa'f'aapAa"'Ca(aut)pAa:Raa a>0,1>0,

ﬁs(a:O,t):—ﬂs(t)/ po(@,t) d+ M. | £50, (16)
0

/36(0’7t:0):pEJ(a)_pO(a?O)7 CLZO,

with R. := —e0:po — po(¢c — (o) and M. := (B — Bo) (1 — fooo 00 da). Like for its counterpart p.,
we find that p. satisfies the above system (6] in the sense of integration along characteristics.
Namely combining the system (@) with (@) we obtain:

Corollary 3.1. The function p. satisfies the following integrated version of (L0,

(—B:(t —ea fo he ea)) da + M.(t — ea)) exp (— [ ¢(a,t —e(a — a)) da)
A —I—fo (a —a) exp( f(sat e(a—a))da)da a<t/e,
el ) = (Ps,l((a—t/f))—Po((a—t/f) Dexp (=1 o (F )/ +a. ) di)
—l—%ngE(f)exp (—%f;g ((t—1t)/e +a,t)dt)dt, a>tle.
(17)



Finally we formally multiply (8] by sign(p.) to obtain

56t|ﬁa| + aa|ﬁa| + Ca(aat)|ﬁ5| =R. Sign(ﬁa) ) a>0,1t>0,

pela = 0,8)] = '—ﬂs(t)/ po(a,t) di+ M.| | £50, (18)
0

|ﬁ5(a,t:())|:|p571(a)—p0(a,0)|, @207

which we also re-interpret using the method of characteristics:
Lemma 3.1. |p.| satisfies the system [A8) in the same way as pe fulfils [I08]) in the sense of ([T

Proof. We reparametrise (7)) like in the proof of Lemma 21 by p(x,y) = p(a,t) and obtain
€0y pe+Cep: = R in the domain 4 U, parametrized by the variables (z,y). Solving this equation
in the y variable and thanks to the assumptions it is easy to show that p. is indeed continuous with
respect to y for every fixed x. Thus one can write in the weak sense that 0,|p.| = sign(p<)0, p- for
every fixed x. Thus €0y|ps| + ¢ |pe| = sign(p:)R. holds a.e. with respect to y for every fixed z.
We then integrate and transform back to obtain the system which is the analogon to (). Using
Lemma 2T] one concludes then that |p.| solves (I8) in the weak sense. O

Taking advantage of both systems (@) and (I8)) we find that

Lemma 3.2. Let (min > 0 the lower bound to (:(a,t) according to assumptions 1] and let p. be
the solution to (I6), then it holds that

d N 1 . 2
EH[PE] < —ngin’H[Ps] + z (IRl L2 () + [Mc]) (19)

in a weak sense analogous to equation ([I2).

Proof. Observe that the integrations in this proof are expressed in a formal way but can be made
rigorous in a weak sense like in the step leading to (I2]).
On one hand the system (8] implies that
d o0 R 1 oo R o0 R o0 1 . R 1
7 |pe] da < — | Be pe da| — Ce |pe| da | + —Resign(pe) da+ —|M| . (20)
tJo € 0 0 0o € €

On the other hand using (6] we write

d [ 1 o & 1 [ 1
< ﬁada——(—ﬂa/ ﬁsda—/ csﬁsda)+—/ Reda+ LM, |
dt J € 0 0 e Jo €

which implies
o0 ~ 1 o0 ~ . o0 R o0 R
/ pe da| = — <_ﬂs / pe da| — sign </ p5> / CePe da) +
0 € 0 0 0
(o] 1 o0
+ sign (/ De da) g</ R- da+ME) . (21
0 0

The sum of (20) and (ZI)) controls the evolution of the functional (),

d 1 oo o0
_H[ﬁa] < __/ Ce (lﬁal + sign (/ Pe da) ﬁa) da+
dt € Jo 0

=:A

1 oo (e o) 1 oo
+ E/ (sign (pe) + sign (/ De da)) Re da + B (|M€| + M. sign (/ De da)) , (22)
0 0 0

where it is easy to check that A > 0 for almost any age a and any time ¢. We therefore conclude

d R min OOA o0 R 2 o0
o <= ([ aal [T iptan) 42 ([T 1R da o)
€ 0 0 € \Jo

which implies the result. |

d
dt
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We add three remarks which explain and illustrate the consequences of the above crucial
Lemma:

Remark 3.1. Under more general conditions then in the present study, namely without a positive
lower bound on (. as assumed in assumption[I1, the functional () is still a Lyapunov functional.
If R = M. = 0 it satisfies
d_, .. 1o
EIH[pS] = _ECEH[pa] <0
in a weak sense analogous to equation ([[2)). Hence, up to a scaling factor, it decreases at an

exponential rate which is a certain mean value of the decay rate, (. := fooo C(t,a)m(a,t) da where

m(a,t) stands for the probability density w(a,t) := (|p<| + sign ([f;~ pe) pe) /H[p<) (cf- @2)).

Remark 3.2. Under assumption [, the Lyapunov functional does not only control the solution
pe in the LY norm but it also controls fic := po . — po which is related to the boundary value at
a =0, for any time.

Remark 3.3. Let the data be such that R. = M. = 0 and let assumption [L1] hold, then (8)
implies time asymptotic exponential convergence of p- towards py wrt the LL norm as well as of
the averages [, towards fig.

Lemma B2 implies the result on p. as € — 0,

Lemma 3.3. Let (in > 0 be the lower bound to (. (a,t) according to assumption[I ], then it holds

that ,
5 “Smint
H(pe(-,t)] < Hlper — po(,0)]e = + =

1Re s e + 1M

L (Ry)
for allt > 0.
Proof. We intend to apply Gronwall’s inequality to the inequality () given in the weak sense.

Hence we choose the testfunction ¢ = exp((o/et) as it was done in the proof of Lemma and
obtain

. . —Cmint L) o0 . .
Hlpo(1)] < m%uwes+/es;(/ mmmnm+mu)w
0 0
R —Cmint 2 —Cmint
< (0 b (1 e ) IRy + IVl e
which implies the result. O

Theorem 3.1. Let p. be the solution to the system ([2l) according to Theorem [21] and let the pg
be as defined in (@), then it holds that

pe = po in C°J0,00);L'(Ry)) as €—0,

where the convergence with respect to time is in the sense of uniform convergence on compact
subintervals.

Proof. This is an immediate consequence of Lemmal33] because it holds that [H[ps, 1 —po(.,0)]] < 4
due to (@) and assumption [[2 and because the residual terms tend to zero in the respective norms
as € — 0 by assumption [T} O

Remark 3.4. Note that in general p. 1 does not converge to po(.,0) in L} ase — 0. A boundary
layer will be observable if their difference does not oscillate and its profile will be shaped like a

Smint

multiple of e <, which is again a consequence of Lemmal[3.3.

In the opposite case we obtain

11



Corollary 3.2. Considering the asymptotic behaviour as € — 0: Under the additional assumption
that pe.r — po(.,0)) in LY (Ry) it holds by coercivity that H|p-.1 — po(.,0)] — 0 and therefore the
convergence p. — po in LY is uniform with respect to t € Ry. In fact it holds that

2
Cmin

We need to estimate the convergence of the first moment as well:

|‘R€HL§(R+) + |Ma|

lp — pOHLf"L}I <sup H[pe] < Hlpe,r — pol.,0)] + :
t>0 L (R4)

Lemma 3.4. Let p. be the solution to the system (@) according to Theorem [2] and let py be as
defined in @), then it holds for t > 0 that

o0 —Cmint e 1
| o= ol da< = [T alps@) = a0 da —-C
0 0 min

where the family of constants C. € R is such that Ce — 0 as € — 0.

Proof. The proof follows the same lines as above, but is simpler because the presence of the factor
a cancels boundary terms. Indeed, integrating (I8]) against a by setting ¢(t, a) = ap(t) in its weak
formulation we obtain the weak formulation of

56,5/ alpe| da = —/ C8a|ﬁa|da+/ |p}|da+/ aResign(pe) da
0 0 0 0

IN

—cmin/ alp.| da+ K. ,
0

where K. := [ |pe| da + ¢ [;° a|dpo| da + |[¢ — CollLee, (m2) Js" lapo| da. An argumentation
which is analogous to the one in the proof of Lemma implies that

e —Cmin? o 1 “Smint
| el do< e [T alp@o) dat —— (1-e7) . (23)
0 0 Cmin
for all ¢ > 0, where C; := ||K5||L§°(R+) satisfies C. — 0 as ¢ — 0 due to Lemma and

assumption [T} Indeed one has

/ apo(a,t) da < ﬂ;nax and
Ry

max

(24)
[l @.0) da < KGuins G I8 10 17,
.

Since the first moments of py and p. ; are bounded by (24) and assumption respectively, the
expression [;~ a|pe(a,0)| da in @23) is uniformly bounded, which finishes the proof, O

Having defined properly, for any fixed e, the solutions of the coupled system (IH2]), we are
finally able to prove the main theorem: as € goes to 0, (pe, z:) tends to (po, 20), which solves the
limit system (&]).

Setting Z. := z. — 29, where 2 solves exactly (@), one has:

1 OO = = —
- /0 (2:(t) — Zo(t — €a)) pe(a,t) da = h.(t)

g

with ho(t) = f(t) é/ooo(zo(t) — ao(t—ca))p. da . (25)

To prepare the proof of the main theorem we state

12



Lemma 3.5. For 0 <t < T it holds that

{ min =
el ey < Cexp <— & ) LGt G (26)

for constants C1 > 0 and Cy > 0 and a family of constants C. > 0 with C. — 0 as € — 0.

Proof. We concentrate on the second part of the rhs,

t/e pt e
che(t) =ef(t) — / / Orz0(s) ds pe(a,t) da — / (z0(t) — zo(t — €a))pe(a,t) da

€

/t/g/taa Hlodspaat /5 0 Hlodsﬂa(a 1) da
L oo [ [ 2 ene

=1

+ef(t) / / dspsatd —/
tsa/l’lo € OMIO

Due to the regularity assumptions[[.Ilon §. and (. and the assumptions on f(t), it is easy to
prove that the function g := f/u1,0 is uniformly Lipschitz with respect to time with a Lipschitz
constant L,. This implies

) ng{/Ot/E/;a@—s) dspeant)das [ /Ota—s) s pe(a,1) da}
_ % {/Ot/g(aa)st(a,t) da+/: 2p.(a,t) da}

Ly Ve o 2 e’Lg 2
> / (ea)?pe(a,t) da—i—/ (ea)pe(a,t) da p < 5 H2e < Cae”
0

t/e

ds pe(a,t) da

IN

where pi2. := [ a?p:(a,t)da. The upper bound of Lemma [Z3] allows to state that the constant
C5 does not depend on €. On the other hand

t/e oo
[lo| = |ef(t) — /0 Eau{_it()t) pela,t) da — /t t#fit()t) pe(a,t) da
_ = ap:(a, t) f) [~
= Ef(t) {1 — /0 T@da} + lul_’o(t) /tg (EG — t) pa(a,t) da
f

<eg|l—
H1,0

L>2(0,T) <|N1’O(t) — e+ /to: <a - E> pe(a,t) da ) ,

where, using the second case in (@), it holds that

/ (a — é) pe(a,t) da < Nl,e(o) exp (_K%> for ¢>0.

t/e

This, together with Lemma [3.4] defines the constants C; and C. in the result. O

Now we are ready to prove the main theorem.
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proof of Theorem[I 1. The idea of the proof is to use a comparison principle to construct a ma-
jorizing function U, > |Z.| such that U, — 0 as € — 0.

The comparison principle applies to the integral equation (23] in a rewritten form, namely by
setting k.(a,t) := ﬁ%pg(t*& t) it becomes

He e

2 (0) = [ 2@ k() da+ he with h(t) i e— D (k@) da
zs(t)—/o Ze(a)ke(a,t) da + he  with  h.(t) .—aug(t)hs(t)—i-/ c(a)ks(a,t) d (27)

for all ¢ > 0. For the kernel of this integral operator we find that
t t/e t t
og/ ke(a,t) d&:/ P=(0D) 10 <1~ o (0) exp (—ﬁ> <1,
0 0 1= (t)

which implies that the Volterra kernel k. is of modulus

¢ ~ ~ T max
|||k5|||Boo(0)T) = sup / |ke(a,t)|da <1 — up(0)exp (——C ) <1
0<t<T Jo €

according to the Definition 5.1 in chapter 9 of [1]. Hence, by Proposition 8.1 and the generalized
Gronwall Lemma 8.2 (p. 257) in chapter 9 of |1] a comparison principle holds: the control of the
right hand side of of the equation implies the control of the solution. First observe that

2.(t)] - / 5 (@) (6, 1) da < || |

We will construct a function U, which satisfies

1 0 t

ol [ @@ a<uo- [ varana )
3 —00 0

=hie =iha.c

|he(t)] <

and hence is a majorizing function such that U.(t) > |2.(¢)| for all ¢ > 0 due to the comparison
principle.
To find such a function U, we also split up the integral operator applied to U,

Ug(t)—/0 U.(a)k(a,t) da =

_ /_ too (U.(t) = U.(@)) ko(a, 1) da+ /_ OOO U.(a) k.(a,t) da
_ /OOO </tia a,.U.(f) df) pu(‘zt)t) da + /too Ue(t — a) pﬂ(‘ztf) da =: Hy .+ Ho. ,

and intend to specify U, such that H; . > fLLg and Hy . > Bg,a. To this end we make the ansatz

1

t -
U.=eC+ —— {fo ”haHLw(E’T) dt t>0,

(29)
t || el Loo (0,1) t<0,

M1, min

with a constant C' > 0 which we will choose appropriately. The motivation for this ansatz is
the following. Both, the integral equation (27)) and the formal limit equation (B]) represent a
growth dynamic with the growth given by the inhomogenity. To construct the majorizing function
we hence take a suitable norm of the inhomogentiy and combine it with the structure of the
formal limit function, since this can be given explicitly. This explains the integral part in (29]).
Furthermore, setting ¢ = 0 in (27), one observes that z.(t) = O(¢) due to the Lipschitz-continuity
of the past data z, according to assumption This motivates the additional eC term in (29)),
where C' > 0 will be chosen large enough.
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Since U, is differentiable one can rewrite H; . and verify that it controls i~1175,

[e'e] t 5 B t)
a,U (1 dt> () 4y >
»/(; (»/i;sa ! () Na(t)
1 > ! ~> ps(avt)
hE =] dt da:
— < [ Ml af) 222

_ &, =(t)
/1'8( )/1*1 min

Hi (1)

v

1 -
|hell oo,y > Eﬂ (t)' he(t)] = ha£(t)

a.e. on R;. For the difference of the second components we find that

- S t 0
HQ,E_hQ,E:/ U(t — ca) pe(a, )da—/ |2.(a) |k (@, t) da

t/e He (t) —00

e hE had 5 7t
:/ (aC+(t—5a)7” =) —|25(t—aa)|) pe(a) 4,

t/e M1, min /140 E(t)

- [ (s e Bt ) 2R
z/ooo (aC+(—a ylhelli=oa) _ E;L'fm:n Le ) pe(c t? )
)

o0 hell e
:E/ (C_G(MH))(ia 00
0 M1, min ()

where L > 0 is a Lipschitz constant for Z = 2, — zp on R_ according to assumption[[.3 and C has
to be chosen such that

o> (||ha|L°°(0,T) N L) fOO:Oa Pe (; +a,t) da
M1, min fO Pe (E + a,t) da

using the uniform in € bound on the expectation value of the tail established in Lemma [Z4l The
comparison principle which we discussed above applied to (28] finally implies for all 0 < ¢t < T
that

0 < |5()] < U.(t) = =C + /nh lpwgery df 0 as 0

M1, min

due to Lemma 3.5 hence z. — zo in C°((0,7T)). O

4. A simple example

We give here a simple example illustrating the approximation performed when using system
@HI) in order to approximate system (GH3]).

Lemma 4.1. We set both (. and B to fized values independent on €, i.e.

CSZCOZCa Bazﬁozﬁ'
Moreover defining the initial condition at equilibrium:

B¢
B+¢

We obtain poe = pio0 = B/(B+¢), e = pro = B/(C(B +¢)) and po(a) = pooCe * and then

one solves directly equation ():

ze(t) = t Lds —i—sm + L /OO zp(—ea) po da ,
0

0 M1,0 Ho,0  H0,0

Pl,e = Po =

15



and hence

() — zo(t) = 2 /0 21(s) exp <%) ds

Ho,0 —co

with zo(t) = z,(0) + fg f(s)ds/p1,0. Note that the last term is an € order term according to
hypotheses [I.3, indeed it holds that

’/Ooo 2! () exp (Ca—s) ds

Proof. In this case one can rephrase the equation for ¢ > 0 as

oty = & tzs(s)exp <_@> ds_5%+§/_:zp(s)exp (_@) ds .

€ Jo

€
< Z”ZP”WLOO(R,) :

Due to the separation of variable made possible by this specific form of the kernel, one can rewrite
this equation for all ¢ > 0 as

1) - S Ot 4= ()ds = e exp <g> ? w2 Ooo 2p(5) exp (<—> s (30)

where

4e(t) = 22(t) exp (9) >0,

Note that for ¢ = 0T the integral equation provides the initial data

0

q-(0%) = ef(0)/po.0 + g/ﬁoo zp(s) exp (%) ds .

Differentiating ([B0) for strictly positive times, one gets

(4
G=(t) = ———=((f() +ef'(1) , t>0.

qa(t) - g 10,0

Solving this differential equation in ]0,7[ and using the initial data given above, one gets

ge(t) = exp (gt) (E% + g/_ooo zp(8) exp (i_s) ds + /Ot ﬁ(s) ds) ,

where we used that p1,0 = po,0/C. O
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