FRICTION MEDIATED BY TRANSIENT ELASTIC LINKAGES :
ASYMPTOTIC EXPANSIONS AND FAT TAILS*

SAMAR ALLOUCH! AND VUK MILISIC#

Abstract. We construct an asymptotic expansion for the integral delay operator already intro-
duced in [7, 8] and show how to improve convergence rates already obtained in the latter papers.
Moreover, we weaken one of the major hypotheses made on the off-rates in our previous works : we
do not assume exponential decay of the linkages’ density. Instead, polynomial decrease is allowed,
leading to stronger adhesions and slower motions of adhesion sites.
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1. Introduction. This work is a continuation of a series of works related to
the mathematical study of adhesion forces in the context of cell motility (see [1], [7],
[8], [9] and [10]). Cell adhesion and migration play a crucial role in many biological
phenomena such as embryonic development, inflammatory responses, wound healing
and tumor metastasis. The adhesion model discussed further has been designed at
the scale of a single binding site [13, Chapter 5]. Lately, it has also been used at the
mesoscopic cell scale ([3], [11]). The cell is modelled as a point particle whose position
on the real line is denoted X. and depends on ¢. The position X, is obtained solving
a force balance equation

1
(1.1) € /R+ (Xe(t) = Xe(t —ea)) pe(a,t)da = f(t), >0,
Xc(t) = Xp(t), t<0,

where f is an external force and the left hand side a continuum of elastic spring forces
with respect to past positions. The density of linkages p. is either a given function or
it can also be a solution of an age-structured model [12, 14] :

(€0 + 0y + ((a,t)) pe(a,t) =0, (a,t) € Ry x (0,T),
(1.2) p=(0,1) = B(t) (1 —/]R ps(avt)da> » (a,t) € {0} x(0,T),
p=(a,0) = pi(a), (a,t) € Ry x {0}

In the latter system, 8 € R4 (resp. ¢ € R, ) is the kinetic on-rate (resp. off-rate)
function and the speed of linkage turnover is represented by the small parameter
known as ¢ > 0 ([7], [8], and [9]). Under the assumption that the death rate ¢
admits a strictly positive lower bound (pnin, in [7], the authors studied rigorously the
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asymptotic limit of the systems (1.1) and (1.2) when ¢ goes to zero. They obtained
the convergence results

| Xe — Xollcoo,m) + llpe — pollcoco,m;nr sy — 0,

where the limit X solves
(1.3) o) Xo = f(t), t>0,
' Xo(t=0)=X,(0), t=0,

where 411,9(t) denotes the first moment of pg, namely 11,0(t) :== [, apo(a,t)da and
po satisfies :

Oapo + C(a,t)po = 0, t>0,a>0,

4 la=0.0=5(0) (1= [ mit.a) da). t>0

We underline that, to some extent, the ¢ scaling can be associated with the long time
behavior of solutions of (1.1) and (1.2) [11, Theorem 4.4].
In [7],using the Lyapunov functional

/000 u(a)da

the authors have proved the convergence of p. towards py. In the same article they
showed as well the convergence of the position X. thanks to a comparison principle
specific to Volterra equations [4, Chapter 9, Section 8]. Here as well, the main goal
is to study the asymptotic behavior of solutions of the coupled problem (1.1)-(1.2)
under two major constrains :
1) increase the order of approximation with respect to ¢,
2) weaken hypotheses on ¢ allowing p. and pg to have fat tails with respect to the
age variable.
More precisely, we aim at constructing the N*"-order asymptotic approximation
of the solution X, satisfying (1.1) as

(1.5) Hu] =

+Amwwwm7

(1.6) XQN = Xouter(t) + Xinnezr(T) + O(€N>7

where 7 = t/e is the stretched variable. The construction of this asymptotic develop-
ment is done in two steps. First, we construct X, containing a series of macroscopic
correctors in power of €. These correctors are valid away from ¢t = 0. Next, we con-
struct X;,ner containing microscopic correctors that correct the fast variation near
the boundary layer at ¢t = 0.

We start by studying problem (1.1) with a given non-negative density of linkages
p such that

Ry
UN41 = / (1+a)NT1o(a)da < 400
0

and such that it is not compactly supported (cf. Hypotheses 1 for a more precise
definition). In this case, we construct an expansion (1.6) for any fixed integer N. The
macroscopic part X e consists of correctors solving first order differential equations
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(see (3.7)). Initial conditions of these correctors are then defined by matching inner
and outer expansion. An error estimate is obtained in Theorem 2 leading to

HXs - X.. < eV,

N oS
c((o,1)

Finally, we consider the general case where the density also depends on & and
solves (1.2). We are mainly concerned with the asymptotic behavior of X. as the
perturbation parameter € approaches zero. First, we study the asymptotic behavior
of p. when e goes to 0. The novelty here, compared to [7], is that we weakened the
assumptions on the death rate (. Namely we assume that there exists a non-increasing

function m € L*(Ry; (1 4 a)®) such that

m’(a)

m(a)

(1.7) C(a,t) > — , ae.a€Ry

This hypothesis allows ( to go to zero for large a and allows p to have fat tails. In
comparison, in [7], the hypothesis on ¢ was stronger : ((a,t) > (nin > 0. This allowed
to use of Gronwall’s Lemma and get a priori estimates :

[p<(-st) = po(s )l L1 ey ) < Hlpr() = po(-, 0)] exp (—Cmint/€) + 0c(1).

Showing an exponential decay in time and age of the initial layer near to ¢t = 0 [6]. In
our case, if ¢ satisfies the condition (1.7), we cannot use Gronwall’s Lemma to establish
the convergence when ¢ tends to 0. For this sake, we enrich the asymptotic expansion
of p. with supplementary terms. We introduce p1, the first order macroscopic solution
of :

(O + C(a,t)) p1(a,t) = =0¢po(a,t), a>0,1t>0,

(18) 0.0 =30 [ petda,  a=0.1>0

and t( the initial layer approximation solving :

(Or + 0o + ((a,0)) to(a, t) =0, a>0,t>0,

(1.9) t(0,1) = —6(0)/ to(a,t)da, a=0,t>0,
R+
to(a,O)sz(a)—po(a,O), a>07 t=0.

This enhances the earlier error estimates. Indeed, for any ¢ > 0, one has

Hlp=(-st) = po(- 1) —epr(,t) —vo (-, /)] S 0=(1),

leading to :

s — Po||L1(R+x(o,T),(1+a))) <o:(1).
In turn this result is used to establish the strong convergence of X, towards X solving
(1.3) extending the results from [8] to this more general framework.

The paper’s outline is structured as follows : in section 2, we list notations which
will be used throughout this paper. In section 3, we analyze the case where the
kernel in (1.1) is fixed and depends on the age variable. Moreover, we construct the
asymptotic expansion of X, and show error estimates. Finally, in section 4, we analyze
the asymptotic behavior of p. and X, solutions of (1.2) and (1.1) respectively when
¢ tends to 0. Then we extend results from [8] to our setting and conclude.
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2. Notations. Before presenting our main result, we list some notations and
assumptions that will be used in this paper. In the rest of the paper, we’ll use some
notations for the functional spaces, for instance LY LY := LP((0,T); LY(Ry)) for any
real (p,q) € [1,00]%. We refer to [15] for a general framework for BV functions (used
in Section 4), our notations being coherent with this reference.

Hereafter, in the following sections, capital letters (X;);ecn denote the macroscopic
correctors defined on [0,T], and the microscopic correctors (z; ;) jyen2 or (Wk)ren
are defined on R. They are then renamed with a tilde when rescaled with respect
toe: & j(t) == x;,(t/e) for t € (0,T) and (4,5) € N2.

3. The linkages’ density is constant in time. In this section, we begin to
study the simple model of the problem (1.1) with a kernel p constant in time. We
assume that the data of the problem satisfies : the following assumptions :

ASSUMPTIONS 1. Assume that :
i) the source term is such that f € CN(R).
i) the past condition X, € CNTH(R,).
iii) for all a € Ry, there exists M C (a,00), M compact and |M| > 0 such that
o(a) > 0 for almost every a € M.
iv) moreover

UN+1 = / (1+a)N*o(a)da < cc.
Ry

3.1. Construction of the expansion. First, we start with the construction
of the terms forming the N*"-order approximation of X. solution of (1.1) for a fixed
kernel as

N-1

(3.1) Xen = > eXi(t) +Yn(t) + Zn(t) + Wn(t),
=0

inner expansion

outer expansion

where these terms are set later on. Define the operator £. : C([0,T]) — C([0,T])

that maps X to
L[X](®) = {MoX / X(t —ea)o(a)da }

Then problem (1.1) can be rephrased as :

1 oo
(3.2) LX) = f(t)+ g/ Xp(t —ea)o(a)da, Vt>0
and we aim at constructing X’& ~ such that it satisfies

(3.3) LoXon] = / X, (t — ca)o(a)da + O(=Y).

PRrROPOSITION 1. Assume that Hypotheses 1 hold, let the sequence of functions
(Xi)icqo,....N—1} be given and for all i € {0,..., N — 1} assume that X; € WL
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([0,TY)), then one has the expansion :

N1k71 k 1

Z - +1Xi(k)(lf) (ke — Zox(t)) + Z [m o(a)daX;(t)

t
€

—

k
+5N zRN+1 z

o ::/R o o(a)da, So.(t) := L a*o(a)da =: &o.k <z> )

and the rest can be controlled :

where

—i 1 N+1-i)
RN+ <7H (
R S

[ @ ietada,

Proof. One writes :

1 (¢ >
L.IX](0) = - / (X(t) — Xi(t — 2a))o(a)da + / ola)da X,(¢)

0 t

then using the Taylor expansion
N—1 cka

k
Xit —ea) =y (-1 XF (1)

k=

x N0 (t — sea)(1 — s)N "ids

NZi ol k—1g4k .

— / o g(a)da( )k+1X( )( )+ N zRN-‘rl %
k=170 ’
N—i

_1 k+1 1 [ee)

_ ( k)' Xl(k)(t) <€k1‘uk _ g/ (5a) ( )da> N zRN—H i

k=1 :
which provides the result. ]

PROPOSITION 2 (Outer expansions).
Under the same hypothesis as above, the zeroth-order macroscopic limit is given
by

(34) x§" = f,
and at any order £ € {1,..., N}, we have :
¢

Bk (K
(3.5) mXp_ = (_1)kHXlg—)k'
k=2
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Proof. The result proved in Proposition 1 leads to :

-1 N-—i k=1 1)k+1

N—1
Z siXi] = Z gt =
i=0

1=0

X (e — Zo (1))

(3.6) ]1V1 N
Z& /g (a)da X;(t) + SN0,

i=

_|_

h t Sy =N SNIRNTI and Sy o] < {Ix; -
where we set Sy =" Y ;L an |N’O|_ie{o?.2}1)\(f—1} | X llywrav-1.00 (0,17)

in+1—i - Considering the first sum gives :

Separating powers of € and considering that terms containing functions Z j belong
to the initial layer (these depend only on the microscopic variable t/e) provides :

(3.7) ze:% Xiol) e _ {0 01,

| .
— k! f otherwise,

and by relating the lowest derivative with the highest index to the rest of the correc-
tors, we establish macroscopic nested ODEs (3.4) and (3.5). d

Remark 3.1. The initial conditions of the macroscopic correctors X; are to be
defined later (cf Theorem 1).

PROPOSITION 3 (Inner expansion). It is threefold.
o The first part accounts for terms containing Zo i in the first sum of (3.6) :

where ;1 = x; ;(t/e) and the microscopic correctors solve :

(3.9) Lilz;i](t) =& e(t) = i /too akg(a)da,

and L1 is the operator L. taken for € set to 1.
e The second part corrects the second sum in (3.6) and reads :

N m—1 1 N-1
(3.10) Zy(t):=-3 &m ngm‘”(O)fqu,o — )£ Xi(0).
m=1 q=0 2 =0
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o The last part concerns the remainders related to the past source term in (3.3)

where w;(t) := w;(t/e) and (wy)e solve for £ € N,
(3.11) /R+ (we(t) — we(t — a))o(a)da =0, ¢ >0,
we(t) = ¢, t<o.

Proof. First, we begin by constructing the first part of the initial layer Yy. We
consider the second term in (3.6) and we use Taylor’s expansion :

N—k
k k+7)
th )k ZX( 2 +€NRkla
=0

where

A kv (N—k+1)
R,le = N () /0 (1—s)N kXéfk (st)ds,

which implies that

e (D
>ty C X 0zt
(=1 k=1
N ¢
R D TR D SETE LR
=1 k=1
N (¢ N-—k k J
—1)k o ; t\’ -
33y Cl iy () Zou(t) + Sxa = 1+ S
=1 k=1 j=0 - €
where
o €+N7k(_1)k: N
(3.13) SN, -—Zﬁ Il Zo.k(t) R
0,k ’

that can be estimated as :
(3.14) 1Sn1] < O™y

The first triple sum can be decomposed thanks to Proposition 6 as

= 3 m-1 Y i (k+m—q) (=
I 25 ZZkl( _q)!Xq—k (O)Hqu,k(t)

m=1 q=1 k=1 m
2N—-1 N q+N—m (_1) (ks |
m—1 +m—q =
+ > ¢ > ik OFm—gi(®)
m=N+1 qg=m—+1-N k=1
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In order to compensate I;, we define microscopic correctors Z; 5 as (3.9) and set Yy
as in (3.8). Now, we need to correct the third term in (3.6), which we do with the
same technique as above :

S el () / o(a)da
i=0 :
N-1 N—i
) + . N+1—1 oo
= Z gt Z ﬁXz‘(])(O) + </ XN (st) (1 — s)N ids [ o(a)da
i=0 j=0"" H
N—1N-—i it+j—1 ; N—1N—i i+i—1
€ i tI _ giti—1 _ .
= - X§J>(0)§:0,O(t) +Sv2 = > ——Z00)X(0) + Sy
i—0 j=0 I i—0 j=0 J
N m—1 1 N-1 .
= Z emt ﬁam_qp(t)xéqu)(o) + e 1Z0,0(t) X:(0) + S .2
m=1 q=0 m ) 1=0
where Z; o(t) := §;,0(t/e) and
N-1 ) tNJrl*i 1 N ) )
(315)  Snalt) = Y e [ XN st)(1 - 9V dsEna(t),
i=0 © 70
and one has :
(316)  [Swal <€V [ (140 ol@da swp  [Xillyraroi o
Ry i€{0,...,N}

It suffices then to add the correction Zy defined as in (3.10). Lastly, it remains to
correct the terms of the past. To find them, we need to develop X,,(t —ea) around 0,
which is stated as :

»(t —ca) ZeZX(l t/g o)’

t/e —a)N+1 [l
“NH(/ET?/ XN (s(t — ea))(1 — 5)V ds,

and it involves

+o0 )t
X,(t —ea)o(a)da = ZeZX(l / wg(a)da + Sn.3,
where
+oo _ ,\N+1 1
(3.17) Syg:=elNt! / % / XN (s(t — ea)) (1 — s)Ndso(a)da,
: - 0
and
(3.18)
1 +oo ¢ N
Syl < eV — XM / _— d
Sval < e 5 1K™ . c—a) ela)da
N+1 +o0 ¢ k
<N I Y [ (L) oY s < e

k=0
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Which then yields that past-correctors should be added as :
X, (0)

7! wilt),

N
Wa(t) =) ¢
i=0
where w;(t) := w;(t/e) and w; satisfies (3.11). O
LEMMA 1. If pjip41 < 00, then one has :

Be i)
xj,k-(o) — {#07 ij )

0, otherwise,

and ;5 (t) = pij414+x/((J + 1)) when t — oco.
Proof. The resolvent associated to (3.9), satisfies :
r(t) — (rxk)(t) = k(1)

where
t
(3.19) k(a) = o(a)/po,  (r % k)(t) = / r(t — 7)k(r)dr
0
and it can be decomposed [5, Theorem 7.4.1, p.201] as

r(0) =12+ (0)

where the function v € L!'(R;). Moreover, the resolvent being defined the solution
2, % is computed explicitly and reads :

t
Ho
Tk =&+ &k *r =&k + &k * (Ho/p1 +7) =&k + &k x v+ i / §jk(s)ds.
0

Thus the leading term in z;; when ¢ grows large is the last integral. Indeed

e 1 @ 1w
@/ tﬂ/ a*k(a)dadt = —/ (/ tﬂdt) a*o(a)da = —— HIHhHL
m e, S m Jr \Jo (G+1) m

and one has :

L phjvksr 41
Tik — 7 —— e L (Ry).

which we define as the formal expression x; (t) — tj+14%/((7 +1)p1) when t — oo

LEMMA 2. Under the same assumptions as in the previous Lemma, the micro-
scopic functions wy are discontinuous at t =0, for all £ >0 :

w(0%) = (1)L we(07) =0,
Ho
and and we(t) — (=1)*1es1)/((£ + 1)py) when t — oo.

Proof. Using (3.11), we can easily show the discontinuity of the correctors wy at
t = 0. By the same arguments as proof of Lemma 1, one has that :

Tim wi(t) = i /R + /t "t — o) o(a)dadt = i /R + ( /O "t - a)fdt) o(a)da

(_1)6 He+1
(C+1) pa’

which ends the proof. 0
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LEMMA 3. Under the previous results, we obtain the error estimate

[X.(0%) - Ko (0)] S V.

~

Proof. By definition, one has :

X.n(0%) = Ze 0) + Yn(0) + Zn(0) + War(0h),
then one has
N l
1 (—DF f(0)
Y (0) = — ) & X 0y = e
W0 = 3 S o =<l

N-1 N-1
Zn(0) == &' Xi(0)i00(0) = — > _ &' X;(0),
=0 1=0

N (4)
1S xW0)
W) = =3Oy,
Ho iz !

Then one observes that
0
X:(0) = 5& + Xp(—sa)Mda
Ho Ry Ho
and so the Taylor expansion of the last term ends the proof. ]

3.2. Matching inner and outer expansions. So far the initial conditions of
the outer expansion are not defined. For this sake, we write the inner expansion’s
limit when ¢ — oco. This gives :

m g k+1
_ (k+m—q) _.
Jim Ya() =3 Z —q + =g ek Ofmogripy =581,
q=1 el
together with :
N m—1 N-1
lim Zy(t)=— > em Y xfmmo Hmoatl N" iy o)
t—o00 — = (m—q+1)! pre
and N »
:  Xp (0) j it
1 t) = 2P —1) =
Jim Wy () ;€(i+l)!( ) o

As we do not want the inner expansion to interfere with the outer expansion, we
gather the powers of € and define the initial conditions of the outer expansion so that

tliglo (YN(t) + ZN(t) + WN(t)) =0

which then gives :
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THEOREM 1. The macroscopic Ansatz should be given the initial conditions : for

m =0, Xo(0) = X,(0) while forme {1,...,N —1}
7 =y 1
X,,(0) = (—1)™Xx (™) (0 m+l Xm (0 L‘I‘H
X (0) = (~)" X O) s = Y RN
q=0
- Dk (k+m—q)
+Zlkz m q+1 'k'X <O)Mqu+k+l-
q= =1

3.3. Error estimates. In this section, we give an error estimate between X,
the solution of

1
(3.20) c /R+ (Xe(t) = X(t - ea)) pla)da = f(t), t>0,
Xe(t) = X,(1) t<0,

and the asymptotic expansion )~(57 ~ given by (3.1). This result is based on the ap-
plication of a comparison principle [4, Chap. 9, Section 8] and the construction of a
super solution Uy such that Uy > ‘XE — XE’N‘ and Uy < eN. The following lemma
is required in order to apply the latter comparison principle :

LEMMA 4. Under the Assumptions 1, K.(a) := g( ) satisfies :

EHo

1Kl B0, : —eSSSIlp/ |K.(a,t)|da < 1.
t€(0,7)

Proof. For almost every t € (0,T),

fo% o(a) d fo (a)

(3.21) o</ K@ )] da = e <
Ry Ry @

But, by definition, for every fixed ¢ there exists a compact set M C (T'/e,00) such
that o(a) > 0 for almost every a € M so that

T

/]R+ o(a)da — /0? o(a) da = /: o(a)da > /M o(a)da > 0.

which ends the proof. 0
THEOREM 2. Suppose that Assumptions 1 holds, then :

B
c((0,7))

where X,y is defined in (3.1) and X. solving (3.20).

_ Proof. First, we consider the zero order approximation (i.e. N =1). We denote
X=X, — X, 1, it solves :

3
L[Xy] =81 =) Sii
i=1
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where |S1| < eK; (see estimates (3.14), (3.16) and (3.18) for N = 1). We construct a
super-solution U; such that

L. [)23

} < £.[U)], and )Xl(())‘ < U,(0).

We set
U1 (t) =£ (Cl + tCQ — 503’11]1 (t)) s

where W, solves (3.11) with ¢ = 1. As the resolvent associated to (3.11) is non-
negative, applying the comparison principle [5, Propostion 8.1 and Lemma 8.2], shows
that @ (¢) <0 for t > 0. Then

oo

L:U1] = c1Z0,0(t) +ecopr + 02[ (t —ea)o(a)da — ecz L[]

t

oo t oo
= 1E0,0(t) + ecapr + 662/ <5 — a> o(a)da — 603/ (5 - a) o(a)da > ecapy.
t t

The last inequality being true when ¢; > 0 and ¢y = ¢3. Then, one tunes co > K /1
so that A
L. HX1H < |S1| < eKy < eprer < LU,

and the constant ¢; is chosen such that ‘Xl (0)‘ <ecy <ecy + 5203% = U1(0).

More generally, for any N, one sets Uy := eV (c1 + cot — ecgwn) and the result
follows the same : choosing ¢ := ’XN(O)‘, ¢y = Kn/uy where |Sy| < eV Ky and
c3 = Ca. ]

4. The kernel is time-dependent.

ASSUMPTIONS 2. Assume the kernel p. solves (1.2) and that the data satisfies :
a) the off-rate ¢ is in C([0,T]; L®°(Ry)) and there exists a non-increasing m €
LY (Ry; (1 + a)?) such that

m'(a)
m(a)
b) the birth-rate § € C(Ry) is such that
0< Bmin S B(t) S ﬁmax-
¢) the initial condition p; € BV (Ry) N L>®(Ry) N LY(Ry, (1 + a)?) satisfies

< C(ay1) < Cmans A€ a € Ry

pr < cm(a), for almost every a € Ry.

Whereas X solves (1.1) and the data satisfy
d) the source term f belongs to C*(R).

4.1. The linkages’ asymptotic expansion. Now we assume that p. solves
the e, t, a-dependent problem (1.2). We introduce its first order (with respect to )
asymptotic approximation :

(4'1) ﬁE(aat) = pO(avt) - EO(avt) - 6pl(a'vt)

where pg is the zeroth order macroscopic limits given by (1.4), py is the first order
macroscopic limits given by (1.8) and ¥y := to(a,t/c) where the initial layer to solve
(1.9).
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4.1.1. Outer expansions of p..

PROPOSITION 4. Let Assumptions 2 hold, then there exists generic constants c; >
0 and cj1 > 0, such that py (resp. p1) solution of (1.4) (resp. (1.8)) satisfies

lpj(a, )] < ¢;(1+a)*m(a), forj € {0,1}.
In a generic way, for all j € {0,1} and k € N, if ¢ € WF>°(R. x R,) then :
[05p5(a,1)] < ¢j1(1+0)**m(a).

The proof uses equations (1.4) and (1.8) together with Assumptions 2 and is postponed
to Appendix B.

4.1.2. The initial layer. One considers the problem (1.9) and defines z(t) :=
t(0,t), then by using Duhamel’s principle this problem can be rewritten as

r+kxx =0,

(4.2) k(a) :== Bexp ( /a ¢(r, O)d'r) 7
- _ﬂ/ ola=40) eXP( /GHC(T, 0)d7'> da.

As a consequence of the Paley-Wiener theorem [4, Theorem 4.1] and the fact that k
is a decreasing function of a, [4, p.264] :

THEOREM 3. If k is a decreasing non-negative kernel such that k € L*(R.), then
the resolvent associated to (1.9) satisfies : r +rxk =4k and r € L'(R,).

PROPOSITION 5. Let Assumptions 2 hold. If moreover, to(-,0) € L*(Ry, (1+a)?)
and that there exists a constant ¢ > 0 such that

to(a,0) < cm(a),
then © = t0(0,-) € L{ (Ry; (1 +t)2) N L®(Ry) and
v € L'(Ry xRy;(1+a)),
and there exists another constant ¢’ > 0 such that
to(a,t) < cd'm(a).
Proof. Using the Assumption 2.a) on ¢ and on the data, one has

|<ﬁ/ ola—1,0) ((a_)t)dagc/toom(a)da

which is bounded since m € L'(R,) and it is also integrable because so is the first
moment of m. Writing then that

r=b—rx%xb

and since L! is an algebra for the convolution, z € L'(R,). Because, b is bounded
and r € L', z € L>°(Ry) as well. Then in a similar way, using Duhamel’s principle,
one has :

. (0, — a)exp (— [3 ¢(a,0)da), if t > a,
to(a, ) = to(a —t,0) exp (— aa_t ¢(a, O)dd) , otherwise ,
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so that @
121 120 (09 if t > a,
tola, t)] < m(0)
Irofa, )] < {W (a) < cm(a), otherwise ,

which gives ¢ in the last estimates of the claim. Next we consider :

/R+ to(a,t)|da < /Ot to(0,t — a)| exp (- /Oa C(&O)da) da

+ /OO [to(a —¢,0)| exp (— ’ C(d,O)dd) da
a—t

m(a) > m(a)
/ [to(0 (O)d +/t to(a—t,O)im(ait)da
_ b I *m Lo(d’oﬂm a a

1 o0
= o) (lz| *m) (t) + c/t m(a)da

Then using that L'(R ) is an algebra for the convolution, and that m € L*(R, (1 +
a)), one concludes that

||mHL1(]R (1+a))
) dadt < —————TY) 0,- 0
/R+ /R+ to(a,t)da m(0) (||to( i,y +em( ))

the same holds for the first moment as well.
Setting gi(a,t) := tro(a,t) and y(t) := ¢1(0,¢), one has

)= =50 [ utt=a)esp (~ [ 65,005 da
—B()/tax(t—aexp( /g )da
—ﬂ/ ttoatOexp( / C(s ds)da

i.e. y+k*y=b,. Assuming that fR+(1 +a)?m(a)da < oo shows that b, € L'(R,).
Then as above,
/ lq1(a,t) |da</ (lq1(0, ta)+a|x(ta)|)exp< / ¢(s,0) ds) da
< Clar(0, )] xm + [(0,-)[ % (-) m(-)
together with

/00 lg1(a,t)| da < t/oo to(a —t,0) exp (— /a ¢(r, O)dT) da < tc/oo m(a)da

both left-hand sides are then L} (R ) functions in time, provided that m € L (R, (1+
a)?). For the next step, one works similarly and obtains that

/ / t*vo(a, t)dadt < 0o
Ry Ry

since m is in L} (R4, (1 + a)?). d
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COROLLARY 1. Under the Assumptions 2, one has x(t) := to(0,t) — 0 when t
grows large and the first moment can be estimated as follows :

/ (I1+a)lo(a,t)| da < o(l) + c/oo(l + a)m(a)da,
Ry t

where o(1) denotes small when t grows large.

Proof. Using Lyapunov’s functional (1.5), one has that
/ lto(a, )| da < oo
Ry

which, thanks to the boundary condition, provides that x(t) is bounded on R,. This
shows using Duhamel’s principle that vy € L*°(R; x Ry). Moreover, defining the

discrete differences
vola,t +h) —rola,t
D?to(a,t)to = 0( ! ) 0( ! )

it solves the problem : "
(04 + 04 + ¢(a,0)) Ditg = 0, a>0,1t>0,
(4.3) Dl'to(0,t) = —3(0) . Dl'to(a,t)da, a=0,t>0,
Dlvo(a,0) = fo(e, ) ;to(a’o), a>0,t=0.

Thanks to Assumptions 2, one shows that tg(-,0) € BV (R). Moreover, one has that
DEa(t)] = [DE(0.0)] < 50) [ |Dlvafa )] da < BOHIDEwo(a 0]
Ry

similarly as [6, Theorem 3.2], by using Gronwall’s Lemma, we obtain that
H[Dthto('v t)] < ’H[D?'Co(', 0)]

It suffices then to prove that the initial term H[DJ'ty(-,0)] is bounded. Indeed, we

have

to(a, h) —to(a,0)
h

o (h) = pes (0)
h

H[Dl'eo(a, 0)] = / ‘ da + ‘ ’ =L+ 1

Ry

where fig, (t) := fR+ to(a, t)da. For the first term, we split the integral in two parts

h o “+o00
I1 _ / t()(a, h) to(a, 0) ’ da + /
0 h

h
_ ;/Oh t(0, h — a) exp (- /Oag(a, om&) ~ t(a,0)

1 +oo
W/h

where we used Duhamel’s principle. It easy to see that the first term

to(a7 h) — to(a, 0)
h

da

da

a
to(a — h,0) exp (—/ §(d70)dd> —19(a,0)|da =T 1+ T
a—h

1 h
B 5 [ da (O] mallzs + ro(a0) ) < .
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Concerning I 2, one splits the integral adding and subtracting intermediate terms

1 [T
I, < =
aeh

1 [tee
+ E/h to(a,0) exp (— - C(d,O)dd) —t9(a,0)
STV (xo(+,0)) + Cllvo(a, 0) [l my)

da

(to(a@ — h, 0) — to(a, 0)) exp (- /_h (@, O)d&)

a

da

where TV denotes total variation of to(+,0) [2]. For the second term I noting that

|at:utg (t)| < (Cmax + Bmax) ||tOHL‘t’°L}I7

one obtains
I2 S (Cmax + ﬂmax) HtOHL,‘?"L}lv

and finally, we obtain that H[D}to(a,t)] < oo, for all + > 0, which shows that = €
Lip(R,). Since x € L'(Ry) (see Proposition 5), this implies that lim;_, o z(t) = 0.
Now, we consider

J(t) ;:/O (14 a) |to(a7t)|da§/0 ot — a)| (1 + a)m(a)da

t/2 t
- (/0 +/t/2> |z(t — a)| (1 + a)m(a)da =: J; + Ja.

For every § > 0 there exists 11 such that ¢ > n;,implying that

sup |(s)] < °
s€(3,t) (2 fR+(1 + a)m(a)da)

which shows that J; < §/2. On the other hand, there exists 72 such that ¢ > 72 which
implies that

t
Ja < ||5UHLOO(R+)/ (1+a)m(a)da < §/2,
t/2

by Lebesgue’s Theorem (since the integral of (14 a)m(a) is finite). These arguments
show that J(t) vanishes when ¢ grows large. On the other hand :

/toou +a) [vo(a, 8)] da < c/too(l + aym(a)da,

which is an initial layer. 0

4.1.3. Error estimates for the linkage’s density. We define the difference :
pe(a,t) :== pe(a,t) — pe(a,t) where p¢ is defined by (4.1). We obtain :

THEOREM 4. Under Assumptions 2, one has that

(4.4) Hpe|(t) < o0:(1), ae.teRy

where H[u)(t) := fR+ |u(a)| da + ‘fﬂh u(a)da‘.
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Proof. We write the system satisfied by p. :
(Eat + 0. + C(a7 t))p}(m t) =-¢€ (C(a7 t) - C(av O)) ’Eo(a7 t) - EQatpl
(45) ﬁe(ov t) = B(t) / ﬁE(av t)da’ - (B(t) - ﬁ(O)) EO(aa t)da
R, R,
ﬁ€<a7 0) = —¢&p1 (a> O)
Then following the same steps as in [7], one has that

e SHIpI0) + [ <<a,t>{|ﬁ€<a7t>|+ﬁg<a,t>sgn ( /}R m(a,t)da)}da
< 9¢? / 1001 (a,1)| da + 2 / ¢(a,t) — C(a,0)| fola, )] da

+18(1) \/ lfo(a, )| da

which after integration in time provides :

M) <HAO +2¢ [ [ (ouor(a.5) dods

+ 2/0E /]R+ I (a,ed) — C(a,0)| [ro(a, )| dadi

+2/0g () —5(0)|/]R+ Ito(a, 8)| dadF.

Now, here the crucial point is that, thanks to Lebesgue’s Theorem, the last two terms
of the right-hand side do tend to zero as ¢ goes to zero. ]

COROLLARY 2. Let Assumptions 2 hold, then one has
oo
/ (14 a)|pe(a,t) — pola,t)] da < o-(1) —|—/ (1+ a)m(a)da.
R4 é

Proof. Considering the system solved by the difference e(a,t) = p-(a,t) — po(a,t)

(€0 + 04 + ((a,t))e(a, t) = edypo(a,t), a>0,1t>0,
(0.0) = ~5(t) [ (pu(ant) = po(at) ~ @) da
(4.6) e
— B(t) /nh to(a, t)da, a=0,t>0,
6(0,,0):,01(0,)*[)0(0,,0), a>0,t=0.

It satisfies (4.6) in the sense of characteristics, namely

(4.7)

e (0,t — ea) exp(— f (a+st+5s)ds)

+5f O¢pola + s,t +es) exp(— f Cla+T7,t+er)dr)ds, a<t/e,
e(a—t/e,0)exp(— j;/s a+s,t+es)ds)+

+5f t/satPO(a‘f‘S t+¢es)exp(— f Cla+ T, t+eT)dr)ds, a>tfe.

e(a,t) =
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One has that

—+oo

+o0 t/e
/0 (14 a)e(a,t)da = /0 (1+a)e(a,t)da + /t (I1+a)e(a,t)da

€

(4.8)
= Il + IQ.

We treat each term separately because they correspond to the two cases of Duhamel’s
formula (4.7) :

t 0

L) < /02(1 +a)le(0,t — ca)| exp < Cla+s,t+ ss)ds) da

: 0 0
Jre/ (I+a) Opo(a + s,t +€s) exp </ §(a+’r,t+€7)d7) dsda.
0 —a s

Using Theorem 4 and Corollary 1, one has that :

oo

le(0,t —ea)| < o-(1) + / m(a)da,

t_
z—a

which thanks to Proposition 4 gives that

t t
€

o0

(1+a)m(a)da+/og(1+a)m(a)[ m(@)dada

t_
= a

10 <o) |

0

+econ / (1 +a)*m(a)da,
Ry

using similar argument as in the proof of Corollary 1, one shows that

t
€

since (1+a)m(a) is integrable and by Lebesgue’s Theorem [,” m(a)da — 0 as ¢ grows
large. On the other hand,

Igﬁ[m(1+a)

t
€

|

t
e(a— g,O)

0
exp < Cla+s,t+ 63)d$> da

_t
e

oo 0 0
—|—5/ (1+a)/ |0cpoa + s,t + es)| exp <—/ C(a+7,t+57)d7‘) dsda

_t
e

< c/oo(l + a)m(a)da + 5/ (1 +a)*m(a)da.

t
c Ry

4.2. Convergence results for the position.

THEOREM 5. Under Assumptions 2, if pe is a solution of (1.2), po solves (1.4),
X. is a solution of (1.1) and X solves (3.4) then

lpe = pollLr 0,1y (ks (14a))) < 0e(1), | Xe = Xollo(o,r)) < 0e(1).
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Proof. Setting u.(a,t) := X.(t) — X.(t —ea) where X, (t) = X, () when t < 0, u.
solves in a weak sense [8] :

(4.9)
(€0 + On)ue = O X, = Tos {Eatf + /]RJr ug(a7t)g‘(a,t)p5(a,t)da} , a>0,1t>0,
u.(0,4) = 0, a=0,t>0,
Ue(a,0) = ur(a) = X(0) —eXp(—sa)7 a>0,t=0,

since problem (1.1) can be expressed in a integro-differential equation :

Xe(t) = Xe(t -
(

3

1o.e(t)0r Xe = €0 f +/R 5a)> ¢(a,t)pe(a,t)da.

Following [8, Theorem 6.1], one has that
t
[ letatlp(atida < [0l dr + 7O+ L, it =
Ry 0
Moreover, one has also the bound :

10: Xell Loe 0,7) <

{€||atf||L°°(0,T) + Cmaxcl} =:C

,min

which provides thanks to Ascoli-Arzella that there exists a converging sub-sequence
X in C([0,T]). Moreover, it ¢t > ea, using Duhamel’s principle,

1 t
|ue(a, )] < */ |0: Xc(7)| dT < caa
€ Jt—ca
whereas if ¢ < ea, by similar arguments,

(0)

lffO,min

L ﬂl max

4
ue(a, )] < —c2 +
(3 NO min

+

Thus, uc(a,t)/(1 4+ a) € L*(Ry x 0,T) uniformly with respect to . These results
provide that u. weak-* converges in L% (R x (0,T); (14+a)~ ") to ug a weak solution
of

1
g = 04 Xg = — uoC(a, t)po(a,t)da
(4.10) Ho,0 Jr, |
U()(O, t) =0

which shows that ug(a,t) = aX(t). Since (1.1) reads as
/ / ue(a,t)pe(a, t)dap(t)dt = / f®)p(t)dt, Yo e L'Y(0,T),
Ry

ans since 9, X. = 9; X weak-x in L™ (0,T) together with
pe — poin LY(Ry x (0,7);(1+a)), u. >upin LR,y x (0,T); (14 a)™")

one concludes that

T T -
A”/o /R uo(a-t)pola, f)dap(t)ds = /O 0,1 (1), Xo (1) pdt = /0 fe(t)dt



20 S. ALLOUCH AND V. MILISIC

A %
2" 1 N\
N N
o + * + ¥ ><
X{? 2
N X()+ - + +
+ + +

* /cai-) +
1 e
0 N

Fig. A.1: The index change from (7, ) to (m,n) (here as an example N = 5).

Appendix A. Some summations over integers.

PROPOSITION 6. Assume that N > 2, and define the sum S as follows

where a; j 1, 5 a sequence of real numbers, then this sum is in fact equal to

2N—-1 g+N—m

S0 3D DD S Sl P

m=1q=1k=1 m=N+1qg=m+1-N

Proof. We separate the case where i < N and the case where i = N. In the first
case, one has, by the following computation, that

N-1 i N—k N-1N—i—1 i N-1 N-1 N—j
s = Qi gk = E E E Qi gk + E , E , E Qi g,k
i=1 k=1 j=0 i=1 j=0 k=1 i=1 j=N—i k=1

because

0<j<N—i—1, ke{l,....i}=ke{l,..., min(i, N — j)},
N—i<j<N-1, ke{l,....N—j}=ke{l,...,min(i,N —j)}

One has that

N—k —1N—j

N
[ E § E
s = anN N,j,k = CLNJ ks

k=1 j=0 7j=0 k=1
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and then one remarks simply that min(i = N, N — j) = N — j which gathering the
terms gives that
N—1min(¢,N—j)

S:s—i—s/zzz Z Qi jko-

i=1 j= k=1

The previous sum can be rewritten as :

N m+l 2N—1 2N-—-m+1 min(é,N—j)
S=(2 X+ X X D Gimamitma) kX maen} (m, ),
m=1n=3—m m=N+1n=m—2N+3 k=1

where m := i+ j and n := i — j + 1 and the inverse transform should provide integer
values i(m,n) and j(m,n) (see Fig. A.1). When m > N, one needs to bound the
summation on 7 in an interval depending on m (see Fig. A.1). Indeed, when i = N,
we write :

n=N—-j+1, m=N+j =n=2N-m+1,
while if j = N — 1,
n=1t—N+2 m=i+N-1, =n=m-—2N+3,

a simple check shows that n <2N — 1< m —2N +3<2N —m+ 1.
Then since the indicatrix function is not zero when [n+m — 1]y = 0, there exists
q € Z such that

n+m—-1=2¢g&n=14+2g—m

so that the summation with respect to n can be exchanged with a summation over q.
When n € {3—m,m+1}, ¢ € {1, m}, and similarly when n € {m—2N+3,2N—m+1},
g € {m+1—N,N}. Moreover ¢ =i and j = m —q. Thus the previous sum becomes :

N m 2N—1 N min(q,N —(m—q))
S=12X2>+ > X D Gamak
m=1qg=1 m=N+1g=m+1—-N k=1

Since min(g, ¢+ N —m) = ¢+ min(0, N —m) = g as soon as m < N this gives the first
term. If m € {N+1,...,2N—1}, then N—m < —1 and min(q,g+ N—m) = ¢+ N—m
which ends the proof. ]

PROPOSITION 7. In the same way as above

N—1N—i N m-—1
[ . =
Shi= ij = E , E :aq,m—q
1=0 j=1 m=1 g=

Proof. Again we perform the change of variables m = i 4+ j and ¢ = 7 and we
proceed as above. 0

Appendix B. Proof of Proposition 4.
Proof. First, for j = 0, pg is explicitly given by

m(a) < ﬂmameax m(a)

po(a,t) = PO(O>t) exXp (_ /Oa C(d,t)d&) < p0(07t) m(o) = Cmax ¥ 5min m(o)
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which gives ¢g. Similarly, 9;po(a,t) it is explicit and reads :

depola,t) = Oipo(0,t) exp (— /Oa g(d,t)d&)

_ /Oa exp (_ /j((d,t)dd) 0iC(7,t)po(7, t)dr,

where
B,p0(0.1) = 9(t)
pol0.%) 1+ 6(t) fOJrOO exp (— [*¢(a,t)da) da
and
+o0o a
g(t) =pg'(t) (1 - uo(t))/0 exp (—/ C(d,t)dd) da
+oo a a
- /0 /0 exp </T ¢(a, t)da> O (1,t)po(T, t)drda.
So that

Pupnla 0] < 0460 0. 01 003 + (@Gl [ A7 dr < (4 kaaymta)

(14 a)m(a)
where

[l

ky:=C <<max’ [1Bllw.ees [Imll Lz, ||C||le°°> » ka=co m(0)

Bmax + Cmax

and cg 1 := max(k1, k2). Now, for j =1, p1 can be given explicitly by

p1(a,t) = p1(0, 1) exp (- /Oag(a, t)dd) - /anxp (- /jg(a,t)da) Dupo (7. )dr,

where

P1 (Oat) = 1+ ﬁ(t) f0+°° exp (_ f: C(&, t)dfl) da

/]R+ /Oa exp (_ /T“ C(@j)dd) d,po(T,t)drda

“ m(a)
< ~/]R+-/0 m(r) |0¢po(T,t)| drda < 00,1/ (1 + a)?m(a)da,

Ry

such that

)] =

and finally, we obtain that

where

pr(at)] (0) /011+T (a)dr < max(k}, co.1)(1 + a)?m(a)

Cmax 2
[ R+(1 +a) m(a)da) .
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Similarly, we can prove that

01| < e11(1 4 a)’m(a),

and the generic way can be deduced by induction. ]
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