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Abstract

First, we deal with modeling aspects leading to a certain system of structured integro-differential
equations in the context of cell motility. We introduce some of the challenges related to asymptotic
features of this system. We give some classical results in the theory of Volterra integral equations. We
then present the renewal equation and the generalized entropy method. Next, we introduce more specific
tools that turn out to provide explicit computations and new stability estimates. We end with a complete
asymptotic analysis of a delayed heat equation and show the convergence of its solutions towards the
solution of a heat equation where the time derivative is multiplied by a function accounting in some sense
the microscopic structure of the underlying adhesion mechanisms.
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1 Introduction

In these lecture notes, I will present basic concepts in order to handle the mathematical
analysis of adhesions terms in certain models for cell-motility.

In this introduction, I will briefly present the biological context and the axisymmetric
model derived by C. Schmeiser and D. Oelz [21], 22, [12]. T will focus on specific parts of
this approach related to adhesion mechanisms and try to show some mathematical problems
related to these. In particular certain formal asymptotics wrt an adimensionalised parameter
¢ led to friction terms in the Euler Lagrange system associated to a gradient flow minimization
procedure. Our final goal is to prove rigorously that these formal computations are actually
true.

In a first step I will present a minimal toy model containing similar difficulties. This
minimum model turns out to be an equation of Volterra type commonly called the renewal
equation. 1 will then introduce mathematical standard tools based on the notion of resolvent
that allow to solve it in an abstract way [8, Chap. 2]. Then using this concept of resolvent,
we characterize the long-time asymptotics of the solution [8, Chap. 2, 4 and 7].

In order to give an overview of other types of existing methods, we present also the general
entropy method [25, Chap. 3]. It relies on Perron-Frobenius arguments and describes in
another way long time asymptotic features of the solutions.

Because it’s not clear how to extend general enthropy methods to our problems, we then
make supplementary hypotheses on Volterra equation’s kernel. Namely we assume that it
is in some sense dissipative. This allows conservation properties and much more of explicit
computations. In particular we show that it’s possible to re-formulate the problem thanks
to the elongation variable. This new framework allows to obtain a stability results and we're
able to fully characterize, under minimal hypothesis on the kernel, the convergence of our
solutions to an asymptotic profile. This is not possible to our knowledge with the previous
methods.

In order to illustrate all these results in section ?? we present a numerical approximation
of our problem. To insure the consistency of our numerical discretization with the continuous
problem, we show that, when the discretization parameter A tends to zero, solutions provided
by the numerical scheme converge to those of the continuous problem. Then we show some
numerical results that help to give partial conclusions and we list open problems of interest
also for biological reasons.

Because the final convergence problem involves the space variable, and an elliptic operator,
in the last section we introduce volterra equation supplemented by a Laplace operator in
space. From the modelling point of view, this represents an elastic filament whose reference
length is zero. In order to fit to the non-linear framework of the starting model we base
our approach on DeGiorgi’s minimizing movements and gradient flow techniques [2]. As the
Volterra integral operator introduces an infinitely distributed delay, we show how to extend
previously mentioned tools to our setting.

At the same time minimizing movements extend the numerical scheme presented in section
?? to this new framework. Energy estimates allow to pass to the limit wrt the discretization
parameter A and since these are also uniform with respect to e, they also hold for the
continuous solution. This allows to recover the continuous e-limit as well.



1.1 Filament based lamelipodium model (FBLM)

Cells migrate by protruding at the front and retracting at the rear. Protrusion occurs in thin
membrane bound cytoplasmic sheets, 0.2 to 0.3 myu thick and up to several microns long,
termed lamellipodia. The major structural components of lamellipodia are actin filaments,
which are organised in a more or less two-dimensional diagonal array with the fast growing,
plus ends of the actin filaments directed forwards, abutting the membrane [30]. Protrusion
is effected by actin polymerisation, whereby actin monomers are inserted at the plus ends
of the filaments at the membrane interface and removed at the minus ends, throughout and
at the base of the lamellipodium, in a treadmilling regime [24]. Stabilisation of the actin
meshwork is achieved by the cross-linking of the filaments by actin-associated proteins, such
as filamin[20] as well as protein complexes, such as the Arp2/3 complex [26], although the
density and location of such cross-links remains to be established. Since actin polymerisation
is involved in diverse motile processes aside from cell motility, including endocytosis and the
propulsion of pathogens that invade cytoplasm, the question of how actin filaments are able
to push against a membrane has spawned the development of various models.

Comprehensive modelling efforts were initiated in 1996 and fall into two groups. The first
group includes continuum models for the mechanical behaviour of cytoplasm : a two phase
formulation for cytosol and the actin network [I]; a one dimensional viscoelastic model[7]; a
one dimensional model for the actin distribution[19]; and a two dimensional elastic continuum
model|27]. The second group makes presumptions about the microscopic organisation of the
actin network. The Brownian ratchet model for the polymerisation process introduced by
Mogilner and Oster considers actin cross-linking proteins as stabilisers of the lamellipodium
meshwork, allowing enough flexibility for actin filaments to bend away from the membrane to
accept actin monomers. Other models are based on the current idea, that the actin filaments
in lamellipodia form a branched network with the Arp2/3 complex at the branch points.

The filament density decreases from the front to the rear of the lamellipodium, indicative of
a graded distribution of filament lengths. According to this structural information, we present
a quasi-stationary modelling approach for the simulation of the turnover of the lamellipodium
in a circularly symmetric cell, corresponding to real situations such as cytoplasmic fragments
of keratocytes. Our approach differs from others in that we describe the lamellipodium in
terms of a continuous distribution of filaments of graded length and their linkages. The
model depends on four primary parameters : bending elasticity of actin filaments, cross-
links between the filaments; the resistance against polymerisation by the membrane; and
interactions between the filaments and the substrate via trans-membrane linkages. With
a selected set of parameters we compute the dynamics of the network organisation. The
simulations reproduce several features also found experimentally: treadmilling, the lateral
flow of filament plus ends along the front edge, and persistence of the network organisation
after achievement of a steady state.

1.1.1 Modelling hypotheses

A1l At each point in the lamellipodium, actin filaments have one of two directions in the
diagonal network, represented by oriented, slightly curved segments with the barbed ends
attached to the leading (outer) edge of the lamellipodium. Filaments are inextensible.

A2 The lamellipodium is two dimensional and rotationally symmetric, i.e., at any point in
time it has the shape of a circular ring. This compares with the situation of a radially
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Figure 1: Constituent elements of the model

spread cytoplast from a keratocyte.

A3 Filaments polymerise at the barbed ends with constant polymerisation speed. Depoly-
merisation at the pointed ends is a stochastic process with prescribed distribution.

As a consequence of Al and A2 the lamellipodium has the organization depicted in Figure

m

There are two families of locally parallel filaments. Looking from the centre of the lamel-
lipodium ring, the filaments in the first group bear to the left and the second group to the
right; referred to as clockwise and anti-clockwise filaments. As a consequence of rotational
symmetry, all filaments can be constructed from one reference filament (which, without loss of
generality, we shall take clockwise) with the maximal filament length. All clockwise filaments
can then be constructed by rotation of the reference filament and subsequent random cutting
at the pointed end; correspondingly, all anti-clock-wise filaments are created by reflection,
rotation and cutting.

A central feature of the model is the description of production and decay of cross-links
and integrins, consistent with dynamic association/dissociation of linkage molecules with the
actin network, leading to the next assumption.

A4 A cross-link is an elastic connection between a clockwise and an anti-clockwise filament.
The cross-link has both an elastic and a torsional component. Cross-links form and break
stochastically at the crossing between two filaments with at most one cross-link for any
pair of filament crossing points at any time.

A5 An adhesion is an elastic link between a filament and a point on the substrate via a
transmembrane linkage. Adhesions can form or break spontaneously, breaking being
dependent on the degree of link extension.

A6 The position of the filaments in time is determined by a quasistationary balance of elastic
forces resulting from bending of the filaments, stretching and twisting the cross-links,




stretching the adhesion linkages, and stretching the cell membrane.

The quasistationary assumption means that we neglect elastic oscillations, assuming that
the filament network is damped by viscous forces in the cytosol and that the system there-
fore always operates at minimal potential energy. Thus, the evolution of the network is a
consequence of actin polymerization dynamics together with the creation and breaking of
cross-links and adhesions. In summary, the model we present has two major ingredients
(1) the making and breaking of cross-links in the filament network and between the filaments

and the matrix, based on renewal equations; and
(2) minimisation of the potential energy of the system.

1.1.2 The corresponding mathematical model

In order to obtain a feasible mathematical description we adopt a homogenisation limit, based
on the assumption that the density of filaments within the lamellipodium is very high; we
let the number of filaments tend to infinity in order to obtain a model based on continuous
quantities instead of discrete ones.

With the maximal filament length L = 1, an arc length parameterisation of the ref-
erence filament at time t is given by {z(s,t) : 0 <s <1}, where s = 0 corresponds to
the pointed and s = L to the barbed end. We shall need the representation z(t,s) =
|z(t, 5)|(cos @(t, 5),sin ¢(t, s)) in polar coordinates with the angle ¢(s,t) € S'. We expect
|z(t, s)| to be strictly increasing with respect to s. Then |z(¢,0)| is the inner radius of the
lamellipodium and |z (¢, L)| the radius of its leading edge at time ¢. The reference filament
is assumed to be clockwise i.e. (s, t) is a strictly decreasing function of s. Note that
|0sz(s,t)| = 1.

Once defined a set of mechanical energy terms related to the previous hypotheses, in [21],
the authors use DeGiorgi’s minimizing movements (this will be described with much details
in sections 77 and |3)) and obtain the semi-discretized scheme and some stability estimates.
These estimates allow to pass to the limit wrt the time discretisation parameter and show that
the continuous vector solution (z, A) satisfies Euler-Lagrange’s system of equations reading :

RB@? (nas‘r) - as(UAasx) +7’],UADt[L’+
bending unextensibility constraint adhesion
+ 0, (T]zuT (arccos (0s |2|) — o) 8st) +772(MSDW) =0
- ~ /,
twisting stretching
|851'| - ]-7
\

complemented by a set of natural boundary conditions that we do not detail here. It is a
force balance equation. Red terms in this system represent velocity terms scaled by constant
factors and that is why they are called friction terms. They are formal limits when e goes to
zero of the following integral operators :

1

L [z](s,t) = B /R+ (z(s,t) — x(s + eva,t — ca)) p:(s, a,t)da

and a similar one for the stretching part. The weight p. is an unknown of the problem solving



a non-local transport problem :

(€0 + 0 + ((s,a,t,...)) pe =0, (s,a,t) € 2 xRy x (0,7)
pe(s,0,t) = B(s,...) (1 - /R+ ps(s,a,t)da> , (s,a,t) € Q2 x {0} x (0,7) (1)
p:(s,a,0) = pr(s,a), (s,a,t) € Q x Ry x {0}.

where [ (resp. () represents linkages’ on (resp. off) rate and the non-local term represents
a saturation effect accounting for availability of adhesion sites. When the on/off rates are
prescribed the p. system can be solved independently and (p.,z.) are weakly coupled. If
instead [ depends on the position x. and ¢ depends on the elongation

Te(8,t) — xo(s + cva, t — ca)

us(s,a,t) =
5

then the system is said to be strongly coupled. In these lectures no strong coupling should
be considered.
Note that a Taylor expansion of x.(s+eva, t—¢ca) at the point (s, t) leads to the expansion :

ue(s,a,t) = (0p — v0s) x:(s,t) + O(e)

which defines D; := (J; — v0;) naturally in the equations above. The main project of this
course and [15, [16] 18] etc is to give a rigorous meaning to this formal computations. In the
next section, we present our strategy in order to tackle this ambitious goal.

1.2 Simplified (open) problems

Terms of the first line above provide an equation for the equilibrium of a single filament
and represent to some extent the ultimate goal of this research : rigorous justification of
memory-like adhesion microscopic description towards friction. Indeed we want to show that
starting from the system :

(

f/ (xe(s,t) — z(s,t — ea)) pe(s,a,t)da + 22" — ()\Ea:;)' =0,
Ry

€
! s=0,1 — 0, 9
! — A5x2|82071 =0, (2)

|zl =1, Vse€(0,1)
(2e(8,1) = mp(s,1), Vse€(0,1), Vt<O.

the solution . converges towards the system [23]:

(111.0(5, )00 + 2" — (Nozh) =0
g =01 =0,
Ty — AE'IB‘S:O,I =0,
lzgl =1, Vs e (0,1)
([ 70(s,t) = xp(5,0), Vse(0,1), Vt=0.

where po 1= lim. 0 p- and p10(s,t) := Jg, apo(s,a,t)da. Because even the problem is
non-linear and too difficult to handle directly, in a series of works [15], [16, [17], we studied a



simplified system where we focused on the integral part and replaced the remaining terms
with an imposed external force without any space dependence. This led to study the weak
coupling between (forgetting the s-dependence) and a simple Volterra equation

1

- /R+ (we(t) = zo(t — 2a)) po(a, t)da = f(t), t >0,

z(t) = xp(t), t<0.

(3)

and we studied the convergence of x. towards the solution of the limit problem :

[LLOatIQ(t) = f(t), t> 0,
{xo(O) = 2,(0), t=0. )

In these lectures, in order to simplify even more the problem we assume that the kernel p is
time and thus ¢ independent and is either a given fixed positive function ¢ € L'(R,) or it
solves the limit (when ¢ — 0) equation associated to (1)) which reads :

{(8a+<(a))@=0, a€Ry
0(0) = 3, a=0

For € = 1, one understands easily that can be reformulated as

(5)

t f > _ 0(a) ._
2(t) —/0 (i~ a)k(a)da = - +/t rplt — )k(a)da, k() =2, o = /R+ o(a)da

which can be recasted into a standard Volterra equation
N S
z(t) — (k*xx)(t) = F(t), F(t):=——>+ z,(t — a)k(a)da
o t
where the convolution is meant in the following sense :

(o ) () = /Ot 2(t — a)k(a)da.

with the particular feature that [z, k(a)da = 1, wich means that k(a)da is a unit measure.
In this case the latter equation is called renewal equation and has been widely studied in the
context of age structured populations.

It appears that the e-scaling above is closely connected in some cases to the long time
asymptotic profile of x. This is why in first sections of these lectures we focus on describing
the leading profile of x when t grows large. To do so, we have at our disposal several tools :

« the Laplace transform (sec. [2.2)),
 the General Entropy Method (sec. ,
« the elongation variable formulation (sec

This motivates the contents of the lectures and the order of exposition. In what follows we
show mainly that if

T ::/ ao(a)da < oo,
R+



then, when t — oo, x(t) ~ foot/pu1 where fo, := lim; o f(t) for instance, which is exactly
the profile satisfied for large times by x( solving above.

In order to illustrate what happens in the border cases when for instance, the first order
moment of p becomes unbounded, we discretise our problem in the spirit of Gradient Flows
leading to the Implicit Fuler discretization of the Volterra equation. We provide a complete
analysis of the convergence when the discretisation parameter A = At = Aa tends to zero.
We then conclude by listing interesting open problems suggested by the numerics.

Extending the Gradient Flow method, in the last part (section , and in order to get
closer to the original problem, we introduce the space variable and a Laplace operator and
focus on the system :

L.lz:](s,t) — Azx(s,t) = f(s,1)
Oy x. |S:071 =0, (6)
z(s,t) = xp(s,t), Vse(0,1), Vt<O.
Using DeGiorgi’s minimizing movements [2], we %—discretize the energy minimization proce-
dure associated with this problem in age and time (but not in space) and show that when A
goes to zero, the discrete solution converges towards x. solving @ This is possible thanks

to specific energy estimates, more complicated to obtain than for the standard heat equation
for instance. Then show the convergence of x. to x( solving the friction-heat equation :

p1(s)0xg — Axg(s,t) = f(s,t)
al/-IO |5:071 = O) (7)
zo(s,t) = x,(s,0), Vse (0,1), Vt=0.

This is possible thanks to stability estimates already obtained for the discrete scheme which
are stable both wrt ¢ and A and a stronger supplementary estimate fully based on the
reformulation of the problem in the elongation variable.

2 The renewal equation

If we turn back to , for e = 1 it can be rewritten as :

poclt) = [ ot = a)o(@yda = £(6) + [ (¢ ~ a)ola)da

which, dividing by po and redefining f accordingly, transforms into :
t

(t) —/ ot — ak(a)da = f(B), (a) = 29

0 Ho

the latter function having total mass 1. By renewal equation we intend precisely that the
total mass of k is one, i.e.

/R+ k(a)da = 1.

Before treating this special case, we aim to give a general framework allowing to handle
Volterra equations of this kind.



2.1 Constructing the resolvent

If k£ and = are measurable functions we denote
¢
(k% 2)(t) = / k(a)a(t — a)da.
0
We consider the problem find z in a suitable space s.t.

w(t) = kxa(t) + f(1), (8)

First we write few words about convolution :

Theorem 1. Let J be R, or an interval with left end-point 0 and right end-point T,
where 0 < T' < 0o, and let a be measurable on J. Then each of the following conditions
implies that a € L'(J) :

i) axbe L>(J) for every b € L*(J)

ii) axb e L'(J) for every b € L*(J)

Proof. We admit the proof since it is technical and far from the scope of this lecture notes.
Nevertheless, the interested reader can consult [8, Lemma 3.10.2 and 9.10.4 p.270-274]. W

2.1.1 The Laplace transform

Definition 1. The Laplace transform of a function a defined on R, is s.t.
a(z) := / a(t) exp(—zt)dt
R+

defined on those z € C for which the integral exists as an absolutely convergent
Lebesgue’s integral. The (bilateral) Laplace transform of a functiona, defined on R,

is the function
a(z) == / a(t) exp(—zt)dt
R
which is defined for those z € C for which the integral exists.
Theorem 2.

(i) If a € L*(R), then a(z) is defined and continuous on the line Rz = 0, a(iw) — 0
as |w| — oo, and

d(iw) =0, YweR <& a(t)=0 ae. t€R

(ii) If a € L{.(R), and a(zy) is defined for some 2y € C, then a(z) is defined on the
vertical line Rz = Rzy. -

(iii) If a € LL (R) and b € LL (R), then (ab)(z) = a(z)b(z) for all those z € C for
which both a(z) and b(z) are defined.

10



Theorem 3.
(i) If a € L'(R,), then

e a(z) is defined and continuous on the closed half plane Rz > 0, it is analytic
in Rz > 0,

e a(z) — 0 as |z| — oo in the half plane £z > 0.

e Moreover a(z) =0 for all z in Rz > 0 iff a(t) =0 a.e. t € R,.

(ii) If a € L (Ry), and a(z) is defined for some zy € C then a(z) is defined in the
closed half plane Rz > Rz.

(iii) If € LL (Ry) and b € LL (R,), then (axb)(z) = a(2)b(z) for all those z € C for
which both a(z) and b(z) are defined.

Proof. To prove the analyticity it suffices to observe that one can differentiateunder the
integral sign [28]. We concentrate on the decrease at infinity. If 2 = o + iw, then

a(2)] < [, exp(~ot) la)] dr

and, therefore, by Lebesgue’s dominated convergence theorem, a(o + iw) — 0, as 0 — o0
uniformly in w. It follows from Riemann-Lebesgue’s Lemma that for each o the function
w — (o +iw) € BCy(R). The map o — exp(—ot)a(t) is continuous from R, into L'(R,),
and this implies that the map ¢ — a(o + iw) is continuous from R, into BCy(R). This
implies that a(o + iw) — 0 as w — oo uniformly in o € [0, o] for all oy > 0, which ends the
proof. [ |

2.1.2 Existence of a resolvent

Theorem 4. Let k € L{.(R,), then there exists a solution r € L{ (R ) of the resolvent
equation :

r—kxr==k (9)
This solution is unique and depends continuously on & in the topology of Li. .(R;).
Proof. First let us show that a solution r of @D on an interval [0, 7] has to be unique. Suppose
that g satisfies ¢ — k x ¢ = k and r satisfies r — r x k = k. Then

r=k+4rxk=k+rx(q—kxq)=k+rxq—rxk*q
=k+(r—rxk)xq=k+kxq=k+q—k=q

thus the solution is unique. Next, let us observe that it suffices to prove that for each
T € (0,00), there is a function rp € L(0,T) s.t.

rp—kxrp=rp—rpxk==%

on [0,7]. If this is true, then by uniqueness, for each j € N, the restriction ;.1 to [0, )
must be equal to r;. We get a unique solution in L (R;) by defining r(t) = rj;1(¢) for

11



t € [j,j +1). In the special case where [} k(a)da < 1 one can use the iteration method.

Indeed we set .

Ty 1= Z k*

j=1
where k* is the (j — 1)-fold convolution of k by itself :

t
2 :/ k(a)k(t — a)da.
0
A standard result of convolution provides that
|k

This means that {r,, }>_, is a Cauchy sequence in L'(0,T). Therefore there exists a function
r € L'(0,T) to which r,, tends in L'(0,T) as m — oco. Each r,, satisfies :

*J

J
Lor = &l 0,m)

Tm—k*xTme1 =Tm — Tm_1*k =k
Again as
[k x (rom — r)HLl(O,T) < HkHLl(o,T)HTm - rHLl(O,T)

one has also that k£ xr,, — kxr and hence r must satisfy @

To finish the existence proof, it suffices to show that we may always, without loss of
generality, take [ |k(t)|dt < 1. By Lebesgue’s dominated convergence theorem, the function
exp(—ot)k(t) tends to 0 in L'(0,7) as o tends to oo. So, by choosing o large enough, we
may assume that a := exp(—ot)k(t) satisfies [|al| ;1 5 < 1. There exists ¢ € L'(0,T) solving

g—a*xq=q—q*xa=a

define r := exp(ot)q(t), then r solves (9). Thus we have found a solution r € L*(0,T) of the
original equation. The continuous dependence on k is left as an exercise. |

Exercise 1. Prove the continuous dependence on k

Proof. We set k = ki — ko and r = r1 — ro, then one has
r—hkixr=k+rxk
and in the same way :
r—koxr=k+nr xk

then taking the convolution wrt r; in the first equation above and 7y in the second one
obtains :
Tl*f—rl*kl*ﬂzh*(lﬁ*rg+T1)

and similarly
Tox T —rok kg *1 =k x (ko x 1y + 13)

then using @D one has for instance that :

kl*ﬂzk*(k’l*Tg—l-Tl)

12



which finally gives that :
r=kixr+k+roxk=kx(kixro+m)+k+roxk
then this latter expression provides the bound
120l 1 0.y < CRay 1, 721K 1o,

one concludes. [ |

Exercise 2. If the function exp(—ot)k(t) belongs to L'(R,) for some o € R, then there
is a constant ¢ such that the function exp(—ct)r(t) belongs to L'(R,), where r is the
resolvent of k.

Proof. If the function k := exp(—ot)k(t) € L*(R,) then there exists § € R large enough s.t.

|exp(—6-)k(-) <1

L'(Ry)

and thus as in the proof of Theorem , we set a := exp(—0t)k(t) = exp(—(J+0)t)k(t). There
exists ¢ € L'(R,) s.t.
g—a*xq=a

and setting r(t) := exp((o + 8)t)q(t) is solves (9). Moreover as there exists C s.t.

||CI||L1(R+) <C

this implies that
lexp(=(0 4+ 0))r ()l Lig,) <C
which ends the proof. [ |

Exercise 3. Show that if k(s) > 0 for almost every s € (0,T’), then so is 7 solving (9).

Proof. Let’s assume first that
T
/ k(s)ds < 1.
0
Then

r:Zk*j

Jj=1

and thus r > 0 as long as k(s) > 0. In the general case, chose ¢ small enough as in the proof
of Theorem {4, and set a,(t) := exp(—ot)k(t) so that

T
/ ay(s)ds < 1.
0

Thus there exists ¢, > 0 s.t.
Jo — Qg * (s = Qg

and define r := exp(ot)q,(t) which solves (9) and it is positive. |
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Theorem 5. Let k € Ll _(R,). Then for every f € Li_(R,), there exists a unique
solution = € Lj, (Ry) of (8). This solution is given by the variation of constant formula :

2(t) = () + (r* f)(®), t € R, (10)

where 7 is the resolvent of k. If f € L} (Ry) then z € L} (R,).

Proof. Let f € Li.(Ry) and define z as in (10). Then x € L] _(Ry), and
r—kxr=x—kx(f+rxf)=x—(k+kxr)xf=x—r xf=Ff

so that z solves (g]).
Conversely, let = be an arbitrary solution of (8) in L{.(Ry). Then as f € L{..(Ry) and

r=f4+kxx=f+r—rxk)xx=f+rx(x—kxz)=f+r*f
and so x is given by . ]

Theorem 6. Let k be a positive Volterra kernel in L (0,T), assume that z,f €
L;.(0,T) and suppose that

2(t) < (k*z)(t) + f(t), ae te (0,T).

Then
z(t) <y(t), aete(0,7T)

where y is the solution of the comparison equation y(t) = (kxy)(t) + f(t).
Proof. If x(t) < (kxx)(t) + f(t) then there exists g > 0 s.t.
2(t) = (kxx)(t) + (1) — g(t).
and using the resolvent equation this reads :
e=(f=g)+rx(f-9)
then one computes :

kxx=(k+kxr)x(f—g)=rx(f—g)=rxf—rxg

and thus :
z(t) < (kxx)(t) + f(t) = (r* f)(t) = (rxg)(t) + f(t) < (rx [)E) + f(t) = y(t)
where we used that » > 0 and g > 0 imply that r x ¢ > 0, which ends the proof. ]

This result can be generalized to non-convolution type kernels. The reader may consult
[8, Propositions 8.1 and Lemma 8.2]. Now we solve :

14



Remark 1. To get an explicit solution of the resolvent equation, one can use Laplace
transforms. Suppose that for some sufficiently large o, the function exp(—ot)k belongs

to L'(R.). Then k(z) exists for Rz > o, and, by Exercise , 7(z) exists in some other
half plane Rz > ¢. Using the previous Theorem @ may be transformed and becomes :

7(z) = —=—, Rz > max(o,c)

An inversion of the Laplace transform (which occasionally can be done in a closed form)
gives 7.

Suppose that we know something about the asymptotic behaviour of the forcing function
fin (8). For example, f € L'(R;). What conditions do we need on the kernel k in order to
conclude that the solution = of has the same asymptotic behaviour as f?

Exercise 4. Prove that if f € L'(R,) or f € L*(R,) then z € L*(R,) is equivalent to
re L

Now one can ask the question : when is it true that r € L'(R;) ? As we shall see below,
if k € L'(R,), then one can give a complete answer to this question in terms of a Laplace
transform condition.

Theorem 7. [Half Line Paley-Wiener] Let & € L'(R.), then the resolvent r of k satisfies :
re L'(Ry)
if and only if .
k(z) #1, VzeC; Rz>0.

Proof. The Laplace condition is clearly necessary. Indeed, if r € L*(Ry) and 7 — kxr = k,
then we are allowed to transform @ to get :

P—kf=k VzeC;Rz>0.

or equivalently

~

(1—k(2)(1+7z2)=1, RNz>0

which clearly implies that k(z) # 1, Rz > 0 because 7 is bounded on Rz > 0 since r € L}(R,).
Indeed, as k € L'(Ry) k is continuous on Rz > 0. Assume there exists zy € {Rz > 0} s.t.
k(zg) = 1 then

~

(1= k() (1 +7G0)| £ (14 Irl e, |1 = Fz0)| = 0

leading to a contradiction. The rest of the proof is admitted since beyond of these lectures’
scope . The interested reader can refer to the proofs of [8, Theorems 4.1 and 4.3]. ]
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2.1.3 Application to the case when total mass is less than 1

This gives :
Lemma 1. Assume that [z, k(a)da <1, k:(2) is well defined on Rz > 0 and
Vz; Rz>0, k(z)#1

Proof. Indeed, by Theorem (3| as k € L*(R,), k(z) is defined and continuous on the closed
half-plane 3z > 0, moreover

‘/Af(z)’ =

/R k(a) exp(—za)da| < k] 11q,, < 1
N

and the claim follows. [ |

Theorem 8. If [|k[|;1r,) < 1, one has in a straightforward manner that : there exist

r € L*(R.) solving (9) s.t.
Il sy < T
Tl S .
LRy =1 — 1kl 1 ry)

Moreover these estimates show also that if f € L'(R,) then so is x solving . Same
results hold for any LP(R, ) norms for p € (1, oc].

Corollary 1. Assume that f € L*(R,), then

12l rmyy < Nl + 117l 1Ry )
Obviously this implies that
t+h
/ |z(t)| dt — 0
t

when t grows large.

2.2 The resolvent for the renewal equation

If we turn back to , for e = 1 it can be rewritten as :

t 00
por(t) = [ xlt = a)o(@)da = f()+ [ w,(t — a)o(a)da
which, dividing by po and redefining f accordingly, transforms into :

- tCL’ —a alaa =xr — KxT = a .:M
o) = [ olt = )k(a)d ke = 0, Ha@) = 2
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the latter function having total mass 1. By renewal equation we intend precisely that the
total mass of k is one, i.e.
/ k(a)da = 1.
Ry

In a first step we require a quite strong decrease of k at infinity, latter we refine our analysis
in order to relax as much as possible this constraint.

2.2.1 The kernel belongs to some exponentially weighted Lebesgue’s space

Definition 2. A positive function w on R is called sub-multiplicative, if w(0) = 1 and

w(s+1t) <w(s)w(t)

for all s,t in R.
We define the weighted LP-spaces LP(0,T") for p € [1,00] to be the set of functions f on
(0,7) that satisfy wf € LP(0,T), with norm || f{[ 150 7.y = [0Sl 100,17

Examples of sub-multiplicative weights are

wi(t) = (1+]t])°, teR, §>0
wa(t) == (1 +log(1 + |t)) wi(2), teR, v>0
ws(t) := exp([t|")wa(t), teR, 0<ax<1
wy(t) == exp(St)ws(t), teR, BER

Proposition 1. Let w be a locally bounded sub-multiplicative, then

nf ln(w(t))’ e it In(w(t))

Oy = —
w t——00 t t—o0 t

exists and one has :

w(t) > max (exp(—ayt), exp(—wy,t)), VtER

We recall here the Paley-Wiener Lemma :

Lemma 2. Let a € L'(R;C), let ¢ be a function that is bounded and continuous in the
closed half plane Rz > 0 and analytic in the open half plane Rz > 0, and suppose that
a(z) = p(z) for all Rz = 0. Then a(t) = 0 for almost all ¢ < 0, and a(z) = ¢(z) for all
z € C with £z > 0.

Proof. We set
a(t), t<0, 0, t <0,
ar(t) = {0( ) ) = {

t>0 a(t), t>0

17



By hypothesis, one has
a(z) = a1(2) + az(z) = ¢(2), Rz=0.

©(z) and a;(z) are continuous on Rz > 0 and analytic in Rz > 0. Similarly as a;(—z) is the
ordinary LT of a(—t) we see that a; is continuous on Rz < 0 and analytic in Rz >< 0. It

follows that the function
G(z) = ar(2), ) Rz <0
p(z) —as(z), Rz>0

is entire [28, Theorem 16.8, p 323]. As ¢ and ds are bounded on $z > 0, and similarly
because a; € L'(R_) a; is bounded on Rz < 0, then G is bounded. By Liouville’s Theorem,
G is a constant. Since G(iw) — 0 when |w| — oo G is identically zero. Then a; = 0 and by
uniqueness of the LT, a;(t) = 0, for a.e. ¢ < 0 thus a(t) =0 a.e. t > 0. |

Assume that ¢ is a sub-multiplicative weight, we define M(R,;p;C) to be the set of
measures g s.t. ou(dt) € M(R4;C), where M(R;C) is the set of finite complete Borel
Measures [28]. Here we state [8, Theorem 7.2.4].

Theorem 9. Let ¢ be a sub-multiplicative weight function on R for which a, = w,, let
k € M(Ry;p;C) have no singular part and suppose that

inf
Rz=w,

1—!?:‘>07

and .
e )1 _ k(z)‘ >0
|z]—00
Rz>w,

Then the resolvent r of k is of the form :
m Pe—
=3 Z Qp ;17 exp(zet)dt + £(dt)
/=1 :

where each exponent 2, is complex with Rz, > w,, each €y ; is a complex coefficient and
§ € M(Ry;9;C). )

More specially, the exponents z, are the zeros of the characterstic equation k(z) = 1 in
Rz > w, and the coeflicients () ; are determined by the principal part of l%(l — l%)_l
zp in the sense that, in some neighborhood of zy,

at

where the remainder & is analytic at z,.
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Theorem 10. We assume here that £ is s.t.
e k(a) >0
¢ Jo, Ka)da =1,
e there exists ¢ > 0 s.t.

k(-)exp(o-) € L'(Ry)
then there exists h € L'(R,,exp(c-)) s.t. the resolvent r reads

1
=—————+1h €. R
r(a) R + h(a), ae.a€Ry
Proof. 1f k is positive and [ k(a)da = 1 then its Laplace transform exists and is analytic in
Rz > 0. Moreover, k(-)exp(o-) € L'(R,) implies that

A

k(— ‘ = /R+ k(a)exp(oa)da < oo

which by Theorem [3| implies that k is defined for Q, = {Rz > —o}. Moreover k is analytic

in Bz > 0. Indeed, one has that

a) a.e. t € Ry, the map z € Q, — exp(—=zt)k(t) is differentiable on €2, and the derivative is
—texp(—zt)k(t);

b) for every z € Q,, the map t € Ry — exp(—zt)k(t) is integrable on R, (this is the
consequence of the previous result).

c¢) one has that for all ¢’ < ¢ and all z € €, there exists ¢, s.t. ,

|t exp(—2t)| k(t) < max(exp(ct),ty exp(o'ty))k(t) € L' (RL)

Indeed,
texp(—zt) < texp(o't)

and then there exists ¢, s.t.
Vt > t,, texp(o't) < exp(ot)

so that
exp(ot) ift >ty

texp(—zt) < texp(a't) <
p( ) < p(o't) < {t; exp(ty)  otherwise.

using the Theorem of derivation of an integral wrt a paramter, one has that

K (z) = —/R exp(—zt)tk(t)dt, YRz > o.
+

When z is real and z € (—0, 00), kis a positive strictly decreasing function :
M(z) = — / exp(—2t)tk(t)dt
Ry

Indeed, the derivative is defined and strictly negative since there exists a set w C (0, 00) of
positive measure for which k(a) > 0 and thus

(2) <0, Vze (—0,00).
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Since k € L'(Ry) it is clear that lim,_,. k(z) = 0, and since k(0) = 1 and ¥'(0) < 0, this
shows that there exists a unique real and simple root of the characteristic equation k& = 1.
If z; is an eigenvalue, then so is Z7, its conjugate. This leads to write that :

k() + k(z1) = 2
which translates into :
/ (exp(—z1a) + exp(—Z1a)) k(a)da = 2.
R+
This can be rewritten as :

/ exp(—Rz1a) cos(Sz1a)k(a)da = 1
Ry

which can be estimated as

k(Rz) > /R+ exp(—Rz1a) cos(Sza)k(a)da = 1 = k(0).

Because k is a decreasing function on [—o,00), this means that Rz; < 0. Suppose that
Rz, =0 and Jz; # 0, then one arrives at the equation :

/R+(1 — cos(Sz1a))k(a)da =0

and since the integrand is non-negative, this implies that for almost every a € suppk one
has :
(1 — cos(Sz1a))k(a) =0,

since there is at least a non zero measure set K on which k(a) > 0 this leads to (1 —
cos(Sz1a)) = 0 for a.e. a € K thus $z; = 0 which is a contradiction. This shows that
necessarily the strict inequality holds.

Since k is analytic in Rz > —o, the zeros are isolated, there is no accumulation point in
Rz > —o. Thus there exists 0 < § < o s.t. in the strip Rz € (—J,00), z = 0 is the only root
of the characteristic equation k(z) = 1.

We are in the position to apply Theorem [9] which states that :

r(dt) = Rez <%, 0> dt + &(dt)

where £ € M(R,;exp(dt); C). Then a simple computation shows that :

Rez 7k(f) ,0 ] = lim l%(z)i{ = lim /%(z) lim 1 = Al = ! :
1—k(2) 250 1—k(z) =0 20 %(z) —k'(0)  Jr, ak(a)da
As k € L'(Ry), the resolvent is in Lj,.(Ry). The constant 1/ [, ak(a)da is also in Lj,, which

implies that & is also in L{ .

If a measure £ € M(R,;R) is finite and is also in L] _(R;;R) then there exists h € L'(R,)
s.t. £(dt) = hdt. Tt is a consequence of the Lebesgue-Radon-Nikodym decomposition theorem
[28, Theorem 6.10, p.121] and the fact that the space of L{ (R,) functions coincides with
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absolutely continuous measures wrt Lebesgue’s measure [29, p. 18]. Indeed, Lebesgue’s
measure A is o-additive and positive, £ is a finite measure s.t £ < A (absolutelly continuous
wrt Lebesgue’s measure). Since it is also finite, there exists a unique h € L'(R,) s.t.

£(E) = / hdt, VE €.
E
where ‘B denote the Borelian o-algebra defined on R,. So £ can be identified with h. |

2.2.2 The total mass is one and no exponential weight is at hand

In this section we extend the previous result in a weaker case for which only integrability
and the boundedness of the first moment are required.

Definition 3. A function ¢ is said to belong locally to L' (w)
o at a point zy € C, with a,, < Rzyp < w,, if there exists functions puq,--- , g in
L'(Ry;w) and a function ¥(z,&y, ..., &), analytic at (29, fi1(20),- - -, fix(20)), s.t.

for some ¢,
P(z) = (2, u(2), .., (2))),

when |z — 29| < € and a,, < Rz < w,,.

o at infinity if there exists functions gy, -, pux in L'(Ry;w) and a function
W(z, &1, ..., &) analytic in (0,0,...,0) s.t. for some £ > 0,

¢(2) = P(1/z, 01 (2), .. ix(2))),

when |z] > ¢ and a,, < Rz < w,.
If ¢ belongs locally to L'(w) at every point zg with o, < Rz < w,, and at infinity, then
we say that ¢ belongs locally to L!'(w).

The following theorem motivates the use of the words belongs locally L' () in Definition
Bl For the proof, see [6, Therorem 1, p. 82] and [I0, Prop. 2.3, p.755.].

Theorem 11. If w is a locally bounded sub-multiplicative weight on R, and let ¢ € ﬁl(w)
and satisfy ¢(co) = 0. Then there exists a unique function a € L'(Ry;w) s.t. ¢(2) = a(z)
for a,, < RNz < wy,.
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Theorem 12. Here consider problem with the specific condition that £ > 0 and
|kl L1 (r,) = 1. We assume moreover that the first moment of k is bounded i.e. :

/ ak(a)da < +00
R+

there exists a function v € L'(R,), s.t.

r(t) = v(t) + /Otz/(s)ds

where 7 is the positive resolvent associated to k£ and one has :

1
/Fe+ v(s)ds = Jr, k(a)ada

Moreover, if [z, a*k(a)da < oo, then there exists v := v — [ v(a)da and v € L'(Ry)

S.t.
1

* Jr, k(a)ada (11)

r(t) =~(t)

Proof. By construction we know that the resolvent r € L{ _(R.) is positive since

o0

ro= Zk*j.

=1

We set b(t) := [ k(a)da, since this is an integrable function its Laplace transform is analytic
in Rz > 0, continuous in Rz > 0 and reads :

~

b(z) = 1_Zk(z) Rz > 0.

Moreover a simple computation shows that
A /"Ll
b(0) = /R+ blt)de =7
We set R R R
o(2) = z k(f) _ z k(z) _ 1 k(2) ‘
(1+2)(1-k(2) (A—kz)0d+2) b)) (1+2)
If we denote 1(z,€&) := <=5 it is thus analytic in (C\ {=1}) x (C\ {1}). Simple

142z Q’
computations and previous results show that,

Vzo € C\ {0}, st. Rzp >0,  k(z) # 1,

(it is sufficient to distinguish between the case Rz > 0 and z € iR*). Thus for all zy € Rzy > 0
and zg # 0,

(70, k(20)) € {Rz >0, z# 0} x (C\ {1}) C (C\ {~1}) x (C\ {1})
So that 1(z, &) is analytic at (2o, k(z)). Moreover one has that
o(2) = (2, k(2)), VzeRz>0.
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This shows that ¢ is locally in L*(1) at points z # 0 in Rz > 0.
We focus now at zg = 0. We set

2
VSR = ey

Obviously one has :

d(2) = (z,b(2),k(z)), VzeRz>0.
83

Then one notices that ¢(z, £, &) is analytic in the neighborhood of

A

(0,5(0), k(0)) = (o, /R K(a)ada 1) .

Thus ¢ is in L'(1) at the point z = 0. )
It remains to prove that actually ¢ is in L'(1) at infinity. To this aim, we set
1 £

(14+2) 1-¢

©(2,§) ==

that should be analytic in (0,0). Indeed,
p(wr, wy) = <Z( 1) <w22w2> = > (=D"wiwy"
n=0 n,p=0

which converges for (wy,wy) € D(0,1)? (D(0,1) is the open unit disc in C). Moreover for all
M >0, for all |z|] > M, one has

d(2) = p(1/2,k(2)), Vzst. Rz>0.

The previous considerations show that ¢ defined above is in L' (1), in the sense of Definition
and Theorem [11]states that there exists v € L'(R) s.t.

v(z) =¢(z), RNz=0.

By Lemma [2| [§, the Paley-Wiener Lemma 5.1 p.50], suppv C Ry and #(z) = ¢(z) coincide
also on Rz > 0. Now by linearity of Laplace’s transform one has trivially :

<1/ + /Ot I/(S)ds> =0+ (/Ot V(S)dS)

and using [4, Theorem 8.1 p.36], v € L'(R,) implies that

(/ot ”<3>d5>( ) = iﬁ(z), YRz > 0.

By uniqueness of the Laplace transform [4, Lerch’s Theorem 5.1, p.21] , if

o) = (142) o) = (v+ [ vlo)ds)(2), vz >0
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one concludes that r(a) = v(a) + [; v(s)ds almost everywhere in R,.. Moreover, one writes :

1 1

/R+ v(s)ds = 9(0) = RN

Next, if the second order moment is bounded, one has that b € L'(R, (1+a)) and thus also
v € L*(Ry, (1 + a)) (thanks again to Theorem [11]) which then ends the proof. |

Corollary 2. If moreover k € L*(R, ), then v € L*(R,) in the previous claim.

Proof. Using the L*isometry of the Fourier transform, one has that if ¢(i-) € L*(R) then its
inverse fransform is also in L?. Assume first that |¢] > ¢,

. k(i¢
tig) < €| AU
1 — k(i)

as k € L'(Ry), its Fourier transform is in Cy(R) and thus ‘1 - l%(zf)) — 1 when [¢| — oo, for
all § € (0,1), there exists &y s.t. V& s.t. [£] > &

‘1 - /%’ >1—04.
This provides that
100 22 R\ B0.60)) < O°
On the other hand, ¢(i) is continuous on B(0,&,) \ {0} and reaches a finite value in zero

1/b(0), it is then continuous on B(0, &) and thus bounded. which shows that [o(i) | o) <
oo. Thus its inverse Fourier transform is also an L?*(R) function. One denotes v € L*(R) s.t.

vi=F(0)
Moreover one has that

F(v)(§) = o(i€) = 0(i€) = F(v)(§), a.e. £ €R

the latter equality holding since the Fourier transform of a L'(R, ) function extended by zero
on R_ coincides with the definition of the Laplace transform pointwisely. Then in the sense
of tempered distributions S’'(R) one has

F(lv—v)=0,

which implies that v — v in §'(R) as F is an isometry on §’(R). And thus the equality holds
a.e. pointwisely. ]

One may ask what happens if for instance

R
lim ak(a)da = +oo0.
R—o0 Jo

The question is of importance since it seems from above results that in this case the particle
should stop instead of going further as time grows large.
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2.3 Generalized entropy method

The transport form of the renewal equation is as follows :

(O +0,)n=0 (t,a) € (0,00)%
n(0,) = /R ka)n(a,t)da >0, a=0, (12)
n(a,0) =ng(a) a>0,1t=0,

where we assume that :

Assumptions 1. We assume that
i) k(a) >0 a.e.a € Ry,
ii) Be L'(Ry)
iii) either
/ k(a)da > 1 (13)
Ry
or

/R k(a)da = 1 and k(a)ada < oo (14)

Ry
If x solves , with a null term, then it is solution of . Indeed,
t— if t >
n(a,t) := #(t=a) itz a.
z,(t —a) otherwise

solves the transport problem in Ry x (0, 7). If a = 0 then n(0,t) = z(t) = [, k(a)n(a,t)da,
where k = o/ po which provides the boundary condition. Chosing ¢ = 0 in the definition above

defines ng as no(a) = z,(—a) and one recovers the initial condition in (12)). Conversely, if n
solves (12), then setting z(t) = n(0,¢) solves (B)), with f = 0. Indeed,

() = n(0,t) = /

A n(a,t)k(a)da = /t n(0,t — a)k(a)da + /too k(a)no(a —t)da

= /Ot x(t — a)k(a)da + too k(a)z,(t —a)da

2.3.1 The eigen-problem

First we consider the eigen elements of the equation. Namely we look for (A, N) solving :

(A+9,)N =0, a >0,
N (15)
N(0) = / k(a)N(a)da, a=0,
Ry
If such a solution exists then A should satisfy the characteristic equation
F(\) == / k(a) exp(—Aa)da = 1. (16)
Ry

We recover here that F()) is indeed k().
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For A € Ry, F()) is finite thanks to the definition of k. F' is differentiable with respect to
A on RA > 0 and the derivative reads :

F'(\) = —/R ak(a) exp(—a)da < 0, RA >0
+

showing that F'is a monotone decreasing function on R%. If the first moment is bounded
then the derivative can be extended by continuity to A = 0 (hint: use Lebesgue’s Theorem).
As seen above it is bounded and strictly negative.

As k is integrable, thanks to Theorem [3] one has :

lim F(\) =0

A—400

In order to conclude two possibilities occur :

o if holds, then
F0)>1, F(\)<0, YA>0, lim F\)=0

A——+00

o if is true, then
F(0)=1, F'(A\) <0, YA>0, lim F(A)=0

A——+o00

these facts allow to state that, in any case, there exists a unique Ag € Ry s.t. the characteristic
equation holds true.
For practical reasons we set N(0) = 1. These arguments lead to

Proposition 2. Under Assumptions |2} there exists a unique real non-negative eigenvalue

)\0 Of

We make an important observation :

Proposition 3. If there exists another A s.t. A > 0 and
F\) =1

then necessarily one has :
RN < Ao

Moreover solutions of the characteristic equation are isolated in %z > 0 if [z, kda > 1,
or in the case , there is only one eigenvalue in Rz > 0 which is thus isolated.

Proof. The proof is left as an exercise following the same steps as in Theorem [10] ]
The conclusions of the Proposition [3] are illustrated in Fig. [2]

Next, we look now for the dual problem associated with . It reads :
(=A+ da)t(a) = = (0)k(a)
/ b(a)N(a)da = 1.
R

+

(17)
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Figure 2: Pointwise spectrum in the complex plane

A simple computation shows that

¥(a) =0(0) exp(hoa) (1 - /0 " k(s) exp(—Aos)ds))

=1(0) exp()\oa)/ k(s)exp(—Aos)ds

a

where the latter equality comes from the characteristic equation. One should notice that
so defined is a non-negative function for all ages a € R,. This is important in what follows.

Proposition 4. Under definition , one has the inclusion

esssupp k C supp .

Proof. We recall that for the continuous function ¢, the support supp is defined as the

closure of the set where ¢ # 0. Suppose that ag ¢ supp ¢ this implies that there exists 7 s.t.
the open ball B(ag,n) s.t.

1/’(@ = 07 Va € B<a07 77)
using the explicit definition of v this translates into :

o0

0= w(0)exp(hoa) [ k(s) exp(~Aos)ds. Va € Blag.n)

a

which implies because of the non-negativity of the integrand :

k(s)exp(—XAos) =0, a.e.s€ (ag—mn,00)

which in turn means that k(s) = 0 for a.e. s € (ag —n, 0), i.e. ag ¢ esssupp k. |
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Remark 2. The converse is not true : take k(ag) = 0 for some ag > 0 and assume that
there exist K C (ag,00) s.t. k(a) > 0 for a.e. a € K then there exist ay € suppt that
does not belong to supp k.

The normalization condition
/ W(a)N(a)da = 1

R+

then fixes ¥(0) since :
/ Y(a)N(a)da = ¢(O)/ /Oo k(s)exp(—Aos)ds
R+ R+ a
= ¢(O)/ k(s)sexp(—Xgs)ds =1
Ry

providing that

1
v(0) = Jr, k(s)sexp(—Ags)ds

Remark 3. In the case of assumption , the integral
/ k(s)sexp(—Ags)ds
Ry
makes sense since \g > 0 and thus
1
/R+ k(s)s exp(~Ros)ds < s Bl
while in the case of assumption , one simply has : \g = 0 and

/R+ k(s)sexp(—Ags)ds = /R k(a)ada < oo.

+

by hypothesis.

This leads to

Lemma 3. Under Assumptions , there exists a unique tuple (Ao, NV, %) € Ry x L®(R,)?
solving the eigen-problem associated to ((12)).

2.3.2 Existence and uniqueness

Since there is a positive growing mode in time we rescale so to deal with bounded
quantities. Indeed we define

n(a,t) := n(a,t) exp(—Aoa)
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which satisfies :

(0r 4+ 04+ X)) =0 (t,a) € (0,00)%,
7(0,t) = /R ka)n(a,t)da  t>0, a=0, (18)
n(a,0) = ng(a) a>0,t=0,

Definition 4. We define a mild solution u of the problem

(O + 0, + C(a,t))u=0 (a,t) € (0,00) x (0,T)
w(0,t) = up(t) a=0,t>0 (19)
u(a,0) = ur(a) a>0,t=0.

with data :
up € LOO<07T)7 ur € LOO(R+)7 C S LOO<R+ X (OvT))7 C >0

the solution defined by the Duhamel’s principle :

w(a, ) = up(t — a) exp (— f%a(’(a + 7, t 4 7)dr) %ft >a (20)
ur(a —t)exp (— [2 Cla+7,t+7)dr) ift<a
Definition 5. We say that u is a weak solution of problem if
T
/ / u(a,t) (Op + 0u — C) p(a, t)dadt
0o JRy
(21)

= | [ wlo.t0e(a i — [ (011000, 1

for every test function ¢ € D([0,00) x [0,T]).

Theorem 13. The mild solution of is a weak solution. Moreover, we also have in
the sense of characteristics :

(Or + 04 + C(a,t)) |ul =0, (a,t) € (0,00) x (0,7T)
lul (0,t) = |up(t)] a=0,t>0 (22)
|ul (a,0) = |us(a)| a>0,t=0.

and if u; are mild solutions of with data uj,u’,(; as above for ¢ € {1,2} then the
product ujus solves in the mild sense with data uéug, utu?, ¢ + G.

Proof. We set

T
J = /R+/0 u(a,t) (Opp + Oup) dt da .
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Performing the change of variables = (a —t/)/2,y = (a +t)/2, one transforms R, x (0,7T)
into Q = {(z,y)} = 2, UQy where Oy := {(z,y) €R?*; 2z €] -T/2,0] andy €| -z, 2+ T[}
and Qy := {(z,y) € R* ; x €]0;00[ and y € |z, + T[}. Setting ¢(z,y) := p(a,t) one has
then that

Oip + Dap = ay@ )

and
J:2/Q ué?y@dydzv+2/ﬂ ulyp dy dr =: J; + Jy .

We treat each term separately because they correspond to the two cases of Duhamel’s formula.

J1_2/J/ﬁ v,y) 0,p(x.y) dy d

The function g(z,y) = exp (— J§7 ((s,s — 22)ds) belongs to H}((—z,2 + T)) and it holds
that ¢ is O C H;. Hence the 1ntegration by parts is well defined,

x+T

J =2 /OT U(07 _ZE) {[g(x, y)SO]fo__;T + C(J] +Y,y— [E)g(l‘, y)@(l‘, y) dy} dx

—T

=2 /OT u(0, —x){o(x,z +T)g(x,x +T) — ¢(x, —x) } dx

2

+2/ ((x+y,y—x)up dy dx
_/ (a, T)p(a, T)da—/T (0, 8)p(0, £)dt
—i—// (a,t)u(a,t)p(a,t) da dt ,

and similarly one gets the complementary result for J;, which ends the proof. We reparametrize
by @(z,y) = u(a,t) and obtain

iz, y) = {ub(—2x) exp (— J§V¢(r, 7 = 22)dr)  (w,y) €
; up(2z) exp (— J¢7°C(T + 2z, 7)dr)  (w,y) € Dy

and then it is easy to realize that

(ay+C>ﬂ:O

in the domain €; U Qy parametrized by the variables (z,y). Solving this equation in the y
variable and thanks to the assumptions, it is easy to show that @ is indeed Lipschitz with
respect to y for every fixed z. Thus, one can write in the weak sense that 0,|a| = sgn(a)0,u
for every fixed x. Thus d,|ua| + (]| = 0 holds a.e. with respect to y for every fixed x. We
then integrate and transform back to obtain the system which is the analogous to . The
last claim involving the product ujus follows from Duhamel’s formula. [ |
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Exercise 5. Prove the previous theorem when adding a rhs f € L>*(R, x (0,7)) to
. In particular prove that

(O + 0a + C(a, 1)) [u] = sgn(u) f(a,t), (a,t) € (0,00) x (0,T)
lul (0,t) = |up(t)] a=0,t>0 (23)
lul (a,0) = |us(a)] a>0,t=0.

and that the product u,uy solves :

(at + 8{1 + Cl(aa t) + C2(aa t))u1u2 = ulf2 + u2f1> (avt) € (O’ OO) X (OvT)
uyup(0,1) = upui(t) a=0,t>0 (24)

uyuz(a,0) = uyui(a) a>0,t=0.

Hint : First set (; = 0 in order to simplify the expressions. This gives :
0 0
fola+ s, t+s)us(a+s,t+s)ds= [ fola+s,t+ s)ui(0,t —a)ds
0 s
+ fg(a+s,t+s)/ fila+7,t+ 7)drds
and
0 0
/ fila+ s, t+ s)us(a+ s, t + s)ds = / fila+ s,t+ s)uz(0,t — a)ds
0 s
+ | fila+s,t+s) [ faa+7,t+7)drds
0 0 0
= fila+ s, t+ s)uz(0,t — a)ds + fg(a+T,t+T)/ fila+ s, t+ s)drds
where one swiches the order of integration in the last term in the rhs. Then summing both

the expressions ends the part related to the product.
Thanks to these considerations we can claim the following result :
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Theorem 14. Under the previous hypotheses and if moreover one has :

ng € Ll(RJra w(a))

there is a unique solution in the weak sense of Definition |5 s.t. 7 € C(Ry x
L'(Ry;(a)da)) to (18) and we have :
i) if there exists Cj s.t.
Ino(a)] < CoN(a), a.e.a>0,

then the maximum principle holds :

|n(a,t)| < CoN(a), a.e.a>0, Vt>0,

ii) the comparison principle holds as well i.e.

nO,l(a) S TL()’Q(CL) = ﬁl(a7t) S ’flg(d,t), Vit > Ou
iii) the conservation law and the L*(R,,(a)) contraction principle,

/R+ n(a,t)y(a)da :/ no(a)y(a)da,

Ry

/R+ |T~L<(l,t)| Wa)dx S /R+ |TL()(CL)| @Z)(a)dw

Proof. First we prove existence by a fixed point argument in X = C([0,T]; L'(R)), with the
topology [[n|ly = supy<<r [n(-,?)[|[1(r,)- We define the following operator n := T[m] as
the solution of the problem :

(Or + 0y + Ao)n =0 (t,a) € (0,00)%

n(0,t) = / k(a)m(a,t)da t>0,a=0,
R+

n(a,0) = ng(a) a>0,1t=0.

Namely we set n as the mild solution defined through Duhamel’s formula :

n(a,t) = Jr, k(@)m(a,t — a)daexp(—=Aoa) ift>a
"0 | nola — t) exp(=Aot) otherwise

First we check that 7 is endomorphic in X i.e. we want to show that if w is s.t.
Ve>0,VE>0, I >0; Vs [s—t| <nep = [lw(,t) —w(,s)|[igr,) <&

we have the same property for n. Lets assume that s < ¢ (the opposite case works the same),
/ In(a,t) —n(a,s)|da < / / k(a)lm(a,t —a) —m(a,s — a)|da
0 o JR;

< 11Blleguy, [ It =) = m(es = @)l e, da

< [[Bll s sup [m(-t —a) =m(-, s —a)ll g,
ac(0,s
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as a continuous function is uniformly continuous on compact sets,

Ve >0,Vt >0, In., >0; Vs;
s=tl < s = [0t —a) w5 =@y <2 Vae (0.5)

Then one has the term

t
| Intat) = n(a, )l da < ] e e, 0 (£ = 9

which can be made arbitrarily small. And finally :

[ Inta.t) = n(a, )l da < [ |ng(a-+t—s) — no(@)da
t Ry
+ 0l 11r, ) l€xXP(—=Aot) — exp(—Aos)|

By the continuity of the translation operator in L*(R,) the first term in the rhs can be made
arbitrarily small and because the exponential function is continuous as well, the second term
is controlled also. Thus 7 maps X into itself as soon as n is bounded.

The boundedness follows from the simple estimates : if a <t

[n(a, )] < Bl ool x»

whereas if a > t, then
In(a, 1) < [Inoll pee(r, -

In order to show contraction, we denote n; := T (w;) for i € {1,2} and
¢
[ maa,t) = mi(at)lda = [ |na(at) = na(a.t)lda < ) Bl oz = wi]
+

< |lwy — w1l x

provided that t||B|;. < 1. So for a final time 7" s.t. T||B|;~ < 1, by the Banach fixed
point Theorem, there exists a unique fixed point n € X s.t.

(o, t) = Jr, k(@)n(a,t — a)daexp(—Aoa) if t > a. (25)
no(a — t) exp(—Aot) otherwise
As usual, we can iterate the operator on [T, 2T, [2T,3T], ..., since the condition on T

does not depend on the iteration. According to Theorem , if n solves then it is also a
weak solution i.e. it solves :

/Rer(o,T)ﬁ(a’ t) (Op + 0u — No) (a, t)dadt — [/R+ n(a, s)p(a, s)da _ %)

T
+/ 7(0, 1) (0, )dt = 0
0
for all p € C*(R2) N L>®(R3).
The comparison principle (ii) follows from the construction of the Banach-Picard fixed

point. To show this, consider two initial data ng 1, no 2 and denote by 7; , 75 the corresponding
operators of step 1. If ng; < mga , then for all m we have T;[m] < T3[m] and thus the fixed
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point itself (recall the Picard iteration process) satisfies ny < ng. As a direct consequence
the maximum principle holds true because £Cy N (z) are solutions and can be used in (ii).

Consider now ng € L'(Ry,(a)da) by density (recall that 1 is bounded), we can find a
sequence nk € LY(R,;da) such that nf — ng in LY(Ry ;1 (a)da) when k — co. We denote by
fi*(a,t) the corresponding solution to . Combining with the dual equation , we
compute for the solution # = A% — AP,

(0; + 0a)((a, 1)¢P(a)) = =9 (0)k(a)ir(a, ). (27)
This implies (cf. Theorem |13[and Exercise [5)) the identity
(0 +0a) (|7 ¥) = =1(0)k(a) |7

after integrating in a we deduce that

d
= /R+ || pda = —1p(0) /R+ k(a) |7 da + ¥(0) '/m k(a)(a,t)da| <0
which after integration in time gives :
a0l e@)da < [ [nf(a) —nf(a)] v(@)da (28)

and thus {7 }ren is a Cauchy sequence of C'(Ry; L'(Ry,¢(a))). Notice also the uniform
bound |ny(a,t)] < CoN(a). Therefore it converges strongly in C'(Ry; L'(Ry, v (a)da)) and
weakly in L>(R; x R ) leading to a weak solution in the sense of Definition

It is a unique solution since : shows that two possible solutions coincide on the support
of 1) and thus on the support of k. So the difference of the two solutions solve an homogeneous
transport problem with zero boundary and initial data, thus it is zero. Integrating wrt
a gives :

i . n(a,t)y(a)da = 0,

from which we recover the conservation law iii). |

2.3.3 Regularity of solutions

Later on, we will need some regularity results that we state now.

Theorem 15. Under hypotheses , and if the initial data ng is Lipschitz i.e.
Ing(a)| < CoN(a), |ngla)| < CiN(a), VaeRy,
assume moreover that no(0) = [z, k(a)ng(a)da, then the solution satisfies :
|0in(a,t)] < (C1+ Xo)N(a), |0ani(a,t)] < (Cy+ Xo(1+ Co))N(a),

for all (a,t) € Ry x Ry.
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Proof. Since we assumed the compatibility condition ng(0) = [z, k(a)no(a)da, is contin-
uous through the interface t = a. Differentiating wrt time, one recovers easily that it is
a weak solution of the problem :

(Or 4 00+ Ao)0 =0 (a,t) € Ry x Ry

9,7(0,1) :/ k(a)d,7(d)da a=0,1>0 (29)
R+

on(a,0) = —ng(a) — Agno(a), a>0,t=0

and thus the maximum principle from Theorem [14] holds also for the time derivative :
|0in(a,t)] < (Cy+ XN)N(a), a>0

As now the time derivative is a bounded function, and since equation holds in the sense
of distributions it is also true in a pointwise sense, one has that

lﬁaﬁ(a, t)‘ = ]8,571 + )\0%’ < (Cl + Ao)N(a) + )\OC'ON(a)

which gives the result. |

Remark 4. If we do not assume the compatibility condition ny(0) = [z, k(a)no(a)da,
then 7 is differentiable wrt time only in ; UQy where € := {t > a} and Qs := {t < a}.
We cannot use the comparison principle since the derivative does not solve . Indeed,
if n is a weak solution and 0;n is defined by derivation of picewisely on €27 U )y,
then setting ¢ = 0,¢ as a test function in (26| provides after integration by parts that
Oyn solves :

- 0,70y + By — No)ddadt — { / (B0 + )\o)ﬁqﬁda} .

R4 x(0,T) R+ t=0
n /0 " 90, 0)6(0, 8)dt + (n(0,0%) — n(0*,0)) 6(0,0)
+ [ 0104+ By — Ao)(E, 1)t = 0

where [n(t,t)] := limg,on(t, t + s) — n(t,t — s) and (07, 0) := lim, o+ 7(s,0) and the
same for 7(0,07).

35



2.3.4 Generalized relative entropy

Theorem 16. Under the assumptions of Theorem [I4] for all locally Lipschitz convex
functions H : R — R one has :
i) for all t > 0,

n(a,t)

/R+ W(a)N(a)H ( D ) o= /R+ W(a)N(a)H <?V°EZ)>> da

ii) denoting the probability measure du(a) = k(a)N(a)/N(0)da,

R AL # () o - a1 ([, g

< . W(a)N(a)H (7\?8;) da
Proof. We use that )
@+ o) =0

and finally

@+ 00 (van@n (20D)) = —soran i (3!

After integration in a € Ry we find

d

=N O [ # (5 duta) + vONO)H (Y7

=vomo |- [ () et (] )] <o

for all convex functions H by Jensen’s inequality. The statements (i) and (ii) follow from
this inequality. ]

2.3.5 Long time asymptotic : entropy method

In practice, one observes the stable age distribution, i.e., the long time limit of n which is
expected to be proportional to the steady state N given by equation . In this section, we
prove a general statement without a rate. Assuming more restrictive hypotheses on k, one
can obtain exponential convergence.
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Theorem 17. Under hypotheses (1], and assuming that no € L'(R;, ¢ (a)da) N L=(Ry)
and that k(a) > 0 a.e. a € Ry, the solution given by Theorem [14] satisfies

lim |n(a,t) — moN(a)|(a)da =0 (30)

t—oo JR,

where mg := [z, no(a)y(a)da (a conserved quantity).

Proof. i) Truncating and regularizing ng € L'(R,;(a)da), one can construct a sequence
{nox tren approximating ng in the L'(Ry; ¥ (a)da) norm s.t. for any fixed k the compat-
ibility constraint holds true and there exists constants (CF, C¥) such that we are fully in
the hypotheses of Theorem . The proof is left as an exercise. Using the comparison
principle we have :

/R+ 17(a, t) — fic(a, )| ¥(a)da < /R+ In0(a) — no.(a)] ¥(a)da =: . — 0,

and also |mg —mg.| < .. Therefore it is enough to prove the result for the regularized
initial data. Indeed

/R 1(a,t) = moN(@)] ¥(a)da < 2. + /R 17 = mo N (a)| t(a)da.

ii) In the regularized case, we set h(a,t) := f(a,t) — moN(a), which is also a solution to
and satisfies [h(a,t)] < CN(a) and [p, h(a,t)i(a)da = 0. We prove that such a
solution vanishes over a long time. Notice that, by the GRE property, we have

£(t) = /R+ Ih(a, 1) ¥(a)da — L >0, as t — co.

Indeed for any increasing sequence of times {tp}peN, the quantity

= Fl1y) = [, |P(a,1,)|(a)da

is a monotone non-increasing positive sequence which is thus convergent to some limit
L. Then for any ¢ there exists an k s.t. t € [tx,try1) and thus f(txr1) < f(t) < f(tx)
which implies that |f(t) — L| < & which then shows the claim. And it remains to show
that L = 0.

iii) Now we define a sequence of functions :
hi(a,t) := h(a,t + k),

which satisfies |l (a,t)] < CN(a). Using Theorem [16} for any strictly convex C* function
H :R — R, one has :

/R+ {AH(%?@;)) dp(a) —H< . h}“\;?&;)du)} dt =: I =0, as k — o0

Indeed, from the very definitions of I, and h; , we have
o0 h(a,t) h(a,t)
1:/ U H( ’)d —H( Uy dt
" e Uk N(a) a) R, N(a) ua)
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which tends to zero by Lebesgue’s Theorem since the quantity inside the brackets is

positive and integrable. We define
k+T hia.t
H( la, )du(a)> dt

Ry N(a)

) ) du(a)dt, My =

s [ h (e

one has then that

k

OSJk—MkSIk—)O

which shows that
lim Jj, — M, = 0. (31)

k—o00

One also notices that
(Or + 04 + Xo)hy = 0, a>0,t>0

1 (0, 1) :/R k(a)h(a,t)da a=0, t >0 (32)

/R hu(a, t)(a)da = 0.

Next, using the regularity of h (via Theorem ([15])), we may extract a sub-sequence (still
denoted hy) such that, for all T > 0,

hy — g in C(Ry x [0,T]), 0 <|g| <CN(a),
/R+ k(a)hy(a,t)da —>/ g(a,t)da in C([0,T)),
/R+ Y(a)g(a,t)da =0, /R+ W(a)lg(a,t)|da = L

Now we write :

T
lim M, = lim H </ hk(a’t)d,u> dt
0

k—o00 k—oo Ry N(a

)
ebesgue T ;t ankKks to .
Lebese / H(/ gla )du>dtth o B iy g,
0 Ry N(a) k00

Since hy < C'N one has that

.

the latter inequality being true since H defined on R. This allows to use Lemma [4] which

thus provides :
t)
du(a)dt < hm 1nf/ / du(a)dt
a) Ry

[ (5%
=g [ () dutayan = i OTH ( [ i) ) a

_ /OTH< 5 9}&2’3 d,@)) dt
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provides that

//R+ ( )ddt</ ( t))du>dt.

Since the reverse inequality holds thanks to Jensen, these two terms are in fact equal.
Using Lemma [9) one has that

g(a,t)
N(a)

=(C(t), ae.a€csuppk=R;, aete(0,7).

On the other hand, since g satisfies in the sense of distribution :
(at + 8a + )\o)g = O,

one has, also in the distributional sense, that

g(a,t)
Oy + 0, =0
Ot 0 N a)
and thus by |29, Section 2.4, Thm 1], C(¢) is in fact constant in time. Thus there exists
a €Rs.t. C(t) = aand

g(a,t) = aN(a), a.e.a€Ry,
and using that

[, 9la,t)(@)da =0
R+
we find that = 0. Now we can conclude that the limit L of the second step vanishes
because, passing to the limit when £ goes to oo, we have L = [z, |g(a,?)[¢)(a)da = 0.

|

Lemma 4. Convex functional and convergent sequences Assume that H is con-
vex and lower semi continuous (l.s.c.). Assume moreover that there exists s € 0H(0),
assume as well that there exists a sequence fy s.t. fr — f in L'(R,,du) and that
supy, [|H (fa)llf1(r, 4y < 00, then one has

/R H(f)dp < liminf H(fn)du

n—oo

Proof. As there exists s € R s.t. s € 9H(0) this means that

H(w) > H(0) 4+ sw = sw, YwéeR

which implies that setting g, = H(f,) — sf» is a non-negative sequence, moreover,

8171110 ||gn||L1(R+,d#) <0

by hypotheses. Then one has, thanks to the l.s.c. property of H, that H(f) — sf < g :=
liminf, ., g, and

/R+ H(f)— sfdu(a </ a)dp( )<hm1nf/ Gndp(a)
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which reads :
| H(Ddp—s [ fap<timint [ H(f)du—s [ fp
Ry Ry n Ry Ry

which ends the proof. [

Corollary 3. Under the previous hypotheses, there exist a sequence of natural numbers
(7% )ken s.t.

Ve >0, Jko; Vk > ko = |n(0,t+nk) —mo| <e, ae.te(0,1)

Remark 5. One would like to show instead :
Jim 2(0,1) — mo| = 0
but it does not seem straightforward.

Proof. By Theorem [I7], one has :

Ve >0, dng; t >ny = |n(a,t) — moN(a)|¥(a)da < e
R+

which gives after integration in time that
1
Ve >0, dng ; Vn >ny = / / |n(a,t+mn) —moN(a)|(a)dadt < e
0o JRy

There exists a sub-sequence (1 )ren s.t.
|n(a,t +ng) —moN(a)| = 0, a.e. (a,t) €suppy x (0,1).

Where we used that LP convergence of a sequence implies that there exists a sub-sequence
converging point-wisely. Since both terms of the difference are bounded in age, one can apply
Lebesgue’s Theorem, showing that for a.e. ¢ € (0, 1),

/R+ |n(a, ny +t) — moN(a)| k(a)da — 0,

then a simple estimate ends the proof :

+

|n(0,t + ny) — mo| = ’/R (n(a,t+ ng) —meN(a))k(a)da

< / 17(a, t + ny) — moN(a)| k(a)da — 0,
R+

For further applications and theory of General Relative Entropy (GRE), the reader can
consult [25, Chap. 3] from where the claims are extracted. Our contribution concerns
Theorems[[3]and [I5)and the extension of the GRE theory to the limit case[I4]from Assumtions
[
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2.4 The elongation problem

2.4.1 The kernel is dissipative

In what follows we assume that p, linkages’ density, satisfies the following problem :

{8ag(a) + ((a)o(a) =0, a.e. a>0,
0(0) = B, a=0.

In order to set up the problem in a certain frame, we make the following assumptions.

(33)

Assumptions 2. The data of problem satisfies :
e ((a) >0and ¢ € L*(Ry).

« moreover there exists a strictly positive decreasing function m € L'(R,) s.t. m' €
L>*(R;) and for a.e. a > ay,

Proposition 5. Under the previous assumptions, one has

/ o(a)da < +00
Ry

Proof. Since can be solved explicitly, one has according to the assumptions that : for
a.e. a € (agp, 00),

0 <o) = Fesp (— [ ¢(@)da) = exp (= [ ¢(@)da) exp (— I <(a>da)

m(a)

m(a)

< Bexp (—ao inf ), C(a)) exp(lnm(a) —Inm(ag)) = C € L'(ag, 00)

a€(0,a0

Remark 6. Taking for instance o(a) = (1+1a)a> o € (1,2) satisfies (33]), with § = 1 and

((a,t) = 1y and one has [p o(a)da = 1/(c — 1). Nevertheless,

/ o(a)ada = +o0.
Ry

Proposition 6. Assume that hypotheses [2| hold and that o solves , then setting
k(a) == o(a)/ |, o(a)da one has

(1+a)¢(-)k(-) € L'(Ry)
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Proof. Integrating by parts :

VR 1= /OR(l +a)((a)k(a)da = — /R(l +a)0.k(a)da = — [(1 4+ a)k(a)],_ 0 + /

0

= k(0) — (1 + R)k / a)da < k(0) + [ k(a)da = k(0) + 1

R+

as (1+ R)k(R) > 0, vg is a monotone non-decreasing bounded from above function of R thus
it converges to some finite limit below k(0) + 1, which ends the proof. |

Remark 7. Although this hypothesis is coommonly made in our references [15], 16} [17,
I8, 14l 13], we do not want ¢ to have a constant positive definite lower bound (piy.
Indeed if there were (i > 0 s.t.

a.e.a €Ry,  ((a) > Cuin >0

then
o(a) < Bexp(—Cmina)

and

/ o(a)aPda < / B exp(—Cmina)aPda = T (p + 1) ;i(fﬂ) <oo VpeRy
R: R,

2.4.2 The elongation variable

If one sets,
z(t)—ax(t—a) t>a

wa,1) = {a:(t) —z,(t—a) t<a

then uw can be rewritten as :

fh ' (s)ds = [°, ' (t + s)ds, t>a
U(a,t) - tt / + 0 / (34>
0@ (s)ds + x(0T) —xp(t —a) = [2, 2/ (t+ s)ds + us(a), t<a
where we defined
ur(a) = x(0%) — x,(a).
In we recognize Duhamel’s formula of a mild solution associated to the system :
(0r + Oo)u(a,t) = 2'(t), a>0,t>0,
u(0,t) =0, a=0,t>0, (35)

u(a,0) = ur(a), a>0,t=0.

Now we compute the problem solved by x’. As x solves :

_i (t —a aa:i tm—a a)da OOLL‘ —a)k(a)da
o)=L+ [ at—ak(ayda= L+ (ot~ aka)da+ [t~ ak(a)d
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one has differentiating

a:'(t):f/—l—/ (t —a)k(a)da + k(t) (x(0%) — 2,(0 +/ (t —a)k(a)da

Ho
—fl_ —a) a— Tp(t —a))k(a)da z(07) —x
- /a (t — a))k(a)d / Du(,(t — a))k(a)da + k(t) (x(0F) — 2,(0))
—i/—l’ —a at x(l —a alaa
= el k@)l + [ 2l = k(e

~ [olt — k(@) + [ @t~ a)uk(a)da + k(t) (2(07) — 2,(0))
L/ +2(t)k(0) — [ Ck(a)z(t — a)da
Ho R+
Integrating in age one finds that
—k(0) + - ((a)k(a)da =0

which then allows to rephrase the previous equation as

T (t) = L + [ (x(t) —2z(t —a))((a)k(a)da = L + [ u(a,t)¢(a)k(a)da (36)

Ho Ry Ho Ry

Inserting this equality in , one obtains a closed problem where the only unknown is u
(we can forget z):

(O + 0q)u = f u(a,t)C(a)k(a)da, a>0,t>0,

,UO Ry (37)
u(0,t) =0, a=0,1t>0,
u(a,0) = us(a), a>0,1t=0.

Once u is computed one can return to z using (36)) and recover = writing :
o [T
x(t) = z(0 )+/ + [ u(a,s)((a)k(a)da ds
0 Ho Ry

2.4.3 A new scaling

We are interested in the long time asymptotics. For this sake, we make the following scaling
assumption :

- t -
xe(t) == ex <> , Vte(0,1).
€
So whenever ¢ is small, one recovers large times when ¢ > 0. In this scaling one has :

(D) = O (F/e), uolad) = =W = i‘f(t =) _ (i /e) — a(f/e — a) = ula, F/e).

We would like to check what equation wu. solves.

(€0 + Ou)ue = 2L(t) — 2L (t — ca) + 2L(t — ea) = zL(t) = 2/ (t/e)

e P9 L 1 oo e
=S [ e tfepk(a)da = S [ fa k(o)
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while for the initial condition we write :

_ 2:(0) — z(—€a)

us(a,0)

So that finally u. solves :

(€0 + Op)ue = f,(:/g) + A us(a,t)¢(a)k(a)da =: g-(t), a>0,t>0,

u:(0,t) = 0, a=0,1t>0,
us(a,0) = us(a), a>0,t=0.

(38)

And we make the assumptions on the data f :

Assumptions 3. The load f is
i) bounded : f € L>*(R,)

ii) locally integrable and the derivative is integrable :

f € LRy, felLl'(Ry)NLT(Ry)

loc

iii) and there exists f € R s.t.

/ () — fuol dt < 0.

Ry
In what follows, we aim first to give a meaning to a weak solution of in a proper

framework. Then we show how this is equivalent to the renewal problem . We define the
weighted Banach space :

Xp = {u€ Li,,(Ry x (0,7)) s.t. u(a,t)/(1+a) € LRy x0,T)}.

Theorem 18. Under Assumptions [2] and [3] there exists a weak unique solution u € Xr
of problem (38)).

Proof. The proof uses Proposition [6] and follows the same lines as in Theorem [14] and is left
as an exercise. n

2.4.4 A stability result

Theorem 19. Under hypotheses |2/ and , one has for almost every ¢t € (0,7

£(0)
[ et e < 1 s+ f, @l ke < 17 e,y [ 2l e
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Proof. To be rigorous the proof uses the same arguments as in the proof of Theorem [13] So
the calculus is here only formal. In the sense of characteristics, one has

(€004 00 ] < - |7 (/2)] + [, Jucle 0] Glalk(ada
then considering |u.| B as the unknown it solves :
(£00-+ 0,) (Juc(a ) @) + C(0k(a) (e O] < - |F(0/2)| + [ ol ] C@)k(a)da
Integrating in age this gives :
o, 0) ba da+/ jue(a,8)| (@) k(a)da
< % 7@/ [ Iue(an )] C(@)b(a)da

since the two dissipation terms cancel, one gets the result noticing that

1 t1 c 1
2 /e ds = [T 7@ dr < 1 e

dt

g Jo

Now we detail, the bound on the initial condition :

[, tw@ikada < |\E8 o [ ool apda < |20 o

Corollary 4. Under the previous hypotheses, one has continuous dependence on the
data. Indeed, if u; solves with data (f;,ur;) for i € {1,2}, then one has : for a.e.
teRy,

Ly — fi(7)| dr uro(a) —urq(a)| k(a)da
o ol t) = (e ) Ka)da < = [173) = A+ [ furale) = ura(@)] ba)d

This result shows as well that u € C(Ry; L'(Ry; B)) ( which means in the sense of
uniform convergence on compact subintervals of R, in time).

Proof. Using the previous result, one has :
t
[ lula,t+n) = ula, O] k(@)da < [*1f/(r+ 1) \dr+/ u(a, h) — ur(a)| k(a)da
R 0

then one uses the continuity of the translation operator in L'(R, B) and the L>(0,T) bound
establihed on g¢. in the previous results to show that

h
[l ) = ur@)| ka)da < (Mgl o) + sl =) | K(a)da

+

+ lur(a +h) —u(a)| k(a)da + hHgsHLoo(o,T)

Ry

and concludes. [ |
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Remark 8. What really matters here is the fact that the bound is uniform with respect
to €.

Corollary 5. Under the previous assumptions, one has :

/R+ luc(a,t)| C(a)k(a)da < 0o, VYt € (0,T)

Proof. The proof is a simple consequence of the previous result and the fact that ¢ € L (R,).
|

Theorem 20. Under the previous assumptions, one has :

1
el < o1 lzoe + (4 1y ) (1 o + 2oll e )
Moreover, there are two possibilities :

« either [z, ak(a)da = oo and then
ue =0 in Xr
o or [, ak(a)da < oo and then

o= in X
o Jr, ak(a)da cmar

Proof. We denote

gty =1 Sg 2N , uela,t)C(a)(a)da

thanks to the previous results, g. € L*°(0,7) uniformly wrt . Using adapted to the
e-scaling, gives that

J2. g-(t + 5)ds itt>ea
ur(a —t/e) + [ g-(t +es)ds  otherwise.

us(a,t) = {
The latter L>°(0,T")-bound provides then that, when ¢ > ca
ue(a, )| < allgll ooy < (T4 a)llgll o1
whereas when ¢t < ea one has
t
|us(a, ) < ||u1HLg°(R+) + g“gsHLw(o,T) < |’uIHLg°(R+) + a||ge||L°°(o,T)

then dividing the inequality by the weight (1 4 a) shows that :

HUEHXT < HgsHLoo(o,T) + ”WHL?(RH
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gathering estimates already established above ends this part of the proof.
Thanks to this latter bound one has that there exists ug € X7 s.t.

* .
U — ug weak — x in Xp.

/OT /R+ ue(a,t)p(a,t)da — /OT /R+ ug(a, t)p(a,t)da

for all ¢ € LY(Ry x (0,7); (14 a)). Indeed since u./(1+a) € L®(R; x (0,T)) there exists a
limit £(a,t) € L>(Ry x (0,T)) s.t. for all ¢ € L'(Ry x (0,7))

/OT_/R+ (1lj:a>¢(a7t)dadt_>/OT/R+ l(a,t)o(a,t)dadt

if o € L'(Ry x (0,7); (14 a)) then choosing ¢(a,t) = (1 + a)p shows that

/OT /R+ up(a, t)dadt — /OT /R+ (a,t)(1 + a)p(a, t)dadt

which means that

and setting ug(a,t) = £(a,t)(1 + a) provides a well-suited limit in X7 in this topology. The
weak form associated to reads :

/oT /R+ug<a,t) (—e0, — 8a) (a, t)da + [/M w(a. Dol t)da} t=T

t=0

_ / { (t/e) | ug(d,t)g(d)k:(d)d&} /R o(a, t)dadt

R4 +

for all p s.t. (1+a)p € WHH(R, x (0,T)). Taking ¢ € D(R; x (0,7)) and then passing to
the limit thanks to the previous weak-* convergence result gives that

_/ /R+uoat Oap(a,t)da //R+uoat ()da/ o(a, t)dadt

where we make the following computation regarding the source term part :

/oT f/(,Zg) /R+ <P(a,t)dadt’ _ 05 f;(ot)

/R @(a,et)dadt' < CellFlpillell om0y
+

showing that it vanishes. For any ¢ € D(R; x (0,7")) one has thus the weak formulation :

/ / uo(a, t)( o(a,t)dadt = / go(a)p(a,t)dadt.
R, Ry

where go(t) := g, uo(a,t)((a)k(a)da. The latter weak expression translates into :
dgug(a,t) = go(t), in D'(RL x (0,7T))

but since
T o T )
L] luofa, )] Ka)dag(t)dt < Tim int I Jue(a, )] ba)dag(t)d < oo, Vo € I1(0,7)
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and because ¢ € L*(R,.), go is bounded. Thus wy(-,¢) € Lip(R;) for a.e. t € (0,7, returning
to the weak formulation satisfied by ug, one can integrate by parts, which shows that

Uo(o, t) =0.

Finally all this allows to write
uo(a,t) = go(t)a.
We suppose at this point that [, ak(a)da = co. Now we write :

LA ) wetoti@aal et = 778 it

we denote : b, g(t) := [5 us(a,t)k(a)da it is a bounded function and the bound is uniform
wrt € and R (cf Theorem thus there exists a bounded weak-* limit by r. Thanks to
hypotheses made on f, f(t/e) tends to f. as € goes to zero (if not clear exercise). Thus one
writes :

/OT /OR go(t)ak(a)dap(t)dt = /OT(fOo + bo g (1)) (t)dt
this shows that

/OT /OR gg(t)ak:(a)dago(t)dt' = /OR ak(a)da

I go(t)@(ﬂdt‘ <c

where due to the uniform boundedness of by p C' does not depend on R. then this shows that
as [ ak(a)da — oo as R grows large

/OT Go)p(t)dt =0, Yo e D((0,T))

and thus ug = 0 for almost every (a,t) € Ry x (0,7).
At the contrary if [, ak(a)da < oo then one has simply that

g T o
/ / goak(a)dap(t)dt = p(t)dt

o Jry 0 Mo

which by similar arguments as above shows that
foo
t) =
9o(t) to Jr, ak(a)da

and the conclusion follows. |

Corollary 6. Under the previous hypotheses, x. converges to zq in C([0,7]) i.e.

sup ‘Ie(t> - Z10@)’ < 08(1)
te(0,7)

where g solves :

0o = f,  20(0) = 2,(0)
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Proof. As we have seen above,

x(t) = 2.(0) + /ot f(;({g) dr + /Ot /R+ C(a)k(a)us(a, T)dadr

which leads to write :

[2:(t) = 20(D)] < [2:(0) = 2y O)| + €| fllpa, /10 + \ [ [ c@o(@ (uela, ) = uo(a, ) dadr

Noticing that

20) = 2,0) = L2 [ (1,20 - ,(0) e
Moreover,
B k(aad Do = F&
/R+ g(a)k<a)u0<a,t)da_/R+ C(@h(a)a® Pda=" 2, acte(0)
since [, ((a)ak(a)da =1 (using ([33))- [

Theorem 21. Under the previous hypotheses and if moreover [z, ak(a)da < oo, then

A e |
t to Jr, ak(a)da

lim
t—o0

Proof. Recalling the change of unknowns z.(t) = €z(t/¢) where z solves the renewal equation
z—zxk=f/u+ [ k(a)x,(t — a)da and thanks to the previous result one simply writes :

lii% lez(t/e) — zo(t)] =0, Vt e (0,1]
Choosing ¢t = 1 in the previous expression this translates into
Vo >0, Jts >0 : Vt>ts = |2(t)/t —xo(1)] <0
from which the claim follows. |

One notices than that setting ug(a) := va, where v := f /(10 Jr, ak(a)da),

pla,t) = /Ot(u(a, T) — up(a))dr

it solves
(Or + 0a)p(a,t) = f(t);f(()) +/R p(a,t)C(a)k(a)da + ur(a) —up(a), a>0,t>0,
0 +
p(0,t) =0 a=0,t>0,
p(a,0) =0 a>0,1t=0,

together with the compatibility condition :

. K@pla,tyda = - [ (f(r) = fic) dr



Setting py the steady state of the previous equation, it solves :

Bupola) = f°°;f“” + [ w@C@k@)da -+ ur(a) ~ uala) a >0
po(0) =0 a =0,

and should fulfill as well :
1 o]
[, Kapo(a)da=— [~ f(7) = fudr.
Ry Ho JO
setting p(a,t) := p(a,t) — po(a) it solves :

(0, + 0)p(a,t) = W + /R 9@ D@k@)da = g(t) a>0,¢>0

p(0,) =0 a=0,t>0
p(a,0) = —po(a) a>0t=0

together with the compatibility condition :

Sda = — - T) — T
o, Hla)pda =~ [7(7(7) = fo)d

Theorem 22. Assume that [z (1+ a)’k(a)da < oo and that
fre L*(Ry)
and moreover that

1f = fooll 2,y < 00 /R+ tf(t) — fooldt < 0.

Then
z(t) — vt —z(0) —w — 0

as t — oo where the constant w is defined as

o dot (F(7) = foo) dr = Jr, K(a) Jg'(ur(@) — uo(a))dada
N Jr, k(a)ada '

Proof. Applying the same arguments as in Theorem [19] and Corollary |5 to , one obtains
first that

|, ¢@k(a) p(a,t)|da < oo
n
for all times. This proves as well that

Hﬁ”Xoo < C?
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where we recall that X, := L®(R; xR, ; (1+a)~!). Multiplying by k(a)p and integrating
by parts one obtains :

1d 1

s [ kl@pda+ 5 [ C(@k(a)pda =
o | Mapdat g [ c@k@itda

/R kla)p(a, 1)da {W + [, 0@ t)g(d)k:(d)dd}

= (/too(f(T) - foo)dT> {(f(f)/;fOJ + . p(a, t)C(d)k(d)dd} < C/too 1f(7) — oo dr
then this shows that
. (@pla,tda < oo

for all times and that

/R+ /R+ ¢(a)k(a)p(a,t)*dadt < oo

this shows that g(¢) the rhs in is in L?(0,T). Now one uses Duhamel’s principle and
writes :

t
(e = | [ 0(6)ds| < Vgl t>

where we used Cauchy Schwartz. So for every fixed a, |p(a,t)| tends to zero as t grows large.
Applying Lebesgue’s Theorem this shows that

lim [ ¢(a)k(a) p(a.1)] Los(a)da =0,

t—o0 JR,

whereas - -
[ c@k(a) ota, D] da < Guas [ Fa)(1+ a)dalpll 0

again by Lebesgue’s Theorem when ¢ goes to infinity.
The limit function py is explicit. Indeed setting q := po(a) — [y (ur(@) — up(@))da one has

g = =IO [ ahaatayda + [ clah(a) [ (un(@) — uo(@))dda

Ho R+ R+

as in the rhs there are only constants (wrt to a) this implies that there exists w s.t. ¢ = wa
and thus

po(a) = /0 (ur (@) — up(@))da + wa
and the compatibility condition gives that
1 00
[, Kapo(a)da = — [~ (f(7) = fro) dr
Rt Ho /0O

which uniquely defines w. Setting

it solves :



and the associated elongation is u(a,t) — ug(a) so that one can write :

t(t) — & :7]0(15) 1) t a)k(a) (u(la, 7) — ug(a)) dadr
(1) = #(0) = = S [ Cla)h(a) (ula, )~ wola) dad

~TOZIO L [ apk@p(o.nda

~TOZI0L [ ak@m(ada+ [ (ko) (o) - mla)da

Leading to

f oo T f 0
o(t) 9t~ 2(0) - =IO [ capr(ap(ayaa =
Mo R4
as the rhs tends to zero thanks to the assumptions and the previous results. Now we aim at

understanding the structure of the previous Ansatz :

f(t>_foo+

Ho Ry

¢(a)k(a)p(a,t)da

A+@mmvzﬁ+mwmmmw=4+mw{wxm—uam>+wﬁmzfﬂﬂ;ﬁ”+w

this explains why the two terms above cancel and ends the proof. [ |

Remark 9. One should compare this result with the precise characterization of
Theorem . Denoting f(t) := f(t) + po [~ xp(t — a)k(a)da one has then thanks to (11)
that

w(t) = f/uo+1x flu 4y fluo
then when ¢t grows large it is now possible to define explicitly the limit of the last term
in the rhs.

3 From delayed Poisson problem to the friction heat equation

Here we consider the problem :

L.z (t) — Asze = f(s,t), s€Q, t>0,

Oyre (5,1) =0 se o), t>0, (40)
ze(s,t) = xp(s, 1) se, t<0.
where we denote
1 d
L.lz](t) = 7/ (z(s,t) — x(s,t —ea))o(a, s)da, Agx:=> 0hw
g JRy 7j=1 J

and we are interested in the limit when € goes to zero. Indeed one aims to show that under
reasonable hypotheses, when ¢ goes to zero x. converges towards xy solving

{ul(s)ﬁtxo — Agzg = f(s,t), s€Q, >0,

41
2o(s,0) = x,(s,0) s€Q, t<0, (41)
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where f11(s) := [z, o(s,a)da. We redefine the space where z. lives
Xr = Loo((o’ T)> H3<Q))7

for every positive real T' possibly infinite.
We assume that ¢ as in (33]) solves an ODE in age that is nevertheless now depending on

s in the following manner :
{&LQ(S,CL) +((s,a)o(s,a) =0, ae.a>0, seQ

ols,0) = B(s), a=0, seQ. (42)

Assumptions 4. The data of satisfy
o there exists w C 2 s.t. |w|# 0 and 3 ap: Q2 — R, s.t.

dag>0; ae scw, ap(s)>a

and
a.e. (s,a) € w x (0,a0(s)), C(a,t) < (max and 5(s) > Buin > 0

o there exist a decreasing function m € L'(R,, (1 + a)?) and a; € R, s.t. for a.e.
s€Q

C(S’ a) Z -

, a.e.a > a

Proposition 7. Under the previous assumptions, for a.e. s € {2, there exists ¢; > 0 s.t.

essinf o(s,a)da > ¢y, essinf ao(s,a)da > cy
SEwW R4 SEW Ry

Proof. One writes :

ao(s) ao(s)
/Fqg(s,a)da > /0 o(s,a)da > /0 B(s) exp (—almax) da

5 S ﬁmin
= 2 (1 exp (Gt (9)) 2 22 (1= exp (~Gtn(5)
Z ?min (]- — €Xp (_Cmax@)) >0
and the same proof holds for the lower bound of the first moment on w. [ ]

We now discretize (42) using the implicit scheme already defined in (??) for almost every
s € (L

{Rj+1(8) = (]_ + AaCj+1(s)) Rj(S), j > O, a.e. s € Q, (43)

Ry := B(s), j=0

We extend Proposition 77, to this new frame.
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Lemma 5. Assume that m(a) := 1/(1 + a)?, then

Aad (1+ jAa)®esssup R;(s) < oo
SEw

jEN
fora<o—1.

Proof. If m is defined as in the claim, then

((s,a) >

(13—a)’ Ya > a;, a.e. s€f)

and one has as in the proof of Proposition 7?7, Vj > j; = |a1/Aa],

p; < L
(1+jAa)

thus Vj > j; = [a1/Aa],

C
. < - -
esssup 12;(s) < [|B]lp(q) 0+ jAa)

and then :
1
(14 jAa)®esssup R;(s) < C|5]| 1 {1 + }

and the series in the rhs converges provided that ¢ — a > 1 which ends the proof. ]

Assumptions 5. The data related to satisfies :
i) at time ¢t = 0 we assume that x,(s,0) has the following properties :

o x,(-,0) is in H} (),
ii) when ¢ < 0 one assumes furthermore that :
z, € C°(R_; L*(Q)), 0w, € L(R_, L*(2)).
the latter hypotheses translates into a Lipschitz constant which is L? in space i.e. :
|25(s,t2) — 2p(s,t1)] < O, ()t —ta],  V(t2,t1) € (R-)? (44)
where Cy, (s) € L*(Q).

iii) the source term f is s.t.
f e H'((0,T); L*(%))

3.1 A few words on Minimizing movements

Assume H := H'(0,1) is a Hilbert space, and ® a convex functional H — R ®(W) :=
Ji [W'(s)| ds. One define a semi-discrete solution Z" as

ne12
W -z 1HL2(0,1)

o
9At + (W)

Z" = argmin &, (W), &,(W) :=
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Since the energy is convex with respect to W one derives the Euler-Lagrange equation asso-
ciated to this minimization problem :

(Zn _ Zn—l
2

Zn/ /: H
~ ,v>+( V) =0, VVe

where the brackets denote the scalar product in L2(0,1). Then by induction and using Lax-
Milgram, it is easy to show existence and uniqueness of Z® € H provided that Z" ! € H.
Moreover one has as well that

Proposition 8. If Z; € H then one has :

Zn+1 VAL
Z 12— 2 )12(0,1)2At < B(2°) < 00, (Z") < (2%, Vne{l,...,N}

and

/01 Z"(s)als:/o1 Z°%(s)ds, Vne{l,...,N}

Proof. One writes :
ET") < (27
which translates into :
12"~z
2At
which then summed up for n € {1,..., N} provides the claim. |

+®(Z") < (2™

Let’s define the piecewise constant and linear interpolations

A= Z Z"(8)Lmat,(man (t), t€(0,7T).

— ]:Z_% {Z"(s) + (Att — n) (Z"* — Z")} Linat,minan(t), te€(0,T).

then the first claim in the previous Proposition translates into

Proposition 9. The piecewise linear interpolation of (Z"),cz satisfies

(0, T; ¢ ()

for every v € (0,1), the bound is uniform with respect to At and €. Thus Za converges
strongly in C°(Q x [0,T]) when At goes to zero. Moreover, za converges strongly in

Le=((0,T); C(€2)).
The proof of a similar result will be provided later on.
These estimates provide a two-fold convergence results :
zn _ anl .
Z Tl[HAt,(TH—l)At] — atZ m Li,t weak

n
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and
Z VZ"lnat(n+1)ag — Vz in Lit weak

when At — 0. Showing that za converges in fact towards the solution of the heat equation
with natural boundary conditions. In what follows we should try to make the previous com-
putations more rigorous as well as adapt them to the case of the delayed problem presented
above.

3.2 Delayed gradient flows

Here we use the ideas of Minimizing movements from De Giorgi [2]. To this aim we make a
semi-discretization of our problem in time and age (but not in space).
We discretise the age domain R, with a regular grid s.t. :
Ri =Ujen[jAq, (j + 1)Aa)
and the time interval setting At = ¢Aa s.t. N = |T/At| and thus
[0,T) = UN_ [nAt, (n + 1)At) + [NAt, T)

but we will consider values of € s.t. the last interval is always the null-set.
So we define the energy :

£ulw) = S5 [ ) — 2P Ba(o)ds + 5 [ [Vawls)Pds — [ 7 (shw(s)ds.

jeN
(45)
And we define

2" = argmin &, (w).
weH(Q)
We complement the definition of the scheme by setting the past values for 2 when n <0 :
1 (n+1)At
()= 5
At nAt
Again as above we define the piecewise constant functions thanks to the subscript A :

JZE,A(S?t) = Z x?(s)l[nAt(nH)At)(t), YVt € R, a.e. s € Q.
neZ

xl zp(s, T)dr =1 1,(s), Vne€Z_, ae sell

and afine extensions :

~ n t ntg
Ten 1= Z {xs + <At - n) 0e } 1[nAt,(n+1)At)(t)7

neZ

2 n+1

n+
where 0z * 1= ¥

on.

— 7, while in what follows we denote as well 17, 1= Ry — Ry an so

3.3 Existence, uniqueness and stability of the discrete solution z. 5

Existence of minimizers relies on the convexity of the Dirichlet norm and is standard as the
few properties listed below (see for instance Lemma 1 and 2, p. 973 [21]).
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Theorem 23. Under hypotheses [d] [p] for every n > 0 there exists a minimizer z €
H'(Q) of (45)), i.e. there exists a minimizing subsequence (z7F) e s.t. as k — oo,

1) 2 — 2" weak in H(9),

2) x™F — 2" strong in L*(),

3) a™F — 2" a.e. s € Q.

the unique minimizer solves the Euler-Lagrange equation :

(,C?'Fl’ 1)) + (st?+17 VSU) _ (fn—H’ U), Yo € ]{l(Q)7 (46)
where
EHH Z ( nH ?_j(s)) Rjii(s), a.e.sef
JEN

Proof. The functional &, is convex wrt w, moreover it is also coercive since for every w €

H'(Q) one has :
1
w) > 5/vasw(s)ﬁds,

moreover, the adminissible set is H'(€2) which is non-empty. Thus by [5, Theorems 1 &
2, Chapter 8, Section 2] there exists a minimizer " s.t. if (2""1F) oy is a minimizing
sequence 1.e.

lim &,(z"™*) =0 = inf &,(w)

k—o00 weH(Q)

then there exists a sub-sequence (z2 "' ks )jen and a function 22t € H'(Q) s.t. claims 1) and

2) follow and
En(zithy = 1.

By [5L Theorem 4, Chapter 8, Section 2|, minimizers solve the Euler-Lagrange equation :

(C?“,v) + (st?“,vsv) = (f",v), Yve HY(Q).

where
L0 (s) Z (227 (s) — 2277(s)) Rjza(s), a.e.s€Q
JEN
By Lemma , and the Lax-Milgram theorem, 2! is unique. [ |

A way to insure convergence, when € or Aa go to zero, is to obtain some control on a
discrete time derivative of x. A, typically an Lit—bound is obtained in the case of a classical
gradient flow directly from the minimization principle (cf Appendix in [23] and references
therein). Here the result is less immediate : first, in the next lemma, we obtain a dissipation
term in the energy estimates. These estimates provide a bound on the dissipation term. It

1
then appears as a source term in a closed equation on dz. "2 that finally provides these key
estimates (cf. Proposition [L0).
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Lemma 6. If (R;);en and (27),en, are defined as above, one has :

@ n+l _ _n—j 2 )
: Z/Q(xg 727) Rypads + |

o)+ [ ftdst 3 [ (n77) s, YneN

22t ds + 3 AtD,,
m=1 (47)

where the dissipation term reads :

Z/ |u5]| Ci+1jds, qu =

JEN

™ | =

(o~ 2179),

and we denote by u?; the discrete elongation variable for (j,n) € N2. The generic
constant C' in (47) is independent either of € or Aa.

Proof. By definition of the minimization process, one has

En(ath) < Ealal),

+1

since 2! minimises the energy at time step t = (n + 1)At. This reads

sy <32 Z|x PP Ryads + 5 [ [Vatlds = [ () s)ds
< 28AZ\xQ—xQ—j\QRj+1ds+;/Q\vstPdS—/Qf”“(s)xg(s)ds
<5 /QZ\;U ~ "2 (R; — AaCia Ryar) ds + - /|v 2 ds — /f"“ (s)ds
= _X/QZ |22 — 227 P Ry + 7/ Z\x 227 *R;
+;/Q|st?|2ds—/Qf”“(s)xg(s)ds

_Atﬁza /01 f:l az o)

b5 [ Vatds = [ )t (s)ds
< —AtD, + &1 (22) + /Q (f"(s) — P (s)) 22 (s)ds

IN

6 CGriRjpds + */ Z |z — a2 PR

for all n € N. For 22, one has simply that

1|2 Aa - -1 —1—j12 0 1
H1(9)+25/(2jZORj+1‘IE —x, J| dS—/Qf (S)I

Using , one has that for almost every s € Q2 and j > 1

Eo1(al) <E(ah) < o

£

O s At . :
ot =t J|<A§)/O (5. 8) = 2p(s,t + (1= ))AL)dE < Cy, (s)AL(] — 1).
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Together these facts allow to give a bound on &y(x?) uniform with respect to e and Aa :

-1 -1

£ < (e :

ot

Ly (Ry5Lg° () L2(Q) ‘ L2(Q)’

and by induction one obtains that :

(e + ALY Dy < £4(a2 ) +/f0x0+2fp“5xp+2ds /f"+1 nds

p=0
which gives the final claim. |

Here we show one of the key estimates of the paper.

Proposition 10. Under hypotheses above, and for At small enough, one has :

2
Z At { } < C,
L2(Q)

where the constant does not depend neither on € nor on At.

n+1 2

At

n

xa

v (:E?Jrl _ :L.n)

€
+é& e

L2(Q)

Proof. Recalling the definition of u”

- ; one checks easily that

ou . 1
edu ”*2+At A” Do i,
a

while u?, = 0. Equivalently, because of the specific CFL condition, ueﬁl =ug;+ Sae” /

for all j > 1. Setting T7 ; = Rju’; for j € N, one obtains using
0T nid

) n
0T 12 4+ At A’;2+AtRCJ "= Ryoal?,

which, summing over 7 € N*, gives

e> 0T, QAa—aAaT"O—i—AtZRJCJ ul; Aa = sPdzs 2

j>1 j>1
where s := Aa ) ;cn- Rj. By definition,

eAaTIH = 0.
Adding both equations gives :

1 1
0L+ ALY RiGul,_ Aa = sdx 7,

jEN*
since 3;en TE jAa = Y jen Rjul ;Aa = L. Now we make the discrete difference of

1 el
between steps n + 1 and n, in order to express SL27% as a function of 6z¢ 2. This reads :
1 ntl
(6£?+2,v) + (893 (5%“) ,&gv) = (5fn+%,v)
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We now close the problem solved by Sze 2

<5?53:€+2,v> +e (V <(5x5+2> ,Vv) = At < Z R;Gu ;1 Aa, 'v) +e ((5f”+%7 v) . (48)
FEN*

where we assumed that o mn < 6.(s) for a.e. s €  which is a very restrictive hypothesis.

This avoids possible detachment of adhesions on certain compact set of €. Thus setting

1
v =620 ? in the weak formulation above, one writes finally :
2 2

1 nal
#40 min 5x?+2 + € V5x5+2
L2(Q) L2(Q)
n n+3 n+3 n+3
< AY| S RiGut;_Aa o eforta] L |2
JEN* £2(9) L) .
Using Young’s inequality on the right hand side above, one has :
2
1 n+% 52 12
_— < i n+
At 1" i) ;‘;At ];C]HRNU”AG - AtHaf ez
L2(Q)
<AtZAaZ/C]+1R]+1( ul',)2ds + C = AtZD +C
n=0 JEN n=0
<o+ > I <O+ Mo+ o Y
= Lt L2() 2 A AL ((0,1) <) At = 2

where we used the estimates of Lemma [0] in order to bound the dissipation term with a
constant and the product of the source term with the finite differences of 2. This ends the
proof by choosing A small enough. [ |

3.4 Convergence when A goes to zero

Proposition 11. Under hypotheses @ and , Ze A, the piecewise linear interpolation of
() nez satisfies

™ ([0, T; C* (@)

for every v € (0,1), the bound is uniform with respect to At and e. Thus &, A converges
strongly in C’O(Q X [ ,T]) when At goes to zero. Moreover, z. o converges strongly in

L=((0,T); C(12)).

Proof. Thanks to Lemma |§|, T. a belongs to Ly°H. uniformly with respect to e, which shows
weak-x convergence in this space. Weak convergence in H!L? follows from Proposition
The interpolation inequality

(1—v) a4+
lullcon @y < ellull garvreg) < cllull o) lull #iq)

holds for every u € H'(Q) and for every v € (0,1). Combined with the L{°H. bound
provided by Lemma [6] this leads to :

(=)

Hia,A(t?) - jE,A(tl)Hco,v(ﬁ) < C(tQ - tl) 4
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We complete the convergence proof for Z. o by an application of the Ascoli-Arzela theorem.

Corollary 7. Under the previous hypotheses, the same result can be derived for z. :=
lima¢—0 Ze A, @€
(1) —
z. € OO ([0,T]; C*(@))
for every v € (0,1), the bound is uniform with respect to . This implies that z.
converges to zg strongly in C°(Q x [0,7]) when e goes to zero.

Proof. Considering . a, the piecewise continuous function in time, 9,2, o is bounded in szt
uniformly with respect to €, thus 0,2, o — 0;x. weakly in Lgvt and one has that

1
2 2
LQ(Q)) '

A similar argument provides an L{°H! bound for z.. One can then follow again the same
steps as in the proof of Proposition [11] [ |

n

PRI

|10ezelyz, < lim inf H@@E,A\|L§t = lim inf <At7§\l

Next, we consider the convergence of L. a(s,t) := >N, L nt1yae(t)L2(s).

Proposition 12. Under hypotheses [d] and [ for every fixed £ > 0, the discrete delay
term converges to the continuous limit when Aa goes to zero, i.e.

T T
/0 /Q£€7A(s,t)goA(s,t)dsdt—>/o /QEE(S,t)gp(s,t)dsdt

for all ¢ € C°([0,T]; LA(2)) and @a(s,1) = SN Lnminac(t)@"(s) where @n(s) :=
SR (s, tydt/ At.

n

Proof. Lets consider the term

N N
La(s,t):=> 15, 1)Aad a7 (s)Rjya(s) = > _ 1y, (t)/ Tea(s,nAt—ca)Ra(s, a+Aa)da
n=0 n=0 Ry

jEN

we aim at showing that L is close to La(s,t) := Jr, Tea(s,t —ea)Ra(s,a + Aa)da. Here
we extend ideas of the convergence proof of Proposition ?7. The difficulties come from the
presence of the space variable. The term L, is well defined. Indeed, we start considering the
following sum :

N N
n—1—j 2 n—1-—j 2
AtZ()AaZN/g)|x5 1 J(s)} R;i1(s)ds < At ZOA@ZN‘% 1—j L2(Q)||Rj+1||LOO(Q)
n= Jj€ n= Jj€
< T {llzeal s + [ Coll gy + 771 } A0 3 (1452 1Byl e
s jEN
2 2 1 2
<T{lleeallors +[Cal, + 2], 10 + @Rl
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where we split the sum wrt j in two parts : in the first part, for which j € {0,n — 1}, we use
the Lf’S bound provided by the derivative in , the second part uses the Lipschitz property
of the past data (cf Assumptions [5|ii)). These estimates show that La € L7,. Indeed :

/s/t\LA(s,t)fdtds:/szn:/n

< /Z/ / RA(s,a—l—Aa)da/ |z A(5,nAt — £a)|* Ra(s, a + Aa)dadtds
S n n R+ R+

2

/ Tea(s,nAt —ea)Ra(s,a+ Aa)da| dtds
Ry

where one should notice that we have used, in the second line, Jensen’s inequality in order to
recover the square inside the integral. Since one manipulates positive quantities integrals and
sums commute by the Monotone Convergence Theorem (Beppo Levi), this allows to write :

//\LA(S,t)\2dtds
sJt
<> / /Q {/ Ra(s,a+ Aa)da/ |z a(5,nAt — £a)|* Ra(s, a + Aa)} dsdadt

< [ WRsllys [, lreatndt = o) Ra( o + Aa)| . dadt

n—1—j
Le

2
L

N
= [ Ballys Aty AaY |
n=0

jEN
the last term has already been estimated above which proves the claim. In the same way one

shows that La € Lit. Combining the previous arguments and the proof of Proposition 7?7,
one has as well that

//t‘LA(s,t) - EA(S,t)| dtds < CY AtAay ‘

JEN

n—j—1 _ _n—j7-2
Le Le

2
LI

and by the same kind of arguments as in Proposition 7?7, we conclude using Proposition
and the Lipschitz properties of the past data that the latter rhs is O(Aa). The rest of the
proof follows similar arguments adapted to this framework. |

1
Proposition 13. Under the previous hypotheses, ga(s,t) := > 1, (t)dzt "2 (s) /At
converges weakly in L?((0,7); H'(2)) to d;z. solving

T T
/0 /Q,uo(s)atxa(s, t)p(s,t) +eVsp - ViOixdsdt = /0 /Szﬁtfgodsdt

+/OT/Q/R+ C(s,a)uc(s,a,t)o(s,a)dap(s,t)dsdt

Proof. At the discrete level it is enough to take (48)) with v replaced by ¢™ and integrate wrt
n. Then since one has :

Ho,A — Ho in L>°(2) strong,
ga — Oyxe in L*(Q x (0,T)) weak,
Viga — ViOz. in L*(Q x (0,T)) weak
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one has that
n—i—%

0xe r
At [sn 2 o) o / / Dyxopdsdt.
;(sg A7 w) ), odizepds
Indeed adapting Theorem 77 to the space dependent case one obtains :

Z esssup |Rj41 — R;| < Z CmaxAaesssup R;
s€E)

jeN s€Q jEN

which means that pga € BV,L2° which is compactly embedded in LLL°. Thus

/ /povadsda—>/ /pogpdsda, Vo € L°L}
R: JO R: JO

in particular if ¢ is constant wrt a this proves that

// pO,Awdsda%/uocpds, Vo € L.
QJrR; Q

Since ¢ is fixed one uses as well the estimates on the gradient of ga in order to obtain the

limit of the elliptic part. By strong convergence of x. o in L*((0,7"); C(£2)) the convergence
of the rhs follows. n

Theorem 24. Under previous hypotheses, z.a converges in C([0,T], H'(2)) N
H'((0,T); L*(2)) towards x. solving :

[ [ (el el 1) + Vre- Vaghdsdr = [ [ f(s,0p(s, st (49

for all ¢ € C([0,T]; L*(Q)), where the continuous delay operator reads :

L.[z](s,t) = i/m (xe(s,t) — x(s,t —€a)) po(s,a)da =: /R+ us(s,a,t)po(s,a)da.

3.5 Some more stability results

Now the problem solved by u. reads :

(€0r + Oa)ue = (o — 5As)’1/R (Cpous)(s,a,t)da, (s,a,t) € @ xRy x (0,7)

+

u(s,0,t) =0 (s,a,t) € Q x {0} x (0,7) (50)
us(s,a,t) =0 (s,a,t) € 02 x Ry x (0,7)
ue(s,a,0) = u.s(s,a) (s,a,t) € Q2 x Ry x {0}

z:(s,0)—xp(s,—€a) '

where u. 7(s,a) := .
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Theorem 25. Under hypotheses [4 and [5], and if
| pols.a)lur(s,a)ldads < o,
QXR+

one has :

/ po(s,a)|uc(s,a,t)|dads < po(s,a)|us(s,a)|ldads
QXR+ QXR+

moreover if ur s.t.
d
CLER+ (1 + al)
then

1
/Q’uf(s7a7 t)ldS € YT = I <(07T) X R+7 14_(]/)

and the bound is uniform wrt .

Proof. A simple use of Lemma [0 and convergence arguments above, one shows that

1y, 0))

/ Cpo(uz)?dads <
QXR+

which then using again Jensen’s inequality provides that

2

[, ([ ontutae) s < oo .o

9

which then insures that for fixed e, f(s,t) := [z, (poucda belongs to L>((0,T); L*(2)). If
we solve the problem : for a given f(s,t) find v(s,t) solving

LoV — eAv = f, in €,
v =0, on 0f).

For almost every t € (0,7) one solves the elliptic problem, thus there exists a unique
ve L*((0,T); H*(Q) N H} () by Lax-Milgram and standard elliptic regularity. These con-
siderations allow to fulfill hypotheses of the main theorem in [3], namely for a.e. ¢ € (0,7,
v(-,t) € LY(Q), Av(-,t) € LY(Q) and 0,v (-,t) € L'(99Q) which insures that v(-,¢) € X where

X = { we Wh(Q) st. ‘/Vu : des‘ < Cll oy V0 € 01@)}.
and thus a Greens inequality holds (cf. Theorem 1.3, [3]) :

/ Vo - Vipds < / H —/ Gv, Ve CY(Q),
Q o9 Q
where vT denotes the positive part of v and G € L'(Q) and H € L'(92) are given by :

v on {v > 0}
H:=¢0 on {v < 0}

O {Av on {v > 0}
min (J,v,0) on { v =0}

0 on {v <0}’
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Applying the latter result to |v| := vT — v~ and as v vanishes on the boundary, one obtains
that

/ Av sgnv ds < 0.
Q

Returning to (50)), one has
€0, + Ogus = v

which gives, in the sense of characteristics :
0 [ polucldat [ Cpoluclda < piolel
R Ry

Integrating in space one obtains

d
e [ poluldads + [ Cpolucldads < [ polelds
dt Jaxr, QxR Q

But then

/uo\v]ds :/ </ Cpougda> Sgnvd8+€/ Av sgnvds g/ Cpo |ue| dads.
Q a \Jr, Q OxRy

This leads to p
— -|dads <0
i g, Policldads <

which applying Gronwall’s Lemma gives :
/(mwm@ﬁmwg/@mm@@mw

this gives the first result. Then, one has that g(a,t) := [, |u.|ds solves
1
MO,min

< Cmax/ polur|dads < C
MO,min R+

£0¢q + 04q <

/ polvlds < / Cpo |ue| dads
Q OxRy

0,min

applying then the same results as in theorem 6.1 [I6], one concludes that ¢ € Yr. |

The question is now to show that under hypotheses 5 the assumptions of theorem [25 are
fulfilled.

Lemma 7. Under assumptions [}
J ::/ polur|dads < C
QXR+
where the generic constant C is finite and independent on ¢.

Proof. A triangular inequality gives :

€ 70 - 70
pe [l a0l
Q £ QOxR4 15

|2p(5,0) = @p(s, —a)|

po(s,a)dads
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Then by similar arguments as in the theorem above, one considers the problem solved by
Z:(5,0) := z(s,0) — x,(s,0) which reads :

1ie(s,0) —eAz.(s,0) = /R+ (2p(5,0) — xp(s, —€a)) po(s, a)da + eAx,(s,0)

where, thanks to elliptic regularity and the assumption that Az,(s,0) € L'(Q2), one fulfills
again the hypotheses of [3] and one states in the same way as above that

1012 0)l 30 < | [, (5. 0) = (5. <) pols. a)da
+

+ el|Azp| 110
L1(9)

which together with the Lipschitz-like assumption [5| (i4) ends the proof. n

Lemma 8. Under assumptions[5] one has also that the second requirement on u; holds :

K o sup Jalur(s.a)lds

< C,
CLER+ (1 + a/)

where the generic constant is independent on e.

Proof. The same triangular inequality holds but we do not integrate in age :

200 =200, Irn(s,0) = =20
[Juslds < [ @+A ds

€
|z-(s,0) ( 0)]
ds+a [ Cu(9)ds < C+a/I9|C
/ ol €0, min o ° ta | ‘ PIIL2(Q)
then dividing by (1 + @) and taking the supremum on R, ends the proof. ]

3.6 Convergence when ¢ vanishes

We then prove the convergence result when ¢ goes to zero.

Theorem 26. Under the previous hypotheses, x. converges toward z( solving :
T T
/ /Q{ul(s)ﬁtazo(s,t)gp(s,t) + Vsxg - Vsp} dsdt = / /Qf(s, t)p(s,t)dsdt (51)
0 0

Proof. We only focus on the convergence of the delay part since the rest is standard by

weak convergence and linearity of the gradient operator. Recalling that the definition of the
elongation

//posaussat) (s,t) da ds dt = //po us(s,a,t)(s,a,t)p(s,t) ds dt da
T R4

T/e o
= / { (/ / pole (S, a,t)godsdt) a +/ / pou5g0d3} da +/ / po(s,a)us(s,a,t)p(s,t) ds dt da
0 ea JQ 0 Q T/e "

:ZJ1—|-J2—|—J3
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where we set
(ze(s,t) — xe(s,t — €a))
. )

us(s,a,t) ==

Now J; can be rewritten as :

o /OT/s {/E:/on (x:(s,t) — xe(s,t — ga))gpdsdt} wda

ea

for almost every fixed a € (0,7'/¢) one has convergence of the term

T € at - e 7t_ T
a/ /on(x (5:1) = Ze(s ga))gpdsdt%a/o /onatxogodsdt

ea

(ze(t)—z<(t—ea)

because of weak convergence in L*(Qr) of the sequence - ) for every p € L*(Qr).

Moreover thanks to the estimates on py one has that

T € 7t — Lg at_ T
oo 2D I ZED sy [ s, ahu(s, 0,1, s

leualds
1+a

< C(1+a) esssup po(s,a) el o
€2 >

oo
Ls,a

the ths being a L' function in age. Applying then Lebesgue’s Theorem to the function
fela) = afeig Ja Po (xa(s’t)ffz(s’tfm))gpdsdt 1o1/e)(a) gives the main limit term. For what
concerns the rest :

T poo T
Jo+ Jg = /0 /t /on(s,a,t)ue(s,a,t)ds da @(s,t) dt =: /0 g=(t)dt

but
1€l L (@ dar

up Ll )
LLLg aeRIi (1+a) PliL=(@r)

> Jo |ue|ds
< 1 _—
ga<t) = /t/s CpO(a)< + a) aselgi (1 + CL)

<C <1 + D (1 + a)*p0

which integrated in time gives that
|J2 + J3| ~ 0(8 |1I1€|)

On the other hand by standard arguments of weak convergence, one easily proves thanks to
the energy estimates that

Vi, -V ds dt — / Vo - Vo ds dt.
Qr Qr

This proves that the limit equation is exactly the weak form of 51| stated in the claim. For
the consistency with the initial condition it follows from Lemma [7] n

67



Appendix

Lemma 9. If H is strictly convex function on R and p a probability measure, if
[ H(@)du() = H ([ Fa)dn(@) (52

then f is constant on the support of .

Proof. Assume that there is a set K C supp u s.t. u(K) > 0 and f(a) # f = Jr, f(@)du(a)
for almost every a € K. As H is strictly convex on R, it is also strictly convex at the point
f, i.e. there exists ( € R s.t.

H(x) > H(f)+¢(x—f), Ya#f
thus on K one has :

H(f(a)) > H(F) +C(f(a) = F), ac.ack

then integrating over R, one recovers :
[, H(f(@)du(a) > H(F)
n

which contradicts so f must be equal to its average on the support of pu. ]

Using similar techniques as in the proof of the Poincaré-Wirtinger inequality we show that

Lemma 10. Let 2 be an open bounded connected set and w C 2. Define the norm :
zlly == 2"l 20y + 2]l 2,y and V := {u € L2 () ;5 |lully, < oo} then there exists a
constant cy s.t.

||‘r||H1(Q) < CVH$||V, VeV

Proof. Following [5, Theorem 5.8.1, p. 275], we argue by contradiction. Were the stated
estimate false, there would exist for each integer k € N a function u, € V s.t.

[kl i) > Fllunlly -

we renormalize by defining
u
T
HukHHl(n)

then [|vg[| g1 (q) = 1 and the previous inequality becomes :
1
lolly < % (53)

Since H'(Q) is compactly embedded in L*(Q), there exists a subsequence (vg,)jen C (Uk)ren
and a function v € L*(Q) s.t.
v, = v € L*(Q).

68



From the normalization, it follows that ||v|| mi(e) = 1. On the other hand, (53)), implies that
for each ¢ € D(Q),

/Qv(s)gpl(s)ds = lim | vy, (s)¢'(s)ds = — lim | v (s)p(s)ds = 0.

j—00 JQ J—=o0 JQ

Consequently v € H'(Q2), with v/ = 0 a.e. s € Q. Thus v is constant, since € is connected.
However this conclusion contradicts the fact that [[v[| . q) = 1, since [, v*(s)ds = 0 and

we must have v = 0 on w in which case [[v[|1q) = 0. This contradiction establishes the
claim. -
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